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SP and DSS for Filtering Sparse Geophysical Flows

Outline

@ Filtering
e Fourier Domain Kalman Filter (FDKF) with regularly spaced sparse observations.

@ Filtering with Superparameterization

e linear, analytically solvable model,
@ model error coming from finite discrete approximations.

@ Filtering with Dynamic Stochastic Superresolution (DSS)

@ nonlinear model,
@ using cheap stochastic models to forecast the true nonlinear dynamics.

@ Test Models for Filtering with Superparameterization, John Harlim and A. J. Majda, submitted, SIAM J.
Multiscale Modeling and Simulation, September 9, 2012.

@ Dynamic Stochastic Superresolution of sparseley observed turbulent systems, M. Branicki and A. J.
Majda, submitted, Journal of Computational Physics, May 17, 2012.

@ New methods for estimating poleward eddy heat transport using satellite altimetry, S. Keating, A. J.
Majda and K. S. Smith, Monthly Weather Review, February 9, 2012.
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SP and DSS for Filtering Sparse Geophysical Flows

Basic Notions of Filtering and Test Models for Filtering
with Superparameterization

© Filtering the Turbulent Signal
@ Kalman filter

@ Fourier Domain Kalman Filter (FDKF)
@ FDKF with regularly spaced sparse observations

Q Test Models for Superparameterization
@ Test model
@ Numerical implementation
@ Small-scale intermittency
@ Superparameterization
@ Other closure approximations

© Filter Performance on Test Models
@ Stochastically forced prior models
@ Controllability
@ Remarks
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Filtering the Turbulent Signal

Kalman filter

|. Filtering the Turbulent Signal

1.1. Kalman Filter
o True signal Gmt1 € RN, which is generated from

’—_jm—l—l — Fﬁm + 5m—|—1

-

@ Observation v, 11 € RM.

— — —0
Vm+1 = GUmy1 + 0 ppiq

~»

where matrix G € RMXN and 79 = = {07} is an M-dimensional Gaussian while
noise vector with zero mean and covarlance

R® = (G @ (dn)") = {(@7m(@7m) ")} = {8(i = j)r°}

@ Forecast model:

—»M M—»M
m+1 — = F =+ O-m—|—1

~»

where FM ¢ RVXN and M is an M-dimensional Gaussian while noise vector with
zero mean and covariance

RY = (o @ (dm)").

Goal: Estimate the true state: 1 € RV from the imperfect prediction model and
the observations of the true signal.
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Filtering the Turbulent Signal

Kalman filter

1. Forecast (Prediction) 2. Analysis (Correction)

o)
U1y, (POsterior) Lim (P

! true s1

observation {"m+])
3 g . L
Im tm+1 tm tm+1
Step 1. Forecast: Step 2. Analysis:
Run the forecast model from step mto m+ 1, Compute posterior mean and variance
m—|—1|m Fu m|m T Um—|—1 um—|—1|m—|—1 - um—|—1|m + Km_|_1(Vm_|_1 Gum—|—1|m)
Compute the prior mean and covariance Rm+1|m+1 = (Z = K1 G)Rm+1|m’
=M _ M= where K Is the Kalman gain matrix
m—l—1|m = F um|m’ mt1 &
_ M M~NT M M T
Rm—|—1|m =F Rm|m(F ) + R R G
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Filtering the Turbulent Signal

Fourier Domain Kalman Filter (FDKF)

1.2. Fourier Domain Kalman Filter (FDKF).
Canonical Filtering Problem: Plentiful Observations

9 t) = £(L)i(x, ) + o(OW(E), GRS,
ot Ox
V(xj, tm) = Gu(xj, tm) + aﬁm

The dynamics is realized at 2N 4- 1 discrete points {x; = jh,j = 0,1,...,2N} such
that (2N + 1)h = 27. The observations are attainable at all the 2N 4 1 grid points.
The observation noise o, = {aﬁm} are assumed to be zero mean Gaussian variables
and are spatial and temporal independent.

