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Function Representations and FMM
Operations

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

What do we need in the FMM?

e Sum up functions;
 Translate functions (or represent them in different bases);
 In computations we can operate only with finite vectors.
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Finite Approximations

Let
fiRI - C (f=Ay), yeRY).

We consider approximations of f(y) inside or outside a sphere £),(x., ) of radius a centered aty = x,. We say that
function Zz(v;x, ) uniformiy approximate f(y) inside a sphere 0, (x. ) if

Jer >0, VyeQ,(x.) SR AY) - Le(y:x,)| < €,
and function F#(y) uniformly approximate f{y ) outside a sphere ), (x., ) if
Jep>0, Vy € Q,(X«), [y)-Fe(y:x,)| <er

The subscript P near functions Lg(y; x, ) and Fz(y, x, ) means that these functions can be determined by specitfication
of a vector C in the complex P dimensional space C*, which we call representing vector.

So we have a one-to-one mapping of the space of functions Z(y; x, ) to C(x. ) and the space of functions Fr(y,x, )
to C(x.) :

Lo(y,x,) 2 C(x4) = (¢1,...,cp), C eC?,
Fe(y.x,) 2 C(x.) = (c1,....ce), CeCT.

The representing vector C(x, ) for Lz(y.x, ) we will identify as local representation. In the case when C(x..)
corresponds to Fa(v,x, ) we call it as far-field representation.
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Examples:

P=p (real and complex functions)

Taylor expansion (for differentiable functions):

-1
L(nxs) = D ey =x4)",
rn=0

(o Ldf

Ed}’” , n=0,....p—1

Y=xx

Asymptotic expansion (for some decaying functions):

-1

Fp(rn) = D caly=xa ),

xn=0

n—1
Cn = Jﬂg{()_x* )n-i—l [f()) - Z CP?@(.)'._X* )—m—l }}'s n= 0.‘: co .uU - 1
=0
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Examples:

P=p2 (Solutions of the Laplace equation in 3D)

=1 =&

Ly(y;Xa) = D D cat" Y2 (6,0),

w=0 j=—n

e

-1
Fp(y:xa) = D D car ™ Y0 (6,0),

=0 ey

Yy — X, = r(smfcos@,smbsme,cosd)
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Examples:

P=4N (Sum of Green’s functions for Laplace equation in 3D)

N
LP(Y;,X*) = Z ﬁ, |X;;—X*| > d,
i=1 ! !
N
X)) = Qs _
Fr(y,x,) 21 iy x|’ IXi—X«| > a,
.
C = (x11_.,.‘C12_.,x13_.,Q1_.,...,xM,JCm,xNg,QN)__’ P = 4N.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004




Examples:

P=N (Regular solution of the Helmholtz equation in 3D)

N
Lp(y:x,) = ij}l}l(sj)eiksj-(y—x*)p P=N,
i1

C = (wi'¥(s1),...,wyP(sw))

follows from integral representation

Sy = | ermomows)as.

U
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Consolidation Operation

Linear operators (easy summation)

Rm(y;x*) +RPQ(Y;X*) P C1(X*) + CQ(X*).
Non-linear mapping (difficult summation):

Rpl(y;x*)-f'Rpg(y;X*) =2 C(X*) = Cl(X*)[+]C2(X*).

/

Consolidation operation

We usually focus on linear operators
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Translations: Local-to-local

(RIR) (X2 = Xa1)[C1(Xa1)] = C2(Xu2).
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Translations: Multipole-to-local

(SIR)(x42 = X41)[C1(X41)] = C2(Xs2)-
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Translations: Multipole-to-multipole

(SIS) (X2 = X41)[C1(Xa1)] = C2(Xa2)-
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SLFMM in Terms of Representing Vectors:

u Subdivide the computational domain into N, boxes.

