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Fast Multipole Methods

» Computational simulation is becoming an accepted paradigm for
scientific discovery.
O Many simulations involve several million variables
» Most large problems boil down to solution of linear system or
performing a matrix-vector product
 Regular product requires O(N2) time and O(N?) memory
e The FMM is a way to
U accelerate the products of particular dense matrices with vectors
O Do this using O(N) memory
* FMM achieves product in O(N) or O(N log N) time and memory
» Combined with iterative solution methods, can allow solution of
problems hitherto unsolvable
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Matrix vector product

d products and sums

per line

e N lines

» Total Nd products
and Nd sums to
calculate N entries

e Memory needed is

NM entries

Sp =My Xy + My X + o+ My Xy
Sy = Myy Xy + Myp Xp + o+ My Xy

S, =

Mpg Xg + Myp Xp + o+ Mg Xy
e Matrix vector product is identical to a
sum
$i= 2ot my
e So algorithm for fast matrix vector
products is also a fast summation
algorithm
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Linear Systems

» Solve a system of equations
Mx=s
e MisaN x N matrix, x isa N vector,sisaN vector

* Direct solution (Gauss elimination, LU Decomposition,
SVD, ...) all need O(N3) operations

* lterative methods typically converge in k steps with each
step needing a matrix vector multiply O(N2)
Q if properly designed, k<< N
A fast matrix vector multiplication algorithm requiring
O(N log N) operations will speed all these algorithms

© Duraiswami & Gumerov, 2003-2004
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Is this important?

* Argument:
W Moore’s law: Processor speed doubles every 18 months
aIf we wait long enough the computer will get fast enough and
let my inefficient algorithm tackle the problem
* Is this true?
O Yes for algorithms with same asymptotic complexity
U No!! For algorithms with different asymptotic complexity
» For a million variables, we would need about 16
generations of Moore’s law before a O(N?) algorithm is
comparable with a O(N) algorithm
 Similarly, clever problem formulation can also achieve
large savings.
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Memory complexity

» Sometimes we are not able to fit a problem in available
memory
UDon’t care how long solution takes, just if we can solve it

e Tostore aN x N matrix we need N2 locations

01 GB RAM = 10243 =1,073,741,824 bytes

O => largest N is 32,768
“Out of core” algorithms copy partial results to disk, and keep only
necessary part of the matrix in memory

O Extremely slow

FMM allows reduction of memory complexity as well

U Elements of the matrix required for the product can be
generated as needed

O Can solve much larger problems (e.g., 107 variables on a PC)
© Duraiswami & Gumerov, 2003-2004
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The need for fast algorithms

Grand challenge problems in large numbers of variables
Simulation of physical systems

UElectromagnetics of complex systems

U Stellar clusters

UProtein folding

U Acoustics

W Turbulence
* Learning theory

UKernel methods

U Support Vector Machines
Graphics and Vision

QLight scattering ...

© Duraiswami & Gumerov, 2003-2004
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» General problems in these areas can be posed in terms of

millions (10°) or billions (10°) of variables
 Recall Avogadro’s number (6.022 141 99 x 1023

molecules/mole

 Job of modeling is to find symmetries and representations
that reduce the size of the problem

» Even after state of art modeling, problem size may be
large
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Dense and Sparse matrices

» Operation estimates are for dense matrices.
U Majority of elements of the matrix are non-zero

» However in many applications matrices are sparse

» A sparse matrix (or vector, or array) is one in which most
of the elements are zero.

U If storage space is more important than access speed, it may be
preferable to store a sparse matrix as a list of (index, value)
pairs.

U For a given sparsity structure it may be possible to define a fast
matrix-vector product/linear system algorithm
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e Can compute

a1 |0 010 aiXy
0 |a 010 axxz
0|0 |az|0 |0 =| |asX3
010 as| 0 asXq
010 0 |as asXs

In 5 operations instead of 25 operations
* Sparse matrices are not our concern here
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Structured matrices

Fast algorithms have been found for many dense matrices
Typically the matrices have some ““structure”

Definition:
QA dense matrix of order N x N is called structured if its entries

depend on only O(N) parameters.
Most famous example — the fast Fourier transform
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Fourier Matrices

A Fourier matrix of order n is defined as the
following
1 1 1 1
1 wn w2 wpt
Fo=|1 w2 wh w%(nil)
1wl 20D D)
where
_2mi
Wwnp = € "o,
is an nth root of unity.

FFT presented by Cooley and Tukey in 1965, but invented several
times, including by Gauss (1809) and Danielson & Lanczos (1948)
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FFT and IFFT

The discrete Fourier transform of a vector x is
the product F,z.

The inverse discrete Fourier transform of a
vector z is the product F}z.

Both products can be done efficiently using the
fast Fourier transform (FFT) and the inverse
fast Fourier transform (IFFT) in O(nlogn) time.

The FFT has revolutionized many applications by reducing
the complexity by a factor of almost n

Can relate many other matrices to the Fourier Matrix
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Circulant Matrices 1 ZIn Tpol o X2
To X1 Tn cee X3
Cn=C(z1,..yTn) = x3 T2 x] cee X4
Tn Tp—1 Tp—2 x1
Toeplitz Matrices [z 1 T ce Tpl
T_1 zg 1 T Tp—2
T, = T(xfn—‘,-l)"'aan"‘vxnfl) = | -2 -1 xo o Tn-3
| T—n+1 T—n42 ZT—n43 "~ T0
Hankel Matrices
T _pnd4l1 Topn42 Tp43 - 20
Top42 Ton43 T_nt4 " T1
Hn, = H(Ifn-i-la B PR xn—l) = | T—n43 Ton4a4 Tp4s5 -0 T2
o 1 L2 o Tp—1
Vandermonde Matrices 1 1 1
e} 1 e T
vV = V(IO’IL'“’J:”)Z . n
I B
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Structured Matrices

* (usually) these matrices can be diagonalized by the
Fourier matrix
» Product of diagonal matrix and vector requires O(N)
operations
» So complexity is the cost of FFT (O (N log N)) + product
(O(N))
* Order notation
U Only keep leading order term (asymptotically important)
U So complexity of the above is O (N log N)
 Structured Matrix algorithms are “brittle”
UFFT requires uniform sampling
U Slight departure from uniformity breaks factorization

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Fast Multipole Methods (FMM)

* Introduced by Rokhlin & Greengard in 1987
* Called one of the 10 most significant advances in computing of the
20t century
e Speeds up matrix&vector products (sums) of a particular type
s(x;) = Zai¢(xj —xi) sy = [Pal{ai)
i=1
» Above sum requires O(MN) operations.

 For agiven precision € the FMM achieves the evaluation in O(M+N)
operations.

e Edelman: “FMM is all about adding functions™
U Talk on Tuesday, next week
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Is the FMM a structured matrix algorithm?
e FFT and other algorithms work on structured matrices
e What about FMM ?

e Speeds up matrix-vector products (sums) of a particular type
N

s(y;) = Y aip(xi, y5)
1=1
s — Pa {si) = [®sl{ai).
* Above sum also depends on O(N) parameters {x;}, {y;}, ¢
e FMM can be thought of as working on “loosely” structured matrices
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 Can accelerate matrix vector products
QConvert O(N2) to O(N log N)

» However, can also accelerate linear system solution
QConvert O(N3) to O(kN log N)
UFor some iterative schemes can guarantee k <N
QIn general, goal of research in iterative methods is to reduce

value of k

QWell designed iterative methods can converge in very few steps
U Active research area: design iterative methods for the FMM
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A very simple algorithm

¢ Not FMM, but has some key ideas
e Consider
S()=2=N o (i -y =L M
« Naive way to evaluate the sum will require MN operations
« Instead can write the sum as
SC)=(Z=™ o X2 + (=N ay) -2%( 2 o)
O Can evaluate each bracketed sum over j and evaluate an expression of the
type
S()=px? + y =26

O Requires O(M+N) operations

e Key idea — use of analytical manipulation of series to achieve
faster summation

* May not always be possible to simply factorize matrix entries

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Approximate evaluation

FMM introduces another key idea or “philosophy”

O In scientific computing we almost never seek exact answers

U ALt best, “exact” means to “machine precision”
So instead of solving the problem we can solve a “nearby”
problem that gives “almost” the same answer

U If this “nearby” problem is much easier to solve, and we can bound
the error analytically we are done.

In the case of the FMM

W Express functions in some appropriate functional space with a
given basis

W Manipulate series to achieve approximate evaluation
U Use analytical expression to bound the error

* FFT isexact ... FMM can be arbitrarily accurate
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Approximation Algorithms

» Computer science approximation algorithms
U Approximation algorithms are usually directed at reducing
complexity of exponential algorithms by performing
approximate computations
UHere the goal is to reduce polynomial complexity to linear order

QConnections between FMM and CS approximation algorithms
are not much explored

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Tree Codes

* Idea of approximately evaluating matrix vector products
preceded FMM

» Tree codes (Barnes and Hut, 1986)

* Divides domain into regions and use approximate
representations

» Key difference: lack error bounds, and automatic ways of
adjusting representations

 Perceived to be easier to program
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Complexity

e The most common complexities are

O O(1) - not proportional to any variable number, i.e. a fixed/constant amount
of time

O O(N) - proportional to the size of N (this includes a loop to N and loops to
constant multiples of N such as 0.5N, 2N, 2000N - no matter what that is, if
you double N you expect (on average) the program to take twice as long)

O O(N”2) - proportional to N squared (you double N, you expect it to take
four times longer - usually two nested loops both dependent on N).

O O(log N) - this is tricker to show - usually the result of binary splitting.

a O(N log N) this is usually caused by doing log N splits but also doing N
amount of work at each "layer" of splitting.

O Exponential O(aV) : grows faster than any power of N

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Some FMM algorithms

* Molecular and stellar dynamics
W Computation of force fields and dynamics
* Interpolation with Radial Basis Functions
 Solution of acoustical scattering problems
W Helmholtz Equation
» Electromagnetic Wave scattering
U Maxwell’s equations
* Fluid Mechanics: Potential flow, vortex flow
U Laplace/Poisson equations
 Fast nonuniform Fourier transform
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Integral Equation

¢ FMM is often used in integral equations
e What is an integral equation?