Finite Fourier expansion of i(x, t):

i(xj, tm) = > B(tm)e™,  a_y =0,
[kI<N
h 2N
~ L — — ikx:
U(tm) = ij_;u(xj’tm)e ikx;

Fourier Analogue of the Canonical Filtering Problem:
U (tmt1) = Frlp(tm) + Gk m+1,

Then the original (2N 4 1)s x (2N + 1)s filtering problem reduces to study 2N + 1
independent s X s matrix Kalman filtering problems.
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Filtering the Turbulent Signal

FDKF with regularly spaced sparse observations

1.3. FDKF with regularly spaced sparse observations.
Assume there are N model grid points. We consider the observations at every p
model grid points such that the total number of observation is M with M = N /p.
Sparse Regularly Spaced Observations in Fourier Space is expressed as follows:

Uk (tmr1) = Frik(tm) + Gr,mi1, k| < N/2,
U(tm) =G > Ik(tm) + &7, 1] < M/2,
ke A(l)

where the aliasing set of wavenumber [ is defined as
A(l)={k: k=14 Mq|lq € Z, |k| < N/2}

Fourier space
aliasing set of A[(2,1)]

Physical space

I PO S W S

1
k‘::
Figure 1: 5 x 5 sApar%Bservation grid is a regular subset of the 20 x 20 model mesh so that every
P = 4 model mesh node is observed. Here N = 20 and M = 5. There are 25 aliasing sets in all:

A(i,j) with i,j € Z and —2 < i,j < 2. All primary modes lie insidethe region —2 < k., k, < 2.
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Filtering the Turbulent Signal

FDKF with regularly spaced sparse observations

Covariance matrixin physicaldomain Covariance matrixin Fourier domain

The aliased Fourier modes in geophysical systems with quadratic, advection-type
nonlinearity are expected to be relatively weakly correlated.

In such systems the quadratic nonlinearities do not directly couple the Fourier
modes contained in the same aliasing set; that is, if mode k is in the aliasing set A,
the quadratic couplings in the dynamics of u, have the form

— , kc AlmgA
o ¢ titim Z
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Dynamic Stochastic Superresolution
of sparsely observed turbulent systems
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® Filtering sparsely observed spatially extended systems

Estimate the evolution of the true solution u(t, :Ij) of

815”& — .F(’LL)

given sparse-in-space, discrete-in-time observations

[16 . o o o o ........ model gﬂd

P S R TR T TRt DU,

S S S

4 € O e o
00..:-:1.: é.:zllz :.1‘6..:20
AT D

and the model

sparse observations

ou™M =L ((%) uM + o (s)W ()

discretized on a regular grid.



Outline:

B DSS via Kalman Filtering in Fourier domain

= DSS framework for sparsely observed turbulent systems

= Aliasing - ally or enemy?

= Examples of DSS skill in spatially extended systems
* Black swan detection in synthetic examples

* DSS in ID turbulent spatially extended systems

= DSS in 2D turbulent spatially extended systems

(eddy heat flux estimation from sparse satellite altimetry)



B Consequences of assimilating sparse observations

Physical space

(.
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model grid 20 x 20
@ sparse observation grid 5 X 5 with P =4

Aliased observations can be

Aliasing

sparse regular observations alias higher
wavenumber information into the resolved

wavenumber band

used to estimate the unresolved modes



® Consequences of assimilating sparse observations

Sparse obs in physical space Fourier space

Vi jym = Gu(xi, yj, mAt) + oo’ Uiym = G Z Uk,m + O-jf?fm/M2
ke A(l)
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Observed aliased
signal
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Do we gain from estimating the aliased modes!?

Aliasing modes

YES, when ({Ju1]*) ~ ([uz|®) ~ {Jus|*) NO, when ([u1]*) > max((|uz|*), (|us|*))



B The stochastic forecast model in DSS

Number of judicious simplifications introduced in the model dynamics and its statistics

= SPEKF forecast model (Gershgorin et al. 2010)

diig (t)= | (—V(t) +iwr) g (8)+ Di(t) + Fy (t) | dt+oy, AW, (2),
dfyk(t):_d’}’k ('}/k( ) )dt—l_g’}’de’}’k ( )
dby(t)=[(—dp, +iwp, ) (b (t)—bi) | dt+0p, AWy, (t),

dwk( )——dwJIC (wk( ) )dt-f-kadka( )




® DSS through Kalman filtering
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dig, (£)=[ (= Tk (t) +iwr) g (8)+ br(t)+F () | dt+0, AW, (£),
dfyk(t):*d’wc (’Yk (t) 7’?k)dt+o—’7kdw'7k (t)7
dbi(t)=[(—dp, +iwp, ) (bk(t)—bx) | dt-+op, AWy, (1),

Awie (£)=—du, (Wi (£)—@p )dt 40w, AW, (2),

day, ()= (= Tk (t)+iwr) g (¢)+ br(t) +Fr (t) | dt 40, AW, (1),
df)/k(t)zfd% ('Yk (t) 7'7k)dt+0%dw% (t) ’
dby(t)=[(—db, +iwn, ) (bk(t)—bk) | dt+op, AWy, (¢),

dwi(t)=—d,,, (wi(t) =k )dt+04,, dW,, (¢),

Kalman filter
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® DSS via continuous-discrete Kalman filtering in Fourier space

Estimate the aliasing modes O @ using
cheap exactly solvable non-Gaussian forecast and Gaussian approximation for the posterior.

