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» 3D Laplace equation and Coulomb potentials
» Multipole and local expansions

» Special functions
U Legendre polynomials
O Associated Legendre functions
Q Spherical harmonics

» Translations of elementary solutions

o Complexity of FMM

* Reducing complexity

 Rotations of elementary solutions

» Coaxial Translation-Rotation decomposition
» Faster Translation techniques
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Review v=du,
« FMM aims at accelerating
the matrix vector product Dyx1) Dly,xs) .. Dlyxa)

e Matrix entries determined by o] PEX) DOLX2) . DYxw)
a set of source points and

3"'3M
= 1,..,M

evaluation points (possibly D(YiX1) PYpX2) o PYanXw)
the same)

« Function @ has following X = xpxe,oxy, x € R =
point-centered representations Y = YuYeoYak ¥, €RY j=

about a given point X. .
(| L_ocal (vglid in a neighborhood of a v, = ZuiCD{yj,xi}, j=1,..M
given point) i=1
U Far-field or multipole (valid outside a neighborhood of a given point)
O In many applications @ is singular
» Representations are usually series
U Could be integral transform representations
» Representations are usually approximate
U Error bound guarantees the error is below a specified tolerance
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- -1
ReV|eW fb(yj,xz-) = ZAm(xi)Fm(yj) t Error(p;x,y,).

m={

* One representation, valid in a
given domain, can be converted v ¥
to another valid in a subdomain %= 2u2(58) = Jou ) As)Faly )+ ) udmoripx, )
contained in the original domain - B

« Factorization trick is at = Y BuFaly, ) + Ervor (0N, j=1,..M
core of the FMM speed up !

* Representations we use are factored ... separate points x; and ;

» Data is partitioned to organize the source points and evaluation
points so that for each point we can separate the points over which
we can use the factorization trick, and those we cannot.

» Hierarchical partitioning allows use of different factorizations for
different groups of points

» Accomplished via MLFMM discussed yesterday
» Today concrete example for Laplace equation/Coulomb potentials

-1 N

o

=
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Solution of Laplace’s equation
» Green’s function for Laplace’s equation

V2G(x,y) =6(x—y) Glxy) = ——

A4t —y

* Green’s formula
o) = [ 6()ox—y)de = [ o(x)V2C(x,y)d’e

= — /Q Vo(x) - VG(x,y)dz + /89 (x)n- VG(x,y)dSz

= /Q V2p(x)VG(x,y)d>z + /852 [¢(x)n - VG(x,y) —n- Vé(x)G(x,y)] dSz

» Goal solve Laplace’s equation with given boundary conditions
QEg VZ2$=0inQ od/on=fonoQ

oG
o)~ [ 900 y) = [ F)G(x,y)dS:

» Upon discretization yields system of type that can be solved
iteratively, with matrix vector products accelerated by FMM
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Molecular and stellar dynamics

Y-Z Planar Slice:

* Many particles distributed in space

 Particles are moving and exert a
force on each other

» Simplest case this force obeys an
inverse-square law (gravity,
coulombic interaction)

 Goal of computations  d°x,
compute the dynamics gz ~ N’

e Forceis

i .E;% (ns
v‘\;‘, f{(’
e

1.16ns

_ F = Zq.q. M 77

* Aftertimestep, 45" " |x,—x. [
I j#i

part I C I eS m Ove Figure 10: Slice views of the 5CB cluster at time 0 and 116 ns. The slices are passing the spheric center with

» Recompute force and iterate b
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What i1s needed for the FMM

Local expansion
Far-field or multipole expansion

Translations
U Multipole-to-multipole (S|S)
U Local-to-local (R|R)
U Multipole-to-local (S|R)

Error bounds
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Translation and Differentiation Properties
for Laplace Equation

It
ViR(r) =0, reQ.
then shifted function ®{r — r() also satisfies the Laplace equation
Veb(r—ry) =0, r-—ryeQ.

Also the Laplace operator 1s commutative with differential operators

D=L, p=L p=C o p=ty,

= 8__))} az:'
S0

DV2(r) = VeDd(r).
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Introduction of Multipoles for
Laplace Equation

®,(r) = (=1)"Dy, Dy, ... Dy, B(r)

also satisfy the Laplace equation. In case when ®(r) = G(r) = |r|"! functions

G (r) = (—1)”DtIDt2...DtH|T1|, r| = Jx2+y2 422 = 0

are called MULTIPOLES OF DEGREE 7 centered at r = 0. Vectors tq,t,,....t, are called
multole generating vectors. Also G, (r) can be represented as