/ E(z, y)u(z)dz 4 au(y) = f(y)
'/ k(z, y)u(@)ds = f(y)

e Function k(x,y) is called the kernel
« Integral equations are typically solved by “quadrature”
O Quadrature is the process of approximately evaluating an integral
e If we can write N
[ k@ pula)de =Y kwj,yue)w;

j=1
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FMM-able Matrices

v =Qu,

Dlyx1) Plyxe) o Plyxw)

oo PORX) PlyLX) . PlynXw)

TlyanX1) P¥pXz) o DYaXw)

X={x1,Xz,..X0}, X €R¢, i=1,.,N,
Y = {yi:¥o¥uhs Y, € RY, j=1,..M.

N
V= Db (yx), = LM
i=1
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Factorization

Degenerate Kernel: -
: P YpXi} = Am(X)F Yi )
(v.x) ; ¥}

N N -1
v = Zu;cb(yj,xx) = Z“*ZAW(XJFM(YJ}
- FErR—
. b
i Z[Zumm}m@» -Snn)
m=0

m=0[_ =1

O(pN) operations:

-1
O(pM) operations: ¥ = D BuFuly,). j=1..M

=0
Total Complexity: O(p(N+M))
| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

“Middleman” Algorithm

Standard algorithm Middleman algorithm

Evaluation Evaluation
Points Points
Sources

DN £

Sources

Total number of operations: O(NM) Total number of operations: O(N+M)
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Factorization

Truncation Number
Non-Degenerate Kernel:

!
--I-'(_\'___.x..} = Z.-l;.,\ixi VF o l\} + Error(p,x.,y,).

v - ‘Zu;llf{y_,,xi} - Zu; irl._._-(x,..\f'.-; (\) + ‘Z-u..fr.-'orur,x.._,_\'__.:

Pl
= E BF{\) + ErrorpN), j=1 M.
Error Bound: |Error, (p,N)| < _'\-"II:.I'\ u; | max EJ"F‘O!'LV}‘;.-."—._-: .
Middleman Algorithm p < min(M,N),
Applicability: Error,(p.N)| < €.
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Factorization Problem:

*Usually there is no factorization available that
provides a uniform approximation of the kernel
in the entire computational domain.

*So we have to construct a patchwork-quilt of
overlapping approximations, and manage this.

*Need representations of functions that allow
this
*Need data structures for the management

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Five Key Stones of FMM

Representation and Factorization
Error Bounds and Truncation
 Translation

* Space Partitioning

Data Structures

© Duraiswami & Gumerov, 2003-2004
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Fast Multipole Methods

Middleman (separation of variables)

O No space partitioning
* Single Level Methods

QO Simple space partitioning (usually boxes)
e Multilevel FMM (MLFMM)

Q Multiple levels of space partitioning (usually hierarchical boxes)
¢ Adaptive MLFMM

QO Data dependent space partitioning

© Duraiswami & Gumerov, 2003-2004
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Examples of Matrices

A Green’s finctions of Laplace and Helmholtz equations

-1
Dy.x) Frm—E

_ exp{ikly — x|}
CD(y,X) 47[‘)!'* X‘ .

A Potential velocity field of a source located at x,

Plyx) = Viyox) = Voo

A Normal derivative on the surface
0 1
i) =_¢ 1 -
%) on(x) Anly — x|
A Vorticity (vortex element is located at x;)
Dy x:) = Vy x V(y.x,).

i v S
n(x)e vy Ty —x|"
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Iterative Methods

To solve linear systems of equations;
Simple iteration methods;
Conjugate gradient or similar methods;
We use Krylov subspace methods:
UParameters of the method;
UPreconditioners;
UResearch is ongoing.

Efficiency critically depends on efficiency of
the matrix-vector multiplication.
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Far and Near Field Expansions

. 71
Far Field: Dy,.x ) = ZCm(x”xA)Sm (v, - x.} + Error.
b

- ja
Near Field: CD(yJ,xi) = ZDm(xl,x*)Rm(yj 7x*)+Error.

m=0

S: “Singular”
(also “Multipole”,
“Outer”
“Far Field”),

ol

Far Field

R: “Regular”
(also “Local”,
“Inner”

) ~ “Near Field”
© Duraiswami & Gumerov, 2003-2004

Example of Multipole and Local
expansions (3D Laplace)

'L(_\'_?xi) - 2 Z u‘.‘;j.‘".ﬂ":;"(_\'__. X, ) + Error(p),

o
'Ta(}'_?xi) - 2 Z IRy I:_\'__ \) + Error(p),
nel) ey

[ D L ™ 1 1om

L L V(0]
a7 N Zn+1 gmiint L)

RE(r) = ilay | 4
Y2+ 1

S
=) -

X Jir—m)ln+m)!

Y.,

Spherical Coordinates: Spherical Harmonics:

r =r(smdcos,smosme,cosd) [20+1 (n=|m])! Prlcos)em

io,p)=(-1)"
" 59 h y 4n (n+|m)
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Idea of a Single Level FMM
Standard algorithm SLFMM
Evaluation Evaluation

Points

Sources Sources L groups Points

K groups l

Needs Translation!
I mber af gPeratons: O Dh4 S0k

Total number of operations: O(NM)
CSCAMM FAMO4: 04/19/2004
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Multipole-to-Local S|R-translation

Also “Far-to-Local”, “Outer-to-Inner”, “Multipole-to-Local”

Ry = Min{|Xu = Xag[-Re [Xj = Xag |, FclX = Xl }

CSCAMM EAMO4: 04/19/2004 © DUrarswarm & Gurmerov, 2003-2004

S|R-translation Operator

-1
Dy) = PZ CoSm (¥ —Xa1) + Error.
-
Oly) = ZDmRm(y — X.2) + Error.
=0
S|R-Translation Coefficients
-1
Saly = xa) = PZ(S‘R)W(X*Z ~ X )R (y, ~ Xa2 ) + Error.
=0
1 S|R-Translation Matrix
Dy —xa1) = pZ(SW)m(Xm —X41)Cx (YJ - X*z) + Error.

wm=0

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

S|R-translation Operators
for 3D Laplace and Helmholtz equations

»n

71
Dly) = 2 Z CrS?(y — X41) + Error.

#=0 p=—n
1 »x

Dly) = 2 Z DERP(Yy — Xa2) + Error.

#=l m=—n

S

SPy—xa) = Z Z (S|R)Z?::H(X*2 *X*I)R:ﬂ” (yj - XaZ) + Error.

T .
w=0m=x

1

Dy —x.q) = Z Z (S|R)fn’3“’ (X2 — x*l)Cﬁ’ (yJ - X*g} + Error.

. e
n=0m=—x

O purdiswalril & SUIterov, 2UUS-2U004
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Idea of Multilevel FMM

Source Data Hierarchy Evaluation Data Hierarchy

Level 2 Level 2

o Level 3 Level
Level 5 Level 4 Level 4 Levels

© Duraiswami & Gumerov, 2003-2004
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Complexity of Translation

For 3D Laplace and Helmholtz series have p? terms;
Translation matrices have p* elements;

Translation performed by direct matrix-vector
multiplication  has complexity O(p%);

Can be reduced to O(p3);
 Can be reduced to O(p2log? p);
¢ Can be reduced to O(p?) (?).

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Week 2: Representations

e Gregory Beylkin (University of Colorado) "Separated
Representations and Fast Adaptive Algorithms in Multiple
Dimensions"

e Alan Edelman (MIT) "Fast Multipole: It's All About Adding
Functions in Finite Precision"

e Vladimir Rokhlin (Yale University) "Fast Multipole Methods in
Oscillatory Environments: Overview and Current State of
Implementation™

e Ramani Duraiswami (University of Maryland) "An Improved
Fast Gauss Transform and Applications™

e Eric Michielssen (University of Illinois at Urbana-Champaign)
"Plane Wave Time Domain Accelerated Integral Equation
Solvers"

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Week 2: Data Structures

» David Mount (University of Maryland) "Data
Structures for Approximate Proximity and Range

» Alexander Gray (Carnegie Mellon University) "New
Lightweight N-body Algorithms"

* Ramani Duraiswami (University of Maryland) "An
Improved Fast Gauss Transform and Applications™

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Week 2: Applications

Nail Gumerov (University of Maryland) "Computation of 3D Scattering from Clusters
of Spheres using the Fast Multipole Method"
Weng Chew (University of Illinois at Urbana-Champaign) "Review of Some Fast
Algorithms for Electromagnetic Scattering"

. Leslie Greengard (Courant Institute, NYU) "FMM Libraries for Computational
Electromagnetics"

. Qing Liu (Duke University) "NUFFT, Discontinuous Fast Fourier Transform, and
Some Applications”

. Eric Michielssen (University of Illinois at Urbana-Champaign) “Plane Wave Time
Domain Accelerated Integral Equation Solvers"

. Gregory Rodin (University of Texas, Austin) "Periodic Conduction Problems: Fast
Multipole Method and Convergence of Integral Equations and Lattice Sums"

. Stephen Wandzura (Hughes Research Laboratories) "Fast Methods for Fast
Computers”

. Toru Takahashi (Institue of Physical and Chemical Research (RIKEN), Japan) “Fast
Computing of Boundary Integral Equation Method by a Special-purpose Computer"

D Ramani Duraiswami (University of Maryland) "An Improved Fast Gauss Transform
and Applications"

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Tree Codes:

» Atsushi Kawai (Saitama Institute of Technology) "Fast
Algorithms on GRAPE Special-Purpose Computers”

» Walter Dehnen (University of Leicester) "falcON: A
Cartesian FMM for the Low-Accuracy Regime"

* Robert Krasny (University of Michigan) "A Treecode
Algorithm for Regularized Particle Interactions*

» Derek Richardson (University of Maryland)
"pkdgrav: A Parallel k-D Tree Gravity Solver for N-
Body Problems"

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Key ldeas of the FMM

Nail Gumerov &
Ramani Duraiswami
UMIACS
[gumerov][ramani]@umiacs.umd.edu
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Content

* Summation Problems

Factorization (Middleman Method)

Space Partitioning (Modified Middleman Method)
Translations (Single Level FMM)

 Hierarchical Space Partitioning (Multilevel FMM)
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Tutorial Lectures on the Fast Multipole Method

Summation Problems

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Matrix-Vector Multiplication