A For each source x, obtain vectors C, (X;(f*) ) of length P corresponding to function Sz, (v, x'%) approximating
function 2,0 (y, x; ) in the domain outer to the sphere Q, (X,(f*) ) (the sphere of radius @ includes the box but
enclosed into the box neighborhood ) and x5 is the center of the box containing x;.

u For each source box S, containing g, sources x,,7 = 71,...,7,,, obtain vector of length P(z’g’\| (consolidation of all
sources ingide the source box)

C(x) = €y, (X)) [+1C, (X2} [+ [+1Cs,, (X2 ).
This vector represents potential due to all the sources inside the box in the domain outside the neighborhood of this
box S;.
A 5% translate each C (Xﬁf* ) from x to the center v of each receiver box R, such that the neighborhood of R,
does not contain S,
SR (¥ —x2)[C(x2) ] = DayQ). RENS, =0

where D, is the vector of length Pg”) representing function in the domain inner to the sphere of radius @ centered at
y%) due to sources in box S,,.

A For each receiver box R, obtain vector (consolidation of all sources outside the receiver neighborhood)
D(¥A) = Dy (P52 Dy (W5 [F1D0, (V33D RE N Says oSy = 0.

[ For each receiver box evaluate the sum

w(y,) = D wl{y,x:) +Re {y:¥0), ¥, € R,

xR,

where Rp, (v, y%) ) is the local function represented by D(y") ) and R,, is the sth receiver box.
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Matrix Representations of Translation
Operators
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Translation Operator

Operator 7(t) : F(Q)->F(Q)H, Q" < R, Q c R9is called translation operator
corresponding to fransiation vector t, if

TO[D(y)] = Py +t), (yeQ, y+teQ).
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Example of Translation Operator
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R|R-reexpansion

Lety-x, € Q.(x.) c RY, Q.x.):|y—x,| <r, and {R,(y—x,)} be a regular basis
mCE). Lety—-x,+t €Q,.(x.)and

Ru(y —Xu +t) = D (RIR), (ORi(y - X,).

=0

Coefficients (R|R), (t) are called R|R — reexpansion coefficients (regular-to-regular) ,
and infinite matrix

(RIR)yy (RIR)y -

RR)®) = | (RIR);, RIR), .-

1s called R|R — reexpansion matrix.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004




Example of R|R-reexpansion

R, (x) = x™,

mn iy
Ra(x+18) = (x+1)" =x"+ xP 4 L+ xfl 4
1 m— 1
— Z m rfxm—f = 2 m _tm_j_xj = Z m fm_jRj(X),
=0 ! =0 / =0 /

m i [ < m,
(RIR), (1) = ( / ) .
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R|R-translation operator

Translation operator 7(t) which is represented in regular basis <R, (y — x, ) by the
R|R — reexpansion matrix is called R|R-translation operator.

THO[P(y)] = Py +t)

(RIR)(H) = T(t).
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Why the same operator named
differently?

TO[P(y)] = Py + 1)

The first letter shows _ The second letter
i «—— shows the basis
the basis for ®(y) RIS
for O(y +t)
) = < (SIS)(t)
(SIR)(L)
L (RIS)D)

Needed only to show the expansion basis
(for operator representation)
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Matrix representation of
R|R-translation operator

Consider @) = D_4.(x)R.(y-x,).

n=0

Dy +t) = (RIR)O[Py)] = ZA (X )(RIR) D[Ry — X, ).
n=0

Z (KR —X, +1t)

(=]

Z #(X) D_(RIR),(DR(y —x,)

=0

I:Z (RIR),, (045 (x4) } Y —X) Coefficients of
= shifted function

SV

A, Xa,t R y—-x
Ay (X, OR)( 9 Coefficients of

original function

L
I
=

oo

P Eard /
Axat) = DURIR),(O4,(x)), Axat) = (RR)DAX,).
CSCAMM FANM =0 2003-2004




Reexpansion of the same function
over shifted basis

Compact notation:

B(y) = D Ax(x:)R(y - x,) = Alx.) o Ry —x,),
#=0

Dy +t) = D A(X0 DR - X,) = A(Xa,t) e R(Y - X,)
=0

We have:
D(y) = D((y - )+t) = A(x., 1) e R((y - £)-X.)
= A(x.,t) o R(y—x, — t).
Also
Ply) = A ) o Ry—x,) = AX. +t) o R(y —x, — 1),
B30
AfXa +t) = A(xa,t) = (RIR)(DAX).
CSCA'V”V' |—A|V|U4 U4/19/4UU4 & ulainvvaliin oL \JullIicivuy, L\)03'2004
Example
1
q}(y:-xi) = y—_xz. .
ly— x| < 3, - x4 J R-expansion
D1,x) = I a3 Rn(y-%.),
m=(
—-m—1 S
am(xi:x*) =_(xi_x*) ) m= 0:1:-"':- X:
Rn(y—=x:)=(v—x:)", m=0,1,...
y—x.| > [x; — x| : l S-expansion