Go(r) = __ 0" 1
(= 2 O 0y oz* Ir|”

ititk=n
where Q;? are called ‘components of the multipole momentum’.
n=0: ‘monopole’
n=1: ‘dipole’
n=12: ‘quadrupole’
n=3: ‘octupole’. 4

Multipole Expansion of Laplace
Equation Solutions

d(r) = ibn(}‘n(r),
n=0
Gur)= 3 o< 1
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Legendre Polynomials

Legendre polynomials P, (1) can be introduced via generating function
2o Pa(u)xt, x| < 1,
1 n=0

2 N >
JI- 2t x 3P, > L,
=0

First few polynomials
Po(p) =1,
Pi(p) =y = cosb,
Po(p) = %(3;12— 1) = i(300528+ 1),
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Legendre Polynomials (2)

First six polynomials (n =0,...,5):

o
[in]
el
o
(5]

Legendre Palynamial
=}
[A] =
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egendre Polynomials (3)

) The Rodrigues’ formula

Po(p) = ﬁ%uﬁ — 1)

K} Form orthogonal complete basis in L,[-1,17

2

: e T
|-, PrPutunrdy =
-1 , m=n
A lot of other nice properties!
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Expansion/Translation of
Fundamental Solution
G(r) = %, r=r| = Jx*+y*+z%,
then
Gir—ro) = —L = 1 _ 1
[r =1 JE—ro) - (r—rg) Jr2—2r-r0+r%
- 1 _ 1
Jrz — 2rrocos 0+ 12 Jrz — 2urrg + 1’

7o 22 Palp)(rlre)”, 1< 1o,
n=0
Y P (o) = 1t Y P ()T, 1> r.
n=0 #=0

At r = ry the series also converges, if cos@ = 1 (r # ry).
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Addition Theorem for Spherical

Spherical Harmonics Harmomcs
P,(cos8) = QJﬁ i Z Y;m(erj@r)m(gjﬁ}j

order

_ o 1wm 2n 1(n—|m|)’ e i —
Y2 (6,0) = ( 1)J o sy 7 e, = cosb.

where @ is the angle between two points on a sphere with spherical angles (¢',¢") and (@,fo\}

z
degree
Palst - 52) = o DS E(s)YR(2) = oo D Fr(s B (s

|

Vector form of the addition theorem
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Assoclated Legendre Functions

Palp) = (;3’” (?E‘n—-'-mﬂ)?f)?;f “_“ZJWF(’”‘”J”*“ 1;m + I;I_T#)
(=D (n+m)! w2 e (1 m—m— I+ D+ m+ 1)
BT 2= 1), R

=0
where (1), is the Pochhammer’s symbol:

(n)y =1, (n); = (KE;_ZE)II)E'

This formula yields the following particular finctions:

1z 1z

Pliy =~(1- )", PYu) = -3u(1 - )", Piuey = 3(1- p?).

10

e Yy ! g e = 2 (n+m)! 2
@by = [ Prerrds = g2 0| .
= P e
E ;71:2—({ T~
; B . ‘_ %k‘ii___ -------- =
TS
Orthogonal! B}

o L L I L | I I I
Bl 08 08 04 D2 0 02 04 06 0B 1
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YE0,0) = (1) %G}z;lzl): Pltcos e,
Spherical Harmonics ., "o

n=0,1,2 .. m=—n,.. . n
(0.0) . / m
(10,0) (10.5) (10,10)
< ‘ Jéot;\\ : -
- e \_/u 227
g’ ‘-—f. -
(2.0) (2.1) (2.2) Zonal Tesseral Sectorial
o ®© O
~ Z
(3.0) - ERY Y (32) e (33) ;\T/v‘{
i u | \ ] ‘ . ' .’
N— - N
Y =(0,9) = I 0.¢)
(10) camp (L1 g _\ (.2) ./ s (51.3)/‘ ‘ (51.4)/
W W N “.‘_ ¥(6,9) = const = |1
CSC/ m - 3-2004

Orthonormality of Spherical Harmonics

The scalar product of two spherical harmonics in L, (S, ) 18
' T ; 2% -
(v ) = | sinede [~ ¥7(0,9)7 (6,9)A9 = 8, S
0 0

Expansion of an arbitrary surface function over the basis of spherical harmonics:

o

F(o,9) = D D Fryp(6,).

n=0 m=—n

(F,y7) = j: smede'[iﬁ FO,9)T7 (6,9)dp.