Compute mainx vector product
v =0u
ar
1-2'['.14. =1 A
where
iy, = Dy, x, J=1. M, i=1 N
ar
= = p
Dy iy Doy Dy, %) Diy,,x2 Dy, X
Doy Prony Dy, x;) Diy..x Dy, Xy,
O = - 2 2
WL JT O T [} Dy X)) Plyg,x; DY X
Generally we have two sets of points in d-dimensions
Sources X ={x;,....xy}, X €R, i=], N
Receivers: ¥ ={y,,.... ¥y}, ¥ €R, j=1,.. .M

The receivers alzo can be called “targets™ or “evaluation points™

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Why R4?

e d=1
Q Scalar functions, interpolation, etc.
e d=23
U Physical problems in 2 and 3 dimensional space
e d=4
O 3D Space + time, 3D grayscale images
e d=5
Q Color 2D images, Motion of 3D grayscale images
e d=6
U Color 3D images
e d=7
O Motion of 3D color images
e d=arbitrary
QO d-parametric spaces, statistics, database search procedures

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Fields (Potentials)

Field (Potential) of a single
(ith) unit source .

viy) = 2wy ¥ <R

ml

Field (Potential) of the set
of sources of intensities {u;}

Fields are continuous!
(Almost everywhere)

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Examples of Fields

There can be vector or scalar fields (we focus mostly on scalar fields)
Fields can be regular or singular

Scalar Fields:

uGra\nty .
(singular aty = x;)

P Iy—lvql

u Monochromatic Wave (¢ is the wavennmb er)
(singular aty = x;)

Dly.x,) = exp {ikly — x|}
Iy - %l

u Ganssian

(regular everywhere)

Vector Field:
A 2D Velecity field

[0 x0) = cxpily - x, o3 |

1 ) : - 1
Dy, x)=V =i = +ig ==— +i3=— :
I T R T T e 2T e T P

(singular aty = x;)

¥ =(n.oprs) € B3

Covmvivi Cauvive, v agiguus

Factorization
“Middleman Method”

| CSCAMM FAMO04: 04/19/2004

© Duraiswami & Gumerov, 2003-2004

© Duraiswami & Gumerov, 2003-2004
Presented at the Center for Scientific Computing and Mathematical Modeling, University of Maryland, College Park
Copyright, Nail A. Gumerov and Ramani Duraiswami, 2002-2004.

Straightforward Computational Complexity:

O(MN)

Error: O (“machine” precision)

The Fast Multipole Methods look for computation of the same problem
with complexity o(MN) and error < prescribed error.

In the case when the error of the FMM does not exceed the machine
precision error (for given number of bits) there is no difference
between the “exact” and “approximate” solution.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Global Factorization

Expansion center /Truncation number

-

X,V EQ CRY:
o4 | -
| .
© J =1
Tly.x) = Z (X — X Yoy, - %4 ) = Z(’m(xx - fouly; — %} + Error(p;x,,y))
=0 N =0
| \
\.
\
| ‘\:
Expansion coefficients  \
\
\

Basis functions

| CSCAMM FAMO04: 04/19/2004
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Factorization Trick Reduction of Complexity

Straightforward (nested loops): Factroized:

v = Z:'I'(."..x_.)n,. forj=1,....M for m = {J,(.].. L1
! , . =10

LA for i .

ori=1,....N

_ P fori=1,....N G e T TR
L L:; (X; — Xa ) (\ - Xa ) rror(pixy,) | V= +rI)(yj_,XI)ul; end:
end, end:;

- rz:f {\ Xa ) Z Ao (X; — X J0; + Z Error(p, X, ¥ end;
=) ~] =1

" Complexity: O(MN) forj = l‘b""u
-1 v, =0
- Z(""f’“ (\ X. ) + Error(N,p), form = 0, .. Sl
por Vi =V, + Enf (_v, - X ):
where end;
end:
= ;”**-":"" R If p << min(M,N) then complexity reduces! Complexity: O(pN+pM)

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004 CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Example Problem
Middleman Scheme (1D Gauss Transform)

Compute

Straightforward Middleman
o] Vo= 3 Dt f= LM D) = e
where x,, v, and n, are random mumbers distnbuted on [0,1].
Solution
We have
N N M D(y,x,) = o0 -4--"'." - g 0Ee P g tarne ) g 2nmxepxe
[Z:"\' X )" (¥ =2 i :|
- ¢ e
L
e V- X, |r,-,.._ : 2| P -x
y ! ¥ ol
Let us select x, = 0.5, then truncation number p = 10 is sufficient for computations with ¢ = 107* and N = 10°. The
formula for fast computations will be then
- - yym e ey )" J= L.
Complexity: O(pN+pM) Set of coefficients {c,} L Sl e
F - 2» e (r, — a1,
m
| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004 CS( - )04
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utorial Lectures on the Fast Multipole Method

Max Abshute Erar

e Companizon of CPL time for Standard and Fast Matrix Vector Muliplication
1 T
Example
Problem
3 s
£ 10’ i o
|[|: i Fast“#,.-'
.., o
o -
o
o Maxinwir Absoktn Eimor e
10 o
o, 10
/ - 1o 10’ 10|
Matrix Size
10"
10"
oL s,
" ' © Duraiswami & Gumerov, 2003-2004

Matnx Size

Local (Regular) Expansion

Let Basis

Functions

We call expansion

bl ¥
Dy,x) = 2 amlx, Xy )i (¥y - x,)
Ere

local (regular) inside a sphere

Expansion

Coefficients

if'the senes converges for ¥y, [y —x.| < ~,.

We also call this R-expansion,
since basis functions R, should be regular

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

CSCAMM FAMOA4: 04/19/2004

Complexity of the Middleman Method

errory| < 077,
FAMerrory < o 7N,
o~ |-.u_-1%.

ComplexityFMM = O(pN) = O(Nlog V)

© Duraiswami & Gumerov, 2003-2004

CSC

© Duraiswami & Gumerov, 2003-2004

Valid for any |x; -X«| > |y-x|

Looking for factorization:

We have

Local Expansion (Example)

Oz = 2

) = 3 am(E = Ta)Rm(p—7a ) ‘
]

1. 1 _ 1 1 [Pyﬂr»]-l
TR y—xy = (= &) fre—x, 1 - 222 (x: = X4) LT Xa

Geometric progression

l-ey! =1ta+a?+ =Zu”‘, ee| < 1
e

[1-%=5]"- Py LB o<l

kT

Choose

1 w01,

am(xz—xa):—(x o
i

004

Rum(y—x,)=(y—x,)% m=01,

| CSCAMM FAMO4: 04/19/2004
Presented at the Center for Scientific Computing and Mathematical Modeling, University of Maryland, College Park
Copyright, Nail A. Gumerov and Ramani Duraiswami, 2002-2004.
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Tutorial Lectures on the Fast Multipole Method

Example:

Lat Basis

Functions

We call expansion

w2 »’
O(y.x,) = D an(Xe X )Rn (¥ - X, )
mell N

E;{\pansion

if'the serles converzes for ¥y, [y —x.| < 7. Coefficients

local (regular) inside a sphere

We also call this R-expansion,
since basis functions R, should be regular

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Far Field (Singular) Expansions
Let Might be
X, € RY. Singular (aty = X.)

Basis Functions
We call expansion

qj(yaxi) = me(XhX*)Sm(Y* X:«)
=0

far field expansgion (or S-expansion) outside a sphere

y-x.|> R, .y

if the senies converges for Vy, |y — x,| > R..

CSCAMM FAMO04: 04/19/2004 © Duraiswami 4

Example:

1
POLx) = 575

1 _ 1 - 1 _ 1 [lixxfx* :|’1
V=X y—xe - (% %) (yfx*)[l—x"“] (y—x.) Y= X .

X

3] R e
=0

Ty x:) = i Do (3% )8 (%),

m=0
bplxixa) = (x;—x)", m=0,1,.,

Su(y=x4) = (=207 m=0,1,...

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Middleman for Well Separated Domains:

Receivers

Local expansion VRN Far field expansion

Sources

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami &‘]88}%?8{/%55*-5%4
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Problem with “Outliers”, or “Bad” Points

Receivers

Outliers

Complexity: O(pN+pM)

If the number of outliers is O(p),
then direct computation of their
contribution to the field at M
receivers is O(pM), which does not
change the complexity of the
method.

Sources

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Example from Room Acoustics

“"Bad” Points
\ 0 e K K e Room
(a set of targets)
/
NER ] o
efe | - i (i
/f / f 3
I S Comparison of Sltfe;ightforward
mage Sources Actual Source and Fast Solutions
(R. Duraiswami, N.A. Gumerov, D.N. Zotkin & L.S. Davis, Efficient Evaluation Of Reverberant Sound
Fields, 2001 IEEE Workshop on Applications of Signal Processing to Audio and Acoustics, 2 0]2.
CSCAMM EAMO4: 04/19/2004 © Buraiswami (sumerov, 36032004

Natural Spatial Grouping for Well Separated Sets
(Grouping with Respect to the Target Set)

Group 2

>
S

A o« °
Sources\.. .

© Duraiswami & Gumerov, 2003-2004

Natural Spatial Grouping for Well Separated
Sets (continuation)

R-expansions
near the group centers

N

M
Sources Targets
K
Groups
| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Tutorial Lectures on the Fast Multipole Method

Natural Spatial Grouping for Well
Separated Sets
(Grouping with respect to the Source Set)

Group 2

Targets S o
[e]

Sources

[e]

© Duraiswami & Gumerov, 2003-2004

CSCAMM FAMOA: 04/19/2004
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Natural Spatial Grouping for Well Separated
Sets (continuation)

S-expansions
near the group centers

N

Sources

M
Targets

Groups

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Examples of Natural Spatial Grouping

Stars (Form Galaxies, Gravity);

Flow Past a Body (Vortices are Grouped in a Wake);
Statictics (Clusters of Statictical Data Points);
People (Organized in Groups, Cities, etc.);

Create your own example !

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Space Partitioning
“Modified Middleman”

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Deficiencies of “Natural Grouping”

 Data points may be not naturally grouped,;

» Need intelligence to identify the groups: Problem with the
algorithms (Artificial Intelligence?)