Exactly solvable forecast in each aliasing set A(l) Harlim & Majda 2008
Upt1jm = Fm+1|Um|ms Bm|m. IR
6f O Qo 9] 0O
Ryt1im = Cont1 [ UWmms Bjm. e e 8
Observations: 0 0 0
§ : ~ _: o) .. o) o) o |
vm—|—1 — Uk,m_I_]_ _I_ O-m_|_1 0 8 6 <4 -2 0 2 4 6 8 10

ke A1)

Kalman update:

ﬂ’m—l—1|m—|—1 — ﬂ’m—|—1|m T Km—l—l (Um—l—l — ﬂk,m—|—1|m)

Rm—|—1|m—|—1 — Rm—l—l\m — A(R7’n—|—1|7’na rObS)Rm—I—Hm(GPGg)Rm—I—Hm



® Dynamic Stochastic Superresolution (DSS)

Algorithms:
= Diagonal Multi-SPEKF (m-SPEKF)

= Exact mean SPEKF+Monte Carlo covariances (MC SPEKF) Keating, Majda, Smith, MWR 2012

= Multi-SPEKF with Gaussian closure (GCSSF) (Branicki&Majda, JCP 2012)

Covariance in
Fourier domain

GCSSF & MC SPEKF m-SPEKF

Ri11 Ri2 Ri3 Rig R11

Ro1 Roo Ra3 Ray Roo

R31 Rz R33z Rgq Rg33
Ry1 Ryo R43 Ryq Ry4

GCSSF is superior robust algorithm but both m-SPEKF and MC SPEKF can have
significant filtering skill in appropriate settings



® Approximate second-order statistics in DSS algorithms

duk.(t) [( ( )+iwk)ﬂk( )+bk(t)+Fk(t)]dt+Judeuk (t),
dbk(t) [( dbk+zwbk)(bk() bk)]dt+0bdebk(t):
Ak (1) =—dn, (7 (8) Ak )40, AW, (1),

dwy (t)=—du, (Wi (t) —wr ) dt+00,, AW, (¢),

v = {l, bk, vk, Wi} k € A(l)

a) v = f(@) +B(v,v'),

b) R = RAT(%)+A(®)R+Q+ v'BT (v/,v")+B (v, v )v'L,

. T
= Gaussian Closure v),BT(v),,v,) + B(v),,v},)v), =0

a) Wy = f(Oy) +B@,,v,), = assume odd moments zero
= keep turbulent fluxes in the

b) Rar = Ry AT (027)+A@ ) Ry + Qur, mean




® DSS for estimating poleward eddy heat transport from sparse

-

0q; + J (i, q;) + U;0pq; + 110,00 = —0,0rVy, =12,

g = VU + (R°d;) " (Y3 — ), R=+/g'Ho/fo

observations

Task: estimate a quadratic, sign
indefinite quantity from sparse
observations of the ocean surface

(Two layer) Philips model

Heat flux

1/2
(n1T) = — (j;) kp (v1qa) T = +/didy (1)1 — o)




B DSS for estimating poleward eddy heat transport from sparse

observations

EOF stream

1
Tobs "kl ~obs 11,2
Kl [1 0] ( ~5 )"‘% : ki, — E :Q/)ki,s

1,7=1

SPEKF SPEKF SPEKF  SPEKF

rt 1 1

2 = (s X 0 N o]



® DSS for uncorrelated modes in the aliasing set

“Black swan” Good “Black swan”
, detection with
o GCSSF
4 -
. . LA oF
107 obs signal b 1 15l
truth Re|u+us+u s .1 ,- ‘
5 - f '_‘_“ i | |
Relu] 3 05k ] i 1 A, ! ) |
- 1 ) : IE. ) . ] l" I. ~‘ l i | ili.. v
& 0 r'" l'l ‘ v \ |"|l | ' ’
-05 : | ik
qF Y
230 240 250 260 270 280 290 230 240 250 260 270 280 290
101 obs signal ﬁ 10 true mode
truth Relu+us+us) crude 3-SPEKF
S[ | ——3-GCSSF