(F11) = 2 Y (50 ) = 33 Bt = F

n=0 p=—n n=0 m=—n

' T 2T ‘
Fr = ["sinedo | " F(6.9)7, (0.9)dp.
0 0
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S- and R- expansions of
Fundamental Solution

|r—1r0| 22n+1(r0) Zy_m(e @)Ym(et;o} r < o,

1 r nt+1 .
r—rol Z2n‘+1(0) ZY 0.9 {(0.5), r>ro.
YA wi=—n
r i i, r =r(sin  cos @, sin Osin @, cos ),
0 \'E‘
Ot ) Rty = r4i®9). —_ Multipole (!)
() = r 10, 9),
X - ;
pr e Z Z LS oR®), 7 <o,
m Z 2 2n+1 nm(rﬂ)sm(r) P
=0 m=—n
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Error bound

Series converge rapidly

QE.g,. For multipole expansion we have
k

q

“2n-

potential due to a set of k sources of strengths {q;, i = 1,...,k} at {P; =
(riy0;,0:), i =1,...,k}, with |r;] <a. Then for P = (1,0, ¢) € R? with |r| > a,

o0 n Mm
=D D L Y.9)

n=0 m=—n

k

M= (=1)"qi ki « Y, ™ (04, ¢0) -

=1

A
Z Z Tn+1 n ’ <7(2)p+1,

n=0m=—n r—amwr

k
A:Z|CI¢|-
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"Multipole expansion’ is
S-expansion

Compare
b,G,(r), G,lr (”)LL_
4?r|r— ro Z (r), (r) = 3+§_M ik axzay’lazk Ir|
and
47r|r—r0| ZOZ_ T R (T0)S5 (r), 7> ry.
(__&" - ;
b Zk_ Q-Uk ax a-yjazk |l- Z 2n+1 (rO)S (l‘)
I+_j+ Eed
Generally

(7} o” R 1 ‘ bl
L O e g‘,qns () = 5 DA O9).

k=
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=2

R- and S- expansions of arbitrary solutions of
the 3D Laplace equation

O(r) = D D [AFRR(r) + BRSy ()],

H= 0 =N

Functions regular atr = 0 :

O(r) = D D AFRy(r),

n=0 w=—n

Functions decaying at |r|— oo :

O(r) = D D BrSy(r).

?3=0 =—p
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Translations of elementary solutions of the 3D
Laplace equation

) i
Su(ry) = D D (SRT L ORI (ry),  Irgl < Irpl, p=q.

=0 o=

Se(rp) = ZZ(SIS) (r)Sire),  [ral > I,

=0 ==

Ry(rp) = ZZ<R|R) (1, JRS(ry).

=0 o=

For ap- truncated expansion (E|F) is
a p? x p? matrix

See Tang 03 or Greengard 89 for
explicit expressions
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Translation of a Multipole
Expansion

Let

S(P) =Y > v, d)

n=0m=-n"
Where P —Q = (v',0',¢'). Then the potential
¢ can be expressed as,
co J Mk

O(P)= 3 > IV 0,9),

j=0k=—j

j min(k+j—n,n) Ok mz|k| |m|—|k— mlAmA ny =m(q, 3)

Mo
J

n=0 m=max(k+n—j,—n)

" o mimmy M = SS(p,a,B) O
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Translation of a Local Expansion

Suppose that
P

S(P)= > > oprY e, ¢)

n=0m=—n
is a local expansion centered at Q = (p, o, 3),
Where P = (r,0,¢), and P —Q = (', 0',¢").
Then the local expansion centered at origin is

d(P) = Z Z Lkerk(Q ?),

7=0k=—j
where
p_ k—jtn omgm|=|m- kl—lklAkAm ’f prIyme ’f(ajg)

gjm kzn—hj (= 1)n—|—]A;rln |
L = RR(p,a,B) + O
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Complexity Analysis
Step 1,Forming Expansions O(Np?).
Step 2, Upward pass with Matrix based S|S translations

8 — §ntl 8 8N
l 4 n4 4
28*8 >|<p T_% —p 78 7Sp

Step 3, Downward pass with matrix based S|R and R|R translations

SUghept £ 8laptx189 & ; 8" % 190p* = @gp‘l.
1=2 1=2
Step 4, Evaluate R expansions at pointsO(Np?)
Step 5, Sum missed neighbor points O(27N's)
The total cost for all five steps is approximately
1528 N
INp? + ﬂ—p4 +27Ns.
7 s
With s ~ 1158298 p?, the total number of operations is approximately 156 Np?.
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Rotations of coordinates

Rotation Matrix

iz -1 iz - i_u iz - 1;

Q= ij-L i1, i-i

Euler Angles -1y Iz-1y 1z-1;
Op =7 — 0, ﬁﬁ':ﬁ: Ye=Y.