* Problem dependent.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

The Answer Is: Space Partitioning

L]
LJ
L]
o OO v L]
o
[ ]
° o |e ° o °
-O .O. L] b i .
) O:O 80 4 ®lo
[e] O : o] L]
o o L] L
[J
L] o L] L. L]
o ° hd 9 ° 1
[e] ° LI ) °
IOO | ] i L] o o
[e]
CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Space Partitioning with Respect to the
Target Set
Target Box ° .
'O ? ° : 0 o T L]
Neighbor /O/O SRR N
Box . m o 4 e "
W © Duraiswami & Gumerov, 2003-2004

A Modified Middleman Algorithm

3 Decomposition of the sum: Singular Part (sources in the neighborhood)

v(y,) = z wb(y, —x )+ Xra..-!{_\'_ X;), ¥, €R,.
Regular Part (souﬁ‘:es outside the neighborhood)
A Factorization of the regular part

By, - x } = Ea.\_.-\x_._x._‘ _-R..:{__\' \] + Error,, v.x. € R, x €R,.

A Fast computation of the regular part

2 H_'['(v\'__ X; ) = E|: 2 Uil (X1, X ) :|R Y, — X )

u Direct summation of the singular part, \‘_” o i D (\ X, }

! b! 'ﬁ M M tfi M E N 5 ! H!': é &/ ulaidvvallin oL \oulliciuy, LUUJ‘LOO4

Presented at the Center for Scientific Computing and Mathematical Modeling, University of Maryland, College Park

Copyright, Nail A. Gumerov and Ramani Duraiswami, 2002-2004.
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A Scheme of “Modified Middleman”

Modified Middleman

Straightforward

A scheme with A scheme with
local expansions far field expansions

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Asymptotic Complexity of the
“Modified Middleman Method”

u Let NV be the number of sources, Af the number of targets, and £ the number of larget
boxes. contains

A Each target box, R:_-,x_U.; targets, n = 1, K.

u The neighborhood of each target box contains N, sources, » = 1,.... £

u Computation of the expansion coefficients for the regular part for the rith box requires
O{(N - N, p) operabions.

u Evaluation of the regular expansion for the mth box requires O, p) operations.

u Direct computation of the singular part requires C(\{,V, ) operations.

u Total complexaty 1s:

& A
Complexity = Q| 2\ Ny p+ Myp + M,N, ).
l\_ =1 _e’l

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Asymptotic Complexity of the Modified
Middleman (continued)

‘We have
Power of the

£ .
ZM" - M nglghbqrhoo_d of
) dimensionality d
) . o /the number of boxes
Consider a uniform distribution, then in the neighborhood)
Ny ~ const ~ %,

4
F(K) = Z[(N— Np+Mp+M,N,| = KNp— NpPow(d) + Mp +

n=1

= %Pow(gf) + (K — Pow(d) )Np + Mp

MNPow(d)
K

Complexity = O(F(K))

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Optimization of the box number

A/K +BK+C

2
<
2 F(K) = %Pow(d) + (K = Pow(d))Np + Mp
o
MNPowld) 1'% [MPow(d)
K= | 550 | = R
Koo K v
Optimum complexity
Complexity = O(F(Kop:)) = O(Np(Z1 % - Pow(d)) +Mp)
ForM ~ N, p < N :
Complexity = O(Nmpm)

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Translations
Single Level FMM

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Translations (Reexpansions)

Let {F(y = xa1)} and {Gu(y = x.2)  be two sets of basis functions centered at x.; and x.z, such that 0 {y .x, )
can be represented |J) two absolutely smd u]uformly convergent enes i domains £, and £, © Q

Dy, x) = D an(X—xa)Fu(y, - %}, ¥, €
w=l
ly,x) = Eb,._.{x,.—x._-;-(r‘..‘{_\'_, -Xa2), Y€ S

Under “translation™ or “reexpansion” we mean an operator which relates the two sets of expansion coefficients:

{Om(Xi = Xa2)d = (FIGO{a(X; = Xa1)}, U= Xuz =Xy,

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

R|R-reexpansion (Local to Local, or
L2L)

Original expansion
- Is valid only here!

Y%t < ry=rel

P

Since Q. (X«+t) = Q(t) !

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

S|S-reexpansion (Far to Far, or Multipole to
Multipole, or M2M)

Original expansion

Is valid only here!
[y-Xe-t > 1r = r+|t
N\

Since
Q(xHt) S Q1) !

Also
[ - X <7

singular point !

© Duraiswami & Gumerov, 2003-2004

| CSCAMM EAMO4: 04/19/2004
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S|R-reexpansion (Far to Local, or
Multipole to Local, or M2L)
er( +t

Original expansion
Is valid only here!

ly-Xe-tf < ry=|tf-r
N
Since
QL (6H) C Q1) !
Also
in “Xe| <

singular point !

CSCAMM EAMO4: 04/19/2004 w puraiswami & Gumerov, 2003-2004
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Single Level FMM

Standard algorithm SLFMM
Receivers Receivers
Sources Sources L groups
K groups
\

Total number of operations: O(NM)
CSCAMM FAMO4: 04/19/2004

Total number of operations: O(N+M+KL)
© Duraiswami & Gumerov, 2003-2004

Spatial Domains

Potentials due to sources in these spatial domains

,0(y) © D,(y) T D,00(y)
& E
Nar
Lny
I,(n)=n I,(n) = {Neighbors(n)}u n
\ . 14(n) = {All boxes} I,(n)

Boxes with these numbers belong to these spatial domains
| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Definition of Potentials

Py = D udly.x),

xel1(n)
PPy = D udly.x),
xeBa(n)
2Py) = D wdly.x),
xeB3(n)

Since domains E;(#) and £3(#) are complimentary:

i
Dly) = D udly.x) = D wdlyx) =30+ ey
=1 xEE(mUE3 ()
for arbitrary 7.
| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Step 1. Generate S-expansion coefficients for each

box
P(x) = C® o S(x—xI),
c = Z uﬁ(x,-,x?”}.
= <E (nL) loop over all non-empty source boxes

For n € NonEmptySource
Get x,™ , the center of the box;

c=0 | I in the b
oop over all sources in the box
Forx e E,(n) P
Get B (x;, x.(M) , the S-expansion coefficients
near the center of the box;
CO=CO+uB (x, x,M);

End; . .
End: A Implementation can be different!

CSCAMM EAMO4: 04/19/2004 All we @epdrissiauge Cllinerov, 2003-2004

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Step 2. (S|R)-translate expansion coefficients

dP(y) = DP o R(y - x),

D® = (SR {x — xI Yoo,
mg(n) ( ) loop over all non-empty

evaluation boxes
For n € NonEmptyEvaluation

Get x,™ , the center of the box;

D™ =0; loop over all non-empty source boxes

Form e ly(n) <~ outside the neighborhood of the n-th box

Get x,(M , the center of the box;
D™ = DM + (S|R)(x,™- x,M) CM ;
End;
End;
Implementation can be different!

CSCAMM EAMO4: 04/19/2004 All we @epdrissiuge&[Rinerov, 2003-2004

S|R-translation

-
Na

. \‘!

2.

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Step 3. Final Summation

v=®F,) = P Oy,x)+ DRy -x"), ¥y, Eym).
x!eEz(n)

loop over all boxes

For n < NonEmptyEvaluation ‘/containing evaluation points

Get x.(™ , the center of the box;
Fory;e E;(n) . loop over all evaluation points in the box
V= D(n)OR(yj - xc(n)) ;

Forx, e E,(n) < loop over all sources in the
i 2

neighborhood of the n-th box

V=V +O(y;, X));
End;
End; . .
End: Implementation can be different!
All we need is to get v;
| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Asymptotic Complexity of SLFMM

By somedijpfis tMagan easily find neighbors, and lists of points in each box.

» Translation is performed by straightforward PxP matrix-vector multiplication,
where P(p) is the total length of the translation vector. So the complexity of a
single translation is O(P?).

» The source and evaluation points are distributed uniformly, and there are K
boxes, with s source points in each box (s=N/K). We call s the grouping (or
clustering) parameter.

* The number of neighbors for each box is O(1).

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Then Complexity is:

For Step 1: O(PN)
For Step 2: O(P2K?)
For Step 3: O(PM+Ms)

. Total: O(PN+ P2K2 +PM+Ms) =
O(PN+ P2K2 +PM+MN/K)

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Selection of Optimal K (or s)

F(K) = PN+ P2K? + PM + PMNIK. F(K)

F'(K) = 2P*K — PMNIK? = 0.

_ MN 143 _ MN 143
Ko = (H3) _O((P) )
113 13
Sopr = K]:;g = (Qﬁ\fz) =O(Pj{/[\f2) 0 Kopt K
| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Complexity of Optimized SLFMM

B o MN Y AV 13
F(Kop) = PN+ P (—2P + PM+ PMN( My )
= P(M+ N)+ (MN)?PO(P),
AtK = Ky, and M = O(N), the complexity of SLFMM is:

O(PN+ P413N4!3) = O(PilBNﬁlB).

© Duraiswami & Gumerov, 2003-2004
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Example of SLFMM

Compute matrix-vector product

V- Zﬂ».u-\ Jj= L. M 0= ‘_]_\. i

where and ;.. .. .xy are random points uniformly distributed on [0,10], Af = N 1. and each y, iz located between the
closest x;’s on each side, j = 1.... V- 1.
“
10
Oy
10 T ;
=
7 Standan a ;
10 N o .
™ - A
o -
g o
= . . T
: - {,‘( o)
2 AN
i Braakeven poirt o _er SLFMM 3
\? g
10 -
L 1
g
W0 ‘h I
;%
<3
i LA
10 10’ 1 10
Mumber of Seurces, N
O vaiaswan o sunncivoV, 2003-2004

CSCAMM FAMO4: U4/ 1912004

Hierarchical Space Partitioning
(Multilevel FMM)

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Hierarchy in 29-tree

L‘:"e” L Neighbor|Neighbo Neidhbor
tevet2 (Siling) (Siblinig)
| P S al 1 a -gqll.
Vel 1 Neighbor éﬁ'd,fh"” Naiclk

7

N (Si0ling) [ chig| cnits
:te Neidhb Inidialy Neidhbad
VE LAUSLES LRISISIN RAUCAIPLISAS)] IAUSIS LEISAS )

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

A Scheme of MLFMM

MLFMM

s|s

SIR

Complexity = O(pM+pN)

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Example of Multi Level Structure
(Post Offices)

* People (sources, Level 5)
Source « Mail Box, Post Master (Level 4) | Mail Transfer
Hierarchy | « Local Post Offices (Level 3)
(Area) « City Post Office (Level 2)