S Re|us)
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DSS in nonlinear turbulent spatially extended

systems

Performance of DSS algorithms on TBHi model and MMT
model

Lecturer: Chenyue WU

Nov 15, 2012

From M. Branicki and A. J. Majda, “Dynamic Stochastic
Superresolution of sparsely observed turbulent systems”



Overview

Observation ~\ Filtering

DSS forecast model (filtering solution

1. compute RMS errors 2. compare the filtering 3. compute RMS errors and pattern

and pattern correlations solution with the true solution ||correlations for different parameters

: path-wisely in forecast model
DSS algorithms have good results; DSS algorithms are robust to
among them, GCSSF is the best parameter uncertainties
4, compare DSS results with one-mode | DSSimproves the recovery

T
—_—

filtering for recovering the primary mode of the primary mode




Truncated Burgers-Hilbert (TBHi) equation

inviscid Burgers-Hopt equation with dispersive terms

added via Hilbert transform

ue + %(Lﬂ)x — aH[u]

H is defined by: H[f](k) = —i sgn(k)f (k). in Fourier space.

Truncated form

(1n)e + 3Pa() = aH[un]




a) u(z,t)]|

TBHi (U/\)t -+ %P/\(U/z\)x — H[U/\]
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TBHi (U/\)t + %P/\(U/z\)x — H[U/\]

Sparse observation network: P = 3, N =105, M = 35.

Fourier Space aliasing set of A(1)
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MMT equation

MMT equation

iUy = \@ﬁu + Mul®u — iAu+ F

Here, we consider the case with the focusing nonlinearity, A = —1,
which induces spatially coherent ‘solitonic’ excitations at random
spatial locations.



MMT iu; = |9x|2u — |u]?u — iAu+ F

Iy
107 4
10" 1
10°1 10° -
0 20
0 500 1000k 1500 2000

@ forced and dissipative

@ dispersive

@ decaying energy spectrum



MMT iu, = |0x|2u — |u]?u — iAu+ F
Sparse observation network: P = 4, N = 4000, M = 1000.

Fourier Space aliasing set of A(15)
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* * JJ ® ! * . |
-2000 1500 -1000 500 0 580 1000 1500 2000
A(15) — {15, —085, 1015, —1985}.
E = (3.5,0.3,0.15,0.005) x 1073, Teorr — (1,0.015,0.01)
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parameter estimate for DSS

How do we choose the parameter for DDS algorithm?
(a) d-ﬂ.k(_z‘):[(—1r-';c(t)+-iwk)ax;c( ) +bg (1) + Fre(t ﬂ{iz‘+ﬂuk[:1[-1-'ruk(_r‘).

(b)  dby(t)= [(—fzbk +itony)) (be (8)—{bal) | At 4o, AW, (2).
(¢)  dy(t)=—ty, (v (t) k) dt+on, AW, (1),
(d)  dwg(t)=—du, (wi(t)—wk)dt+Hoe,, dW,, (1),

Actually, only rough estimates for these parameters are needed to
achieve nearly optimal DSS skill.



parameter estimate for DSS

The parameters in SPEKF are estimated through the linear
regression to the climetology.

We have the Mean Stochastic Model (MSM)

d“"n[ "u[ [ ;:1.‘-5&1 _|_ iidj;::[ﬁl[juhhmdf _|_ Jklkhldu R]*-»h]ﬁ
and set:
MSM ~ MSM T
Wk—% y Wk = Wy ; by =0
We set:
d“ﬂ.: — dbh — D]_’::r;,t Wh, = Wi, T '—’lETg,L



Robustness of DSS algorithms to parameter uncertainties

RMS error and pattern correlation for the TBHi system as a
function of the mean damping parameters in the forecast models.
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RMS error and pattern correlation for the TBHi system
as a function of observation time

“=0.003 E,=(0.017,0.003,0.003)
Teorr= (3.5,0.1,0.1)
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Comparison of the DSS results and one-mode filtering for
recovering primary mode u; of TBHi
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Path-wise example of DSS for the primary mode ;4
recovered from the aliased signal from THBIi system

involving uq, u_sa, Uze

+ obs signal

0.2 true signal
0.1 % truth mode u;
0 ! —
~0.1F % : [w -
-0.2 ) i
|
I
0.15 -
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0.05} - ,- [ \ I M _
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0.1} | - i
015+ truth mode uy
i crude 3-SPEKF
-0.2 |
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RMS error and pattern correlation for the MMT system
as a function of observation time
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Path-wise example of DSS for the primary mode ;4
recovered from the aliased signal from MMT system

involving uys, U_ggs, U1015, U—1985
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Time-mean heat flux
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Upper layer mean streamfunction
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Normalized heat flux
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