- /
Spherical Polar Angles
JAN 7 47
Z
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Rotations of elementary solutions of the 3D
Laplace equation

Rotations

rr0.9) = D, T (0.9),
Sp(r,) = D TQISH(EL),  [Fyl = I,

Ry(ry) = D\ TP(ORY(F,), [Tyl = Irpl,

v=—0
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Rotation-Coaxial Translation Decomposition

y .
] pd Rotation
S-Sk
y \ Z X
X

Coaxial Translation

Sp(T+id) = 3 (SRITENT), [T <d,
i=m|

SP(F +iad) = DL (SDRDSE), (7] > 4,
I=fm|

RAE +id) = D (RRZ(RN(F). v o) = N oy (8.5
4| A CHY V_Z_n n ':Q:' n{ =(P},

ig iy iy «ip 1y o1
Q= | | =iy |ip =dp (15 =i | |
Iy =1y |1 =Ly (15 "1y

(B = KEF @l o BF = SR | © Duraiswami & Gumerov, 2003-2004

Coaxial translation operator has invariant
subspaces at fixed order, m,

while the rotation operator has invariant
subspaces at fixed degree, n.

Coaxial Translation:

(SIR)=(S|R)*&(S|R)*'@... = D B(S|R)",

=03

Rotation

(SIR)=(S|R), @ (S|R), @... = > B(SIR),,

»#=0

Each can be done in p operations which cost O(p2?) resulting in O(p3) complexity
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Comparison of Direct Matrix Translation and
Coaxial Translation-Rotation Decomposition

10

kt=86
y=axt
14 Full Matrix Translation .;FPE
D )
o E‘EFF y=bx® .
= uupﬂ'
=
-} o
o o ,
O o !
01 e )
=3
o
o
o .
g,' , 'édep
5 s Rotational-Coaxial Translation
o R Decomposition
0.01 - 90
10 100

Truncation Number, p
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Other Fast translation schemes: Elliot and Board
(1996)

Renormalized S- and R- functions

Definition:

(S TR USN Gol O KC U T Y S VSR Gl O i L Y S

Sy (l':l =0 (l') - ol M+ 1 AY4 (l':l - a’ + 1 gt m(ea@)a
o = = g AT pm P .

Riory = Iy = ila |25 Ry = iPlay |35 v 0,90,

where

azg = a_m =

© Duraiswami & Gumerov, 2003-2004
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Other Fast translation schemes: Elliot and Board
(1996)

In the renormalized basis translation matrices are simple

(S|R) () = (ODZ7 () = O (1) = B (b,
(BR)"" (1) = oloyzrt) = 17ty = Kooy (v,

(R |R) (1) = QD) = I ) = Bl (o).

These are structured matrices (2D Toeplitz-Hankel type)

Fast translation procedures are possible

(e.g. see O(p2logp) algorithm in W.D. Elliott & J.A. Board, Jr.:

“"Fast Fourier Transform Accelerated Fast Multipole Algorithm”

SIAM J. Sci. Comput. Vol. 17, No. 2, pp. 398-415, 1996).
However, there are some stability issues reported.
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Structured matrix based translation

Tang 03

Idea: use the rotation-coaxial translation method, and
decompose resulting matrices into structured matrices

Cost O(p? log p)

Details in Tang’s thesis.
http://www.umiacs.umd.edu/~ramani/pubs/zhihui_thesis.pdf
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Complexity

The total cost of the original algorithm is

1528 N
ONp? + " p* + 27Ns.
S
With s ~ 4/ %pz, it is 156 Np2.
In Tang’s algorithm, the total cost is
1528 N 85
2Np? + —— — x —p?log(4p) +9Ns.
7T s 4
With s ~ V2258500 08(4D) 44 4o
2Np? 4 410+/log(4p) Np.

According to this result, the break even p is 5.
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Cheng et al 1999

* H. Cheng,= L. Greengard,y and V. Rokhlin, A Fast Adaptive Multipole
Algorithm in Three Dimensions, Journal of Computational Physics 155,
468-498 (1999)

» Convert to a transform representation (“plane-wave”)

O at a cost of O(p? log p)
O Expansion formula

l ] o ~27T .
Lertp / c_}“(:_:'-” / cf'l((.\-—,\-ul cose—+(Vv—yp)sinw) do d .
r 27 Jo Jo

» Discretize integrals

1 5(e) My
. Z ﬂ Z g_;’»k-(z—zo) . el'kk'[(X—Xo)'COS(CYj.k‘l'()’_J’O)'Siﬂ(aj.k)] < e,
r M]( -1

« Trans =l
Convert back
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