@ AIRCRAFT

« City Post Office (Level 2)
Receiver | ©Local Post Offices (Level 3)
Hierarchy| ©Post Master (Level 4)
(Area) » People (receivers, Level 5)

Mail Transfer

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Representations and Translations of
Functions in the FMM

Nail Gumerov &
Ramani Duraiswami
UMIACS
[gumerov][ramani]@umiacs.umd.edu

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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The MLFMM will be considered in more
details in separate lectures

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Content

» Function Representations and FMM Operations
» Matrix Representations of Translation Operators

* Integral Representations and Diagonal Forms of
Translation Operators

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Function Representations and FMM
Operations

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

What do we need in the FMM?

e Sum up functions;
 Translate functions (or represent them in different bases);
* In computations we can operate only with finite vectors.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Finite Approximations

Let

[RI=C (f=fy) ¥yeRY)

ons of fTy ) inside or outside a sphere (1. (x. ) of radine @ centered at y = x,. We zay that
approxumate /1y ) mside a sphere 00, (x. ) 1f

We consider appre
function Lp(y,x,

e > 0, Vyell(x. RY,  [Ay)—Le(vix.)| < €a,
and fanction ## (¥} uniformly approximate /]y ) outside a sphere {1, (x. } if
lep > 0 y € O,(x. ), |[Ay)=Felyix.)| <¢:

The subscript # near functions £ »(y.x, j and £y, x, ) means that t!:exe ﬁulcnonxc'\ubedelennuled by specification

of a vector C in the complex P dimens ional 5 space C°, which we call representing ver
So we have a one-to-one mapping of the space of functions £-(v.x, | to C(x. 'md Ihe space of functions (v, x,
to Cix.
Lely.x,) 2 C(x.) = (€1,.-.,€p), C &l
Fply.x,) 2 C(x.) = (¢1....,¢p), C

we will identify as focal representarion. In the case when C(x.
{ representation

The representing vector C(x, ) for Lo(v.
comesponds to Fe(v.x, ) we call it as for-fiel

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Examples:

P=p (real and complex functions)

Taylor expansion (for differentiable functions):

Lo(vix, -Lr (v=x.
Cy = l{—I , o n=0,. p=1

n! vt

Asymptotic expansion (for some decaying functions):

© Duraiswami & Gumerov, 2003-2004
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Examples:

P=p?2 (Solutions of the Laplace equation in 3D)

Lo(yixs) = E E V(8,0
Fp(y,X.) = i i Car Y (B,0p),

Ll —

¥ = X, = r{amnfeosg,anfzng, cozd)

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Examples:

P=4N (Sum of Green’s functions for Laplace equation in 3D)

.‘:1 )
Plyix,) = —= . |x-x. X
Le(yix,) ;‘4”"‘,_&. |x;—x.| > @

PR S @) .
Feiyix,) = ;‘ anly - x|’ |x;—x.| > a,

C=(x 112¥12.X 13, O . ...\'3\'1..\';_'_-..\'}_‘_-..O;( ), P =4N.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Examples:

P=N (Regular solution of the Helmholtz equation in 3D)

Le(y,x,) = Z w, (s, e x.) P - N,

C = (wi'F(s51),....wa'P(55))
follows from integral representation

) = | etromsow(syas.

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Consolidation Operation

Linear operators (easy summation)

Non-linear mapping (difficult summation):

Re(y,x.) + Rea(y;X,) 2 C(xa) = Cy(x.)[+]Cz(x. ).

Consolidation operation

We usually focus on linear operators

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Translations: Local-to-local

(RIR)(Xaz2 ~ Xa1)[C1(Xa1)] = Ca(Xuz).

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Translations: Multipole-to-local

(SIR)Xaz ~ X J[C1(xa1)] = Calxaz).

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Translations: Multipole-to-multipole

(S18)(Xaz = %41 )[Cr(xa1)] = Ca(x42).

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

SLFMM in Terms of Representing Vectors:

A subdivide the computational domain into N, boxes.
nFor each sonrce x, obtain \'ectors(':{'x.. '} of length 7, corresponding to function S- (v. x| ) approximating
fumetion w, B0y, 1, ) m the domain outer to the sphere £1, {x \_} (the sphere of radius o meludes the box but

losed nto the box neighborhood ) and x. 15 the center of the box contaming x
3 For each source box S, containing g, sources x..i = i\, .1, obtain vector of length P (consolidation of all
sources inside the source box)

C(xi) = ¢, (xi2)[+1C, (M) [+]. - [+1C,, (x20)
This vector represents potential due to all the sources maide the box i the domam ontade the neighborhood of this
box 5
3l 517t translate each € (x1 ) from 3.2 to the center ¥/, of each receiver box R... such that the neighborhood of 2.
does not contam 5,
SR (v - x }[('(\... ) ] =D, yi), RLNS, =0
where D, 1= the vector of length 7. representing function in the domain inner to the sphere of radins & centered at
v, due to sources in box 5,
& For each receiver box £, obtain vector (consolidation of all sources outside the receiver neighborhood)
D(YEL) = Dy, (Y )+ 1D (¥ )+ [* D (YE2)s R 1 Sy S = 0
A For each receiver box evaluate the sum
5
viy,) = L Py, %) +Re (¥:¥% ). ¥ € Ra,

where s, (v. ¥, ) iz the local fanction reprezented by D(v | and ., i= the sith receiver box.

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Translation Operator

Operator 7(t) : F(Q) = F(Q", Q' « RY, Q < R¥is called translation operator
corresponding to fransiation vector t, if

Matrix Representations of Translation

TPy =Dly+t), (e, y+te).

Operators
CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004 CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Lety-x, € Q,(x.) C R, Qux.):|y-x,| <7 and {R.(y—x,)} be a regular basis
in C(Q). Lety —x, +t € Q,{x,) and

Ru(y—Xa+t) = 2 (RIR), (LR -x,).
=0

Coefficients (R|R),, (t) are called R|R — reexpansion coefficients (regular-to-regular) ,
and infinite matrix

(RIR)yy (RIR)y ..

y RR)YE) = | (RIR),, ®RIR), .
is called R|R — reexpansion matrix.
CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004 | CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Example of R|R-reexpansion

Ry(x) = x™,

m m
Rax+H=(x+0"=x"+ Xl L+ x4
1 m-—1
= m If_xm—f = Z m tm‘fxf = Z " Im_jRj(X),
RN o\ o\ !

m
el I<m,
(RIR),, (1) = ( ! ) .

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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R|R-translation operator

Translation operator 7(t) which is represented in regular basis {R,(y — x,)} by the
R|R — reexpansion matrix is called R|R-translation operator.

TO[PE)] = dy+t)

(RIR)() = Tt).

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Why the same operator named
differently?

TPy = By~ 1)

The second letter
shows the basis
for O(y +t)

The first letter shows

the basis for d(y) RIR )

(SISt
(SR
(RlSHe)

) =
Needed only to show the expansion basis
(for operator representation)

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Matrix representation of
R|R-translation operator

Consider D) = 2 A (xIRu(y - x,).

n=0

By + 1) = (RIRIOIBWI] = D Aulx (RIR)O[R(y — x, ).

n=0

[

A (X Ry —x, + 1)

S
i
=3

An(x2) D RIR) (DR (Y X))

=0

K

£
T
=3

2RIR), (64 (x) JR‘@* X.) Coefficients of
= shifted function

]
8 ZM&

AL OR(Y-X,),

Coefficients of
original function

>

. - ~ J
Axa,t) = D RIR),(DA:(x0), A(xa.t) = (RIR)(DA(X.).
CSCAMM FAN =0 2003-2004
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Reexpansion of the same function
over shifted basis

Compact notation:

Bly) = D An(x Ry — X, ) = Alxs) o R(y —X,),
n=0
Dy +1) = 3 A xRy —x,) = Ax.,t) o R(Y - x,)
=0
We have:

By) = Dy - ty+t) = A, ) o R((y — )X,
= Ax.,t) o R(y—=x, — t).

Dly) = Ax) Ry -x,) = A + ) o Ry -x, — 1),
50

A(xs +1) = A(xa,t) = (RIR)(D)A(x.).

&/ utranvvaliin oL \JullIciuy, 4003'2004

CSCAIMIM EAMUA: Q4719/2004

R|R-operator

n n

Ryt = (y +1)" = 2 et = 2 )

P omn

0, m=»>n
(RIR),(E) = { nl

ml{p—m)!

#o8
% 3

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

[¥— x| < |5 — 2]

[y — x| > |5 — 2]

DOx) = g

Example

l R-expansion

Diy.x,) = i (X, X )R (3%,

m=0

am(xs:-x*) = _sz _x*)_m_la m= 0:17---7 X

Ru(p-xa) = (y—x)", m=0,1,..
{ S-expansion

o

Dy,x,) = D by, %208, (3, ),

m=0

bo(x,xa) = (x,—x,)", m=0,1

ERa ]

Su(i=x) = (p-x)" m=0,1,..

nerov, 2003-2004

Sulptt) = 47 =y 14 }%)%l -3 CUP g 03,

0, m<n
(B30, () = (—1)""ml fmn

S|S-operator

- ni(m—n)

=

mbn.'

Al (m-n)l

(RR)(E) = (RIR),,, (1) =

CSCAMM FAMOQ4: 04/19/2004

(=R =

1 3% ..
o 1 ..

(==

© Duraiswami & Gumerov, 2003-2004

(88)E) = (15),, () = | & -2 1

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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S|R-operator

1 (m +n )

—1-] —n-| -l - - —n-m—1,,m
SulpH) = 4y =t 1(1+y?) =Z( ! t 4
m=0 o

min!

= i (_1 )m (f’."l + f’I)! t‘”‘m‘lﬁm(y).
m={

(S1R)mn (f) = m

il |fn+m+1 ?

o
72 2 et L

(SR = 5 g gl

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Renormalized R-functions

%

Ron=1oy
Then
Rutyrt) = vt = 0y Dt = P
— 0, m>n
RIR = ~ .
(RE),,® = R, men
Translation Matrix: 1t &L Toeolit
itz
01 ¢ £ P
(RR)w=(RR) =] 001 1.
00 0 1 .

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 20u3-2004

Renormalized S-functions

-1yl

SOr=

=1)""m!
nlim—m)!