D3, %:) = b (X )5 (55 ),

m=(

bo(x,%:) = (X, — %)%, m=0,1,..,

Suly-x:) = (=20, m=0,1,..
Bxe) = U ) nerov, 2003-2004




R|R-operator

Ra(pH) = (y+1)" = E 7m!(n”_!m)! promym = E _e _m),sn-mﬁm(y)

0, m>n
(RIR)(£) ={ TR

(1 ¢ 82 8 . \
0 1 2t 3¢
(RR)(t) = (&7}, 6= 0 0 1 3¢
00 0 1
L e e e J
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S|S-operator

Sn()"“'f) _ [:y +f)_n_1 — y—n—l( )—n— Z (_1 )m - 'Em—ngm(y)

nl(m = n)!
0, m<n
(’S]S)mrz(f) = [;!liifjﬁ!im_n, . '
( 1 0 0 0 \
-+ 1 0 0 .
(SIS)(E) = (35}, (E)=| £ 26 1 0 .
3 3 31 ...
Lo e e e /
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S|R-operator

e e -1 = (=1 (m +n)! .
Su(p+) = (4™ = 1+ 4} -3 ! )m('n' I oty
m= o

!

_ i (=1)"(m +n)! grmlR (),
m=l]

(1) (m + )
(SRmt) = == 2= S
A R
(SR = 7 3t L
R T
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Renormalized R-functions

B ooy =
Ry = 22
Then
B _ L 7o L . 7! —3L G oy >
Ralytt) = Sy + 1) n!ém!(m—m}!fg Y ;R”‘m(’mmw'
— 0, m>»n
(R|R) (I) = 1 n— = ’
”M (=)l d = Rym (I), msn
Translation Matrix: (12 2 ) _
. Toeplitz
0 1 ¢ %
(RR)n=(RR) =] 00 1 ¢ .
00 0 1
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Renormalized S-functions

500 =
Y

B,0+) = (C1)m(y+ 07 = 1)%'2( LT oyt Zfzm(r)s ).

nl(m— n)'

o 0, m<n
(S|S>m,g (I) = { 1 FEn 5

(m_”)! = Rm—x (t)v m ; 1 .

.

. ) 1 0 0 0 . I
Translation Matrix: Toeplitz
{10 0 .
(B)w=(GF) =] 4 + 10 . |=(RR) .
% % t1
CSCAMM FAMO4: 04/19/2004 " T© Duraiswami & Gumerov, 2uU3-2004
Renormalized S-functions
Su070) = D Run 0B () = 2 Snen ORA(9).
B=H =0
("Suz) (1) = Sen(D).
Hankel
Translation Matrix; A S S \\
—2 2 —ert 2477
(SRYw = (SR} (n=| 2r® —6r* 2415 1201
—6r 24fF° —1207% 72077
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Integral Representations and Diagonal
Forms of Translation Operators
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With such renormalized functions all
translations can be performed with
complexity O(plogp).

But we look for something faster.

Theoretical limit for translation
of vector of length p Is O(p).

