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Function Representations and FMM 
Operations
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What do we need in the FMM?

• Sum up functions;

• Translate functions (or represent them in different bases);

• In computations we can operate only with finite vectors.
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Finite Approximations
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Examples:

P=p (real and complex functions)
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Examples:

P=p2 (Solutions of the Laplace equation in 3D)
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Examples:

P=4N (Sum of Green’s functions for Laplace equation in 3D)
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Examples:

P=N (Regular solution of the Helmholtz equation in 3D)
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Consolidation Operation

Consolidation operation

We usually focus on linear operators
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Translations: Local-to-local
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Translations: Multipole-to-local
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Translations: Multipole-to-multipole
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SLFMM in Terms of Representing Vectors:
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Matrix Representations of Translation 
Operators
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Translation Operator
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Example of Translation Operator
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R|R-reexpansion
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Example of R|R-reexpansion

© Duraiswami & Gumerov, 2003-2004CSCAMM FAM04: 04/19/2004

R|R-translation operator
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Why the same operator named 
differently?

The first letter shows
the basis for Φ(y)

The second letter 
shows the basis 
for Φ(y +t)

Needed only to show the expansion basis 
(for operator representation)
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Matrix representation of 
R|R-translation operator 

Consider

Coefficients of
shifted function

Coefficients of
original function
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Reexpansion of the same function 
over shifted basis

We have:
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R-expansion

S-expansion

x*
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R|R-operator
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S|S-operator



© Duraiswami & Gumerov, 2003-2004CSCAMM FAM04: 04/19/2004

S|R-operator
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Renormalized R-functions

Toeplitz
Translation Matrix:
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Renormalized S-functions

ToeplitzTranslation Matrix:
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Renormalized S-functions

Hankel

Translation Matrix:
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Integral Representations and Diagonal 
Forms of Translation Operators
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With such renormalized functions all 
translations can be performed with 

complexity O(plogp).

But we look for something faster.

Theoretical limit for translation
of vector of length p is O(p).

ONLY SPARSE TRANSLATION MATRIX CAN PROVIDE
SUCH COMPLEXITY
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Representations Based on Signature 
Functions

We assume that
series for SF
converge. This 
is always true 
for finite series,
Cm = 0, m > p-1.

© Duraiswami & Gumerov, 2003-2004CSCAMM FAM04: 04/19/2004

Integral Representation of Regular Functions

Property of
Fourier coefficients

Regular kernel
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Integral Representation of Regular Basis Functions
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Integral Representation of Singular Functions

Property of
Fourier coefficients

Singular kernel
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Integral Representation of Singular Basis Functions
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R|R-translation of 
the Signature Function

So the R|R translation of the SF means simply multiplication 
of the SF by the regular kernel !
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S|S-translation of 
the Signature Function

So the S|S translation of the SF means multiplication of the 
SF by the regular kernel.

Representation of 
the regular basis 
function
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S|R-translation of 
the Signature Function

So the S|S translation of the SF means multiplication of the 
SF by the singular kernel.
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Evaluation of Function 
based on its Signature Function

quadrature weights quadrature nodes

function bandwidth

quadrature order

Use Gaussian Type Quadrature