St = (C1Vnly+ 07 = (1) i Pyl iﬁm,n(:)ﬁm(y)_

(m,ln)! " = Ryy(l), m>n .

0,
(§|§)mn(1) _ { m<n

Translation Matrix: b ooo Toeplitz
100 .
GRYn = (3F), w=| £ 1 0. |-(®R)®
s

2
oot 1 ..

CSCAMM EAMO4: 04/19/2004 "~ ©'Duraiswami & sumerov, 20U3-2004

Renormalized S-functions

5utt) = D R 08n(0) = D S R ).

= m=0

(E\Te)m(:) = Son(t).

Hankel
i iy 1ot 6t
Translation Matrix:
-2 277 et 2417
(SR} = (3R} =] 2° -sr* 24" -1200% .,

-6t 2415 -120F0°% 720877

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Integral Representations and Diagonal
Forms of Translation Operators

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Representations Based on Signature
Functions

Definition g

() = D CuRnly),

m=0

then the Signature Function of O(y) is a 2n-periodic funcion

D) = 3 Cpe™ We assume that
=t series for SF
' converge. This
[Definition P22 is always true
Oy = icmgmm for finite series,
o) Cn=0,m>p-1.

then the Signature Function of O(v) is a 2n-periodic funcion

O (s) = icme*m.
=0

CSCAMM EAMOA4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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VWith such renormalized functions all
translations can be performed with
complexity O(plogp).

But we look for something faster.

Theoretical limit for translation
of vector of length p is O(p).

ONLY SPARSE TRANSLATION MATRIX CAN PROVIDE
SUCH COMPLEXITY

© Duraiswami & Gumerov, 2003-2004

CSCAMM FAMOA4: 04/19/2004

Integral Representation of Regular Functions

2
c, =L f ®* (s)emeds . Propertyof
2r Yy Fourier coefficients

We have then the following representation of ®fy) :
Diy) = i}"a (L IZT{ D (e ey = L Ih D (s) iﬁ (v)e ey
— 2w o 27 Ja —~"

Consider

)

iokm(y)eﬂms = Zeﬁms% = iﬂ (ye’;:)m ="

m=0

So

| 1 [ X
D(y) = EIO D (5)els = EIO Aoy, )07 (3,

where

A(ys) = e, «—— Regular kernel

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Integral Representation of Regular Basis Functions

For ®(v) = ﬁm(y) we have

Therefore the SF for this function is

o o
‘ ot
@A(s) = 2 Cm«e”“ = E 6mm,ezms = o3,
' '
w=0 =0

L% et g L% e s L= -
Roly) = D) = ﬂjo @ B (5)ds = EIO e e s = EIO Ay, s)eds.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Integral Representation of Singular Functions

L e s Property of
Cm 2 jo DI (x)et e Fourier coefficients

‘We have then the following representation of ®fy) :

p-1 1
. o o _
CD(P)O;) = ZU Sm()’)ﬁ Io Dl (s1e™eds = ﬁ IU i () Zﬂ Sa(v)eeds

Then

2
W) = o [ AP G sy,

(~1)"m!

ymH
Singular kernel

© Duraiswami & Gumerov, 2003-2004

-1 -1
As) = 55T o S
=0 =l

CSCAMM FAMOA4: 04/19/2004

Integral Representation of Singular Basis Functions

For @(y) = S,.(y) we have
1
OO) = Bu) = DC B O =8y B m
m'=0
Therefore the SF for this fanction is
DM (5 = Z C e = Zémmve”m” =e™ p>m
#'=0 =0

Then

~ 2n 2r
Bal) = @90 = [ T AP )00 e = L [T AP g nyees,

m < p.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

R|R-translation of
the Signature Function

on s 2 s -is
T[] = Dy + 1) = ﬁjo 00 D (5 )dls = ﬁjo &7 e % (s5)ds

_ i 2x ) N _ i 21 ) ok )
-1 jo AN )P (5)ds = Sk _[0 A (s, 1.

(RIRYO[P* ()] = B (5,) = A(£5)D"(5),

So the R|R translation of the SF means simply multiplication
of the SF by the regular kernel !

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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S|S-translation of
the Signature Function

DO y+1) = 3 Conly) - i(@"ﬁ)muwﬁmw

Representation of

. i the regular basis
AD(s)e "0 (s)ds, <l function

So

(ESBD ()] = B (5.1) = e DO (5) = A (£ HDOs),

So the S|S translation of the SF means multiplication of the
cscAMBIERWiHE degulsidsernel.

© Duraiswami & Gumerov, 2003-2004

Evaluation of Function
based on its Signature Function

Use Gaussian Type Quadrature ‘

function bandwidth
PO = o [T A re s

g-1

= Z Wik (3 50D PP (5, + error(p.g).
=0

quadrature weights quadrature nodes

quadrature order

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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S|R-translation of
the Signature Function

In case |t > |y| we have
a -is
PO+ = L [T AL 0 ds > b,
0

Thig iz a representation of the regular function. Therefore,

SIRYHIBE ()] = 87 (5.1) = AP (LHDE(s).

So the S|S translation of the SF means multiplication of the
SF by the singular kernel.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

FMM Data Structures

Nail Gumerov &
Ramani Duraiswami
UMIACS
[gumerov][ramani]@umiacs.umd.edu
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Content

* Introduction
« Hierarchical Space Subdivision with 24-Trees

 Hierarchical Indexing System
U Parent & Children Finding

e Binary Ordering

* Spatial Ordering Using Bit Interleaving
U Neighbor & Box Center Finding

 Spatial Data Structuring
O Threshold Level of Space Subdivision

e Operations on Sets

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Reference:

N.A. Gumerov, R. Duraiswami & E.A. Borovikov

Data Structures, Optimal Choice of Parameters, and
Complexity Results for Generalized Multilevel Fast
Multipole Methods in d Dimensions

UMIACS TR 2003-28, Also issued as Computer Science
Technical Report CS-TR-# 4458. Volume 91 pages.

University of Maryland, College Park, 2003.

AVAILABLE ONLINE VIA http://www.umiacs.umd.edu/~gumerov
http://www.umiacs.umd.edu/~ramani

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Introduction

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

FMM Data Structures

= Since the complexity of FMM should not exceed
O(N?) (at M~N), data organization should be provided
for efficient numbering, search, and operations with
these data.

= Some naive approaches can utilize search algorithms
that result in O(N2) complexity of the FMM (and so
they kill the idea of the FMM).

= In d-dimensions O(NlogN) complexity for operations
with data can be achieved.

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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FMM Data Structures (2)

= Approaches include:
O Data preprocessing
= Sorting
= Building lists (such as neighbor lists): requires memory,
potentially can be avoided;

= Building and storage of trees: requires memory, potentially can
be avoided;

O Operations with data during the FMM algorithm execution:
= Operations on data sets;
= Search procedures.

= Preferable algorithms:

O Avoid unnecessary memory usage;

O Use fast (constant and logarithmic) search procedures;

O Employ bitwise operations;

O Can be parallelized.

= Tradeoff Between Memory and Speed

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Space Subdivision with 29-Trees

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Historically:
* Binary trees (1D), Quadtrees (2D), Octrees (3D);

« We will consider a concept of 29-tree.
Ud=1 - binary;
Qd=2 - quadtree;
Ud=3 - octree;
Ud=4 - hexatree;
Qand so on..

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Hierarchy in 29-tree

Level 3
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2d-trees

Number
Level 2-tree (binary) 22-tree (quad) 2dtree  Of Boxes

1
Paren /(

AN
/%@\\\ 2

) M N
2 o M% UGN %&&\\ g

(Sibling) Maybe
Npmhhnr

3 oL JJIDNN 23

Cllrn
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Hierarchical Indexing

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Hierarchical Indexing in 29-trees. Index
at the Level.

_— Indexing in quad-tree

The large black box has the
indexing string (2,3). So its
index is 23,=11,,.

The small black box has
the indexing string (3,1,2).
So its index is 312,=54,,.

In general: Index (Number) at level | is:

=1 =2
cocn Number = (27} e N+ (2¢)7 e No+ .+ 29 Ny + N) o0y

Universal Index (Number)

The large black box has the
indexing string (2,3). So its
index is 23,=11, at level 2

The small gray box has

the indexing string (0,2,3).

So its index is 23,=11,, at level
3.

In general: Universal index is a pair:

UniversalNumber = (Number,[)

. A
CSCAMM EAMO4: 04/19/2004 Thisipdexsatathi®levlerov, 2003-2004
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Parent Index
Parent’s indexing string:

Parem(N1 ,Ng, ---:M—I:Ni) = (Nl,Ng, ---:M’—l )
Parent’s index:
‘ParenI(Number) = (2“()"_2 « N+ (Qd}H e No+ .+ Ny

\ | Parent index does not depend on

‘Er the level of the box! E.g. in the quad-tree
at any level

0 Parent(111y) = Parent(234) = 24 = 2yq.
aF Parent’s universal index:

— Parent((Number,l)) = (Parent(Number),l1- 1).
HC' b1 Algorithm to find the parent number:
Q ‘ Parent(Number) = [Number/Zd]
| cscamBREARYA# 33 §aiy or black) the pasenidheximdex sy, 2003-2004

A couple of examples:

Problem: Using the above numbering system and decimal numbers find parent box
number for box #3981 in oct-tree.

Solution: Find the integer part of divizion of this number by 8. [5981/8] = 747.

Answer: #747.

Problem: Using the above numbenng system and decimal numbers find children box
numbers for box #100 in oct-tree.

Solution: Multiply this number by 8 and add numbers from 0 to 7.

Answer: #4800, 801, 802, 803, 804, 805, 806, 807.

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Children Indexes
Children indexing strings:
Children(N,No, .., NL 1, N = SN N o NC NN, Ny = 0,..,29 - 1.
Children indexes:

Children indexes do not depend on
the level of the box! E.g. in the quad-tree
at any level: _

Children(111) = Children{234) = {2304,231,,2324,233,} = {4410,45 10,46 10,4710
Children universal indexes:

Children((Number,l)) = (Children{Number),l+ 1).
Algorithm to find the children numbers:

Children{Number) = {29 « Number +j >, j=0,.,29-1,

ThildrenNumber) = {(27) e Ni+ (27} 7 e Ny + L+ (20) o N+ Nuwr o N = 0,27 - 1

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Can it be even faster?