ONLY SPARSE TRANSLATION MATRIX CAN PROVIDE
SUCH COMPLEXITY
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Representations Based on Signature
Functions

Let
) = D Culin(y),
w=0
then the Signature Function of ®(y) is a 2r-periodic funcion

*(s) = D Ce™. We assume that
=0 series for SF
converge. This

Definition p#% is always true

D(y) = i Co S (), for finite series,
=0 Cm =0, m> p_l_
then the Signature Function of O(y) is a 2r-periodic funcion
(D* (S‘) = Z Cme—ims.
=0
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Integral Representation of Regular Functions

2 .
o, = L I O (s)e-meds,  Propertyof
27 Jo Fourier coefficients

We have then the following representation of ®(y) :

D(y) = D R ()5 jiﬁ *(s)e s = L jjﬁ D*(5) Y Rouly)eedls
m=0 m=0

Consider
- B —ims - —imsym - (ye_is}m e_is
D Ru(pe™™ =>"e H=2 =
m=0 =0 =0
S0
D@y = L jz’f &7 D (5)ds = jzﬁ Ay, $)D* (5)ds
2w Jg 27 Jo ’ ’
where

15

Ay 8) = e” . Regular kernel
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Integral Representation of Regular Basis Functions

For ®(y) = R..(y) we have
() = Ra(y) = 2 CRy(v).  Cp =6,
=0

Therefore the SF for this function is

oo

oo

CI)*(S) = E Cm,eims E : xms = gims
’
=0

Then

—iz

B 1 o e E 1o 1 2 2 s 1 2 ims
Rm(y) = Py) = gJ‘O e” D (s)ds = EJ.O e’ e ds = ﬂjo A(yv, 8)e™ ds.
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Integral Representation of Singular Functions

1 1
PO(y) = D CoSuly),  PE(s) = D Cre ™.
=0 =0

Property of

1 P)* ( ¢\ pi?s ) .
Crm = .[ DF (s)e™ ds. Fourier coefficients

2%

We have then the following representation of ®(y) :

1
DP(y) = ZS )5 I DO ()esdds = Ij” 2P (5) 3 B0y )eds

Then

an
POG) = 5 | AL GO (s)ds,

-1
— ) 17V%m!
A?)(y;s) — Zsm(y)ezms — Zexms( yiﬂ R
=0 Singular kernel
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Integral Representation of Singular Basis Functions

For ®(y) = S,.(y) we have
p-1
Dy) =Su(y) = D Cu8, 00, Cp =8, p>m
=0
Therefore the SF for this function is

=] o
q)(p)*(s) — 2 Crmfe—x'ms = Zémmfe—ims _ e—x’msj p>m
w'=0 m'=0

Then
T - ) = L 2 @l (p)* _ L 2 @i, —img
Suly) = () = 5 [ AL Grs) 8 ()ds = o | AL (e s,
m < p.
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R|R-translation of
the Signature Function

TH[DY)] = Py +1) = ﬁ jz 0+ B (5 ls = ﬁ jj 0¥ ™ B (5)dls

B L 2 . . _ L 2 . o .
- L jo A5 )AL D" (5)ds = L jo A3 (s, 1)d.

(RIRYD[P*(5)] = B (1) = A(5,5)D*(s).

So the R|R translation of the SF means simply multiplication
of the SF by the regular kernel !
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S|S-translation of
the Signature Function

-1 1 m
AN e —
PO +1) = D CaSn) = 2 2 (SI8) (0CSu(y)
=0 wm=0 n=0
P12l ~ A s : —
- R (C,Bm(y) = L7 e rmeasC, 3, 9)
2 Jo
m=0 »n=0 m=0 n=0
1 -1
= LJQK ot O pins § (y)emds )
2m Jg ~ ~ " Representation of
) the regular basis
| N PR .
= [ APse o ods, 1<l function

S0

(SSODE ()] = B (5,1) = e DEN (5) = A (£, 5)DE* (s).

So the S|S translation of the SF means multiplication of the
cscAMNMERWHAE d8ay)agdsernel. © Duraiswami & Gumerov, 2003-2004

S|R-translation of
the Signature Function

In case |f| > |y| we have
2n i
DO(p+ 1) = ﬁj AL (1D ()ds, 1] > ).
0

This 1s a representation of the regular function. Therefore,

(SRYHIDP” ()] = BT (5,4) = AP (£,5)DE*(s).

So the S|S translation of the SF means multiplication of the
SF by the singular kernel.
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Evaluation of Function
based on its Signature Function

Use Gaussian Type Quadrature

function bandwidth
2
PO = 5 [ A Gr P (s)ds

g—1
= D WA (35D (s,) + error(p.q).
i=0

\/

quadrature weights quadrature nodes

quadrature order
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