YES!
USE BITSHIFT PROCEDURES!

(HINT: Multiplication and division by 2¢
are equivalent to d-bit shift.)

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Matlab Program for Parent Finding

Box Index

p = bitshift(,-d);

Parent Box Index ) :
Space dimensionality

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Binary Ordering

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Allx € [0,1] naturally ordered and can be represented in decimal system as
= 0aamas. )y a;=0,..9 j=12,.
Note that the point ¥ = 1 can be written not only ¥ = 1.0000...,but also as
x=1=1(099999._),,
We also can represent any point ¥ € [0,1] in binary system as
X=(0b1bshs..),, b, =01, j=12, .
By the same reasons as for decimal system the point ¥ = 1 can be written as

F=1=(0111111....),.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Finding the index of the box containing a

given point
Level Box Size (dec) Box Size (bin)
0 1 1
1 0.5 0.1
2 025 0.01
3 0.125 0.001
Level 1:
(0.0b1b3b3...), € Box((0)), (0.1b1b3bs...), € Box((1)), ¥h;=0,1, j=12,..,
Level 2:

T(0.008,5255...), € Box((0,0)), (0.0181b2b5..), € Box((0,1)),
(0.10b162b5..), € Box((L.0)), (0.11b1bsbs...), € Box((L,1)),
vb, =01 j=L2,.., We use indexing
Level I: . —  strings!
(ON\No. Nibihsbs...), € Box((Ny, Ny, . N))), Wby = 0,1; j= 1.2,

&/ ulaidvvallin oL \oulliciuy, LUUJ‘LJO4
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Finding the index of the box containing a
given point (2)

(ON\Ny Nibihyby 3, = (NyNy Npbiboby )y, NNy Ny = [(Ny Ny Npbiboby ),

(Number,l) = [2I -x]. «~— Thisisan
algorithm for

E 11 120 131 140 1051 nﬁu 1711 flndlng of the
o 0 box index at
P . . — | level I ().
Level | A A
Lw; N 3! v LAY )\lﬁ Faster
] T . ?F R ? method: Use
S A S | bitshiftand
take prefix.
O ooot| 0.01) oot O 1 pior | 011w 1
c 0 0.125 015 0375 05 0625 075 0375 1 04

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Finding the center of a given box.

For box number Number at level ! the left boundary can be found by 7 -bit shift:
Number = (N1N3. . .Np), » (0N Ny N,
Add 1 as an extra digit (half of the box size), so we have for the center of the box at level / :
X (Number,l) = (O.NN;..Ni1),.
This procedure also can be written in the form that does not depend on the counting system:

X.(Number, [y = 27 « Number + 2771 = 27 « (Number + 271).

since addition of one at position / + 1 after the point in the bin:
addition of 271,
Problem: Find the center of box #31 (decimal) at level 5 of the\binary tree.
Solution: We have %,(31,5) = 277 - (31 + 0.5) = 0.984375.
Answer: 0.984375.

system is the same as

This is the algorithm!

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Neighbor finding

Due to all boxes are indexed consequently:

Neighbor((Number,level))=Number+1

If the neighbor number at level 7 equal 2/ or —1 we drop this box from the neighbor list.
Problem: Find all neighbors of box #31 (decimal) at level 5 of the binary tree.
Solution: The neighbors should have numbers 31 — 1 = 30 and 31 + 1 = 32. However,

32 = 2°, which exceeds the number allowed for this level. Thus, only box #30 is the

neighbor.
Answer: #30.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Spatial Ordering Using Bit Interleaving

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Bit Interleaving

Coordinates of a point X = (x4, ...,%,) in the d-dimensional unit cube can be represented
in binary form

X = 0bpbubis. )y, by =01, j=12,., k=1..d

Instead of having & numbers characterizing each point we can form a single binary number
that represent the same point by ordered mixing of the digits in the above binary
representation (this iz also called bit interleaving), so we can write:

X= (O.bnbz]...b‘ﬂb]gbzg...bﬁ...bUbZJ...bcg,...)2.
This number can be rewritten in the system with base 2¢:

X = ONNN2 N ger Ny = (bybodg)y = L20n N=0,.,29- 1.

This maps R~ R, where coordinates are ordered naturally!

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Convention for Children Ordering.

Any binary string of length  can be converted into a a single number (binary or in some
other counting system, e.g. with the base 24):

(b1,02,...0a) ~ (blbz---bd)z = Ny

This provides natural numbering of 24 children of the box.’

0,1,) T A2 1,12
(0,11) (1,31) (:)(;01,1;)\\ N I (1,01
. 0o [ao e A &
2 0 2 X3 (1.0
1. e
9 \ (1,0,0)
d=2 X1 =3

CSCAMM EAMOA4: 04/19/2004 © Duriﬁv@aﬂ) & Gumerov, 2003-2004
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Example of Bit Interleaving.

Consider 3-dimensional space, and an octree.

x,=0.|0/11]0/1/0/0[1]0|1|1
X,=0./11]0]|0]|0|1]0|0 1|1}1
x,=0./1/0/1{1]0/1/0[1]0]0|1
x = (0.316/5 1143101512161 7 ... )g
7T TN
x= (0.J011]110/101j001/100/011]000/101j010[110]111]...),

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Finding the index of the box containing a
given point.

Level 1:
= (O.bnbm...bdlbmbzg...bdz...bljsz...bdj...)z (= BOx((bnbz]...bd])z) = BOX((N1)2d),

Let us use 2¢-based counting system. Then we can find the box containing a given point at
Level /:

0.N1N2...MC16263... ¢ € Box Nl,Nz,...,Ng d )y Ve, = 0,...,2d* 1', f = 1,2,...
2 2 J J

Therefore to find the number of the box at level / to which the given point belongs we need
simply shift the 24 number representing this point by / positions and take the integer part of
this number:

(O.NNgo. Nic169¢3.) g0 > (NiNaouNLC 162630 Dgts NN Ny = [V Ny Nebibobs. il

| CSCAMM FAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Finding the index of the box containing a given
point. Algorithm and Example.

This procedure also can be performed in binary system by - / bit shift:

(0.b11bo1.. by b12bos. b byby. byb.. )y = (Buibar..bybrobo. by byuby. byb. )y,
Number = (by1by1..babibos. by byby. ba),.

In arbitrary counting system:
(Neamber,l) = [24 -x].

Problem: Find decimal numbers of boxes at levels 3 and 5 of the oct-tree containing
point X = (0.7681,0.0459,0.3912).

Solution: First we convert the coordmates of the point to binary format, where we can
keep only 5 digits after the point (maximum level is 3), so £ = (0.11000,0.00001,0.01100),.
Second, we form a single mixed number X = 0.100101001000010,. Performing 3 - 3 = 9 bit
shift and taking integer part we have (Number,3) = 100101001, = 297. Performing
3 -5 = 15 bit shift we obtain (Mumber,5) = 100101001000010, = 19010.

Answer: #297 and #19010.

CSCAMM FAMOA: 04/19/2004

© Duraiswami & Gumerov, 2003-2004

Bit deinterleving (2). Example.

Number = 76893 It is OK that the first group is incomplete
1o To break the number

——E f—HA/ into grOUpS
10010110001011101, of d bits start from

T ===

Number, = |0[|o|]o||1||1||1 = 111, = 7,
Number, = 1 |1 |1 |0 |1 |0 = 111010, = 58,
Number, = 0 1 0 0 1 = 1001, = 9,

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Bit Deinterleaving

Convert the box number at level / into binary form
Number = (by1by ---bd1b12b22---bd2---blib21---bdl)2-
Then we decompose this number to  numbers that will represent o coordinates:

Numbeﬁ = (b'llbl}--b'l[)z-
Number2 = (bgpbzg...bg[)z.

Numberd = (bdlbdg...bd;) 2

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Finding the center of a given box.

Coordinates of the box center i binary form are
X (Number,l) = (0.bp by byl),, k=1,..d
or i the form that does not depend on the counting system:
X (Number,I) = 27 . Number, +2771 =27 . (Numberk + %), k=1,..,d

Problem: Find the center of box #3533 (decimal) at level 5 of the oct-tree.

Solution: Converting this number to the bit string we have 533, = 1000010101,.
Retrieving the digits of three components from the last digit of this number we obtain:
Numbers = 1001, = 9y, Number, = 103 = 24y, Number; = 1, = 11,. We have then
%1,(533,5) =277« (1 +0.5) = 0.04875, %,,(533,5) = 27 - (2+0.5) = 0.078125,
X3.(533,5) =27 (9+0.5) = 0.296875.

Answer: X. = (0.048753,0.078125,0.296875).

| CSCAMM FAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Neighbor Finding

Step 1: Deinterleaving:

Number — {Number, ..., Number ;}+
Step 2: Shift of the coordinate numbers
Nembery = Numbery + 1, Number, = Number, -1, k=1,...4d,
and formation of sets:
{Number;, Number, Numbert s, Numbery # 0,2) - 1
S = {Numbery, Numberls, Number; = 0. k=1,..,d
{Number; , Numbery -, Number, = 2'— 1.
The set of neighbor generating numbers is then

n=(n,.,0), 0 €8, k=1,.,d

where each 1, can be any element of 5, , except of the case when all 7, = Number;
simultaneously for all & = 1,...,d, since this case corresponds to the box itself.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Example of Neighbor Finding

26,,= 11010,

deinterleaving
(111100)2 = (314)10

generation of
neighbors

25| 27 || 49
24 26 |8

Number,

13| 15| 37

(2.3),(24),(2.,5).(3,3),
(35),(4,3),(44),(4,5)

o P N W P o N

(10,11),(10,100),(10,101),
_ _ (11,11),(11,101),(100,11),
interleaving " (100,100),(100,101)

X2 0 1 2 3 4 5 6 7

X Number,

1101,11000,11001,1111,11011,100101,110000,110001

csC AR ER LR Bl 36 AR A0 © Duraiswami & Gumerov, 2003-2004

Spatial Data Structuring

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

L. Definitions
Definitions /
Data Collection.

Scaling and mapping finite d-dimensional data into a unit #-dimensional cube vieldsin a
collection C of N pointg distributed inside such a cube:

C={%1,%,..,Xx}, % €[0,1)%[0,)x..x[0,1)cRY, i=1,. N
Data Set.
‘We call a collection C = {X1,X2,...,Xy} “data sef”, if Vi = j, dist(X;,X,) #= 0, where

dist(X;,%;) denotes distance between X; and x;.

Non-Separable (Multi-entry) Data Collection.

‘We call a collection C = {X1,X2,....Xx} “non-separable data collection” , if 37 = j,
dist(x;,%;) = 0.

(By this definition a non-separable data collection cannot be uniquely ordered using
distance function disf(X;,X;)).

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Presented at the Center for Scientific Computing and Mathematical Modeling, University of Maryland, College Park

Copyright, Nail A. Gumerov and Ramani Duraiswami, 2002-2004.



Tutorial Lectures on the Fast Multipole Method

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Threshold Level

We call level L., (C) “threshold level” of data collection C if the maximum number of
data points in a box for any level of subdivision L » L. (C) is the same as for L, (C) and
differs from Ly, (C) forany L < L,(C).

Note: in case if C is a data set of power N > 2, then at level L, (C) we will have
maximum one data point per box, and at £ < L, (C) there exists at least 1 box containing 2
or more data points.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Spatial Data Sorting

Consider data collection C. Each point can be then indexed (or numbered):
v (v va, . V), v, = Number(, L), i= 1N,

where Number can be determined using the algorithm described in the previous sections.
The array v then can be sorted for O(Nlog N} operations:
(VL Ve V) = (VL Vi Vi), V) SV, S 8 v,

(] 1

using standart sorting algorithms. These algorithms also return the permutation index (other
terminology can be permutation vector or pointer vector) of length IV :

ind = (7.6, 0y

that can be stored in the memory. In terms of memory usage the array v should not be
rewritten and stored again, since ind ig a pointer and

V(i) = v, ind() =, viind(f)) = v(i;) = v, Qij=1,..N,
g0

viind) = (v, v, ...V,
: & ulavvallin o Julliciuyv, LUUJ'LU\)4

CSCAMIM EFAMUA: Q4/19/2004

Spatial Data Sorting (2)

» Before sorting represent your data with maximum number
of bits available (or intended to use). This corresponds to
maximum level L, e available (say [Loyaitaie
=BitMax/d].

e In the hierarchical 29-tree space subdivision the sorted list
will remain sorted at any level L< L, ijpe- SO the data
ordering is required only one time.

© Duraiswami & Gumerov, 2003-2004

| CSCAMM FAMO04: 04/19/2004

After data sorting we need to
find the maximum level of space subdivision that will be
employed

In Multilevel FMM two following conditions
can be mainly considered:

* Atlevel L, each box contains not more
than s points (s is called clustering or
grouping parameter)

* At level L., the neighborhood of each box
contains not more than q points.

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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The threshold level determination algorithm in
O(N) time

i=0,m=s,

while m < NV
i=i+l,m=m+1;
a = Interleaved(v(ind(7));
b = Interlecved(v(ind(m));

s is the clustering parameter

J = Bitpa + 1
while o + b
J=i-1

a = Parent(a),
b = Parent(b);
L = max(yaeJ):

end;

end;
CSCAMM FAMOA4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Operations on Sets

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Binary Search in Sorted List

« Operation of getting non-empty boxes at any level L
(say neighbors) can be performed with O(logN)
complexity for any fixed d.
« It consists of obtaining a small list of all
neighbor boxes with O(1) complexity and
* Binary search of each neighbor in the sorted list
at level L is an O(Ld) operation.
* For small L and d this is almost O(1) procedure.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Difference: C = A\B
Intersectiom. C = ANB

Uion: C = A4 R

Let Pow(A) =N, Pow(B) =AM, N3z M,

Then the complexity for sorted input/output:

ADB N
ANB : min{N,Mlog V)
AUBR:N
Operations
Neighbors{W,n, ) = Neighborsdllin, Iy W, W = Y,
Children(Wi,n,[) = Childrendll{n, [y N'W, W = 3L ¥

are C(log V) operations for minimum memory requirements and O 1 ) for sufficiently large
memory.

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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The Multilevel Fast Multipole
Method

Ramani Duraiswami
Nail Gumerov
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Review v = ou,

e FMM aims at accelerating
the matrix vector product Dy x1) Ply,x2) . Pyxy)

* Matrix entries determined by o | ®@ax) @@axz) . @ynxm)
a set of source points and
evaluation points (possibly
the same)

e Function ® has following sy
point-centered representations ¥ = Wu¥eYa ¥ € R j= 1M
about a given point X. N

U Local (valid in a neighborhood of a vi= > wd{y,x), j= 1M
given point) =1
O Far-field or multipole (valid outside a neighborhood of a given point)
O In many applications @ is singular
» Representations are usually series
O Could be integral transform representations

» Representations are usually approximate
O Error bound guarantees the error is below a specified tolerance

Dlyrx1) PYinxe) o P¥VarnXw)

X =Ix1,X2,...xn}%, x; €RY i=1

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

- jal
REVI ew ‘1)<yj‘xl\) = ZAV,,(XI)FM(){) + Error(px,.y .
m=l)
e One representation, valid in a
given domain, can be converted ¥ Vv ¥

to another valid in a subdomain =2 u®(y:x) = 2u Y AutxiFa(y, )+ Lulmorpay)
contained in the original domain . B

* Factorization trick is at = Y BuFuly,) + Error o), = ..M
core of the FMM speed up ”Ff

* Representations we use are factored ... separate points x; and y;

» Data is partitioned to organize the source points and evaluation
points so that for each point we can separate the points over which
we can use the factorization trick, and those we cannot.

« Hierarchical partitioning allows use of different factorizations for
different groups of points

e Accomplished via MLFMM

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Prepare Data Structures

» Convert data set into integers given some maximum
number of bits allowed/dimensionality of space

* Interleave

* Sort

» Go through the list and check at what bit position two
strings differ

QFor a given s determine the number of levels of subdivision
needed

Qs is the maximum number of points in a box at the finest level

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Hierarchical Spatial Domains

E,: box

E,: points in the
box and in
neighboring boxes (

E E

TN\
( 1
LV

E;: points in boxes
outside
neighborhood

E,: points
belonging to
neighbors of
parent box, but
which do not
belong to E,

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

S|S-reexpansion (Far to Far, or Multipole to
Multipole, or M2M)

Original expansion
Is valid only here!

[y-Xe-t > ry=r+ijt

Since
Qpy(xA) Q1) !

Also
[% - X«| <1

singular point !

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

UPWARD PASS

« Partition sources into a source hierarchy.

 Stop hierarchy so that boxes at the finest level contain at most s
sources

 Let the number of levels be L

» Consider the finest level

» For non-empty boxes we create S expansion about center of the
box @(x;,y)=2P uB(X,X)) S(XwY)  a0Dy) = b o Sy — x0),

cob = Z uiB(xz,xg”'L)).

xi€B(rL)
» We need to keep these coefficients. CD for each level as we will
need it in the downward pass
e Then use S/S translations to go up level by level up to level 2.
e Cannot go to level 1 (Why?)

© Duraiswami & Gumerov, 2003-2004

| CSCAMM FAMO04: 04/19/2004

» Sexpansion is valid in the domain E_3 outside domain
E_1 (provided d<9)

\
\
Nl YV

P

(

© Duraiswami & Gumerov, 2003-2004
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UPWARD PASS

At the end of the upward pass we have a set of S
expansions (i.e. we have coefficients for them)
 we have a set of coefficients C) for n=1,...,21¢ I=L,...,2

 Each of these expansions is about a center, and is valid
in some domain

* We would like to use the coarsest expansions in the
downward pass (have to deal with fewest numbers of
coefficients)

* But may not be able to --- because of domain of validity

» Upward pass works on source points and builds
representations to be used in the downward pass, where
the actual product will be evaluated

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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DOWNWARD PASS

« Starting from level 2, build an R expansion in boxes
where R expansion is valid
20w =B e Ry - x0),

~nd)
57 = 3 SR —x e,
melaind)

* Must to do S|R translation

» The S expansion is not valid in
boxes immediately surrounding
the current box E,

* So we must exclude boxes in the
E, neighborhood

CSCAMM FAMOA4: 04/19/2004

S|R-reexpansion (Far to Local, or
Multipole to Local, or M2L)

~ Original expansion
Is valid only here!

Y- Xe-t] < ry= -

Since
Oy (xA) € Q1) !

Also
X - X«| <°r

singular point !
W purdiswami & Gumerov, 2003-2004

| COCAMIM FAMOA: 04/19/2004

Downward Pass. Step 1.

Level 2; Level 3:
——
\
/ ¥ \
O

v |

A} L

7/

AN /
N~
| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Downward Pass. Step 1.
Downward Pass. Step 1.

P, = PowerOfE,Neighborhood = 3924 - 34 = 34(24 -1}

d=1: P,=3,
d=2- p,=27, | Exponential
-3 - Growth
THIS MIGHT BE d=3: P,=189,
THE MOST EXPENSIVE d=4: P,=1215

STEP OF THE ALGORITHM

|

Total number of S|R-translations
per 1 box in d-dimensional space

(far from the domain boundaries)

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004 CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
Domains of Expansion Validity (6). R|R-reexpansion (Local to Local, or
S|R-translation. L2L)
K s-expansion coefficients can be S|R-translated (converted to R-expansion coefficients)

[V —Xaz| < a1 — Xaz| = % — Xa1 ),

A(x;,X,0) = (S|R)(X.2 — X1 )B(x:,X41)

Original expansion
_ Isvalid only here!

,//

by =xo| <r..(D. x-xo <r.. (),

minfx.; — X.z| = 2size(l).

R Jd+ 27 d <2t d <

[Y-Xe-t <1y =r-]t

/

Since Q. (X«+t) < Q. (1) !

d<4

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004 | CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Downward Pass Step 2

* Now consider we already have done the S|R translation at
some level at the center of a box.

» So we have a R expansion that includes contribution of
most of the points, but not of points in the E, neighborhood

» We can go to a finer level to include these missed points

» But we will now have to translate the already built R
expansion to a box center of a child

U (Makes no sense to do S|R again, since many S|R are
consolidated in this R expansion)

* Add to this translated one, the S|R of the E, of the finer
level

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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» Formally
ETEA At/ = 2 we have

2 2 " =
P y) = ), D =D
Form &% (y) (or expansion coefficients of this function) by adding & "™ (y) to
(R|R)- translated coefficients of the parent box to the child center:
070 (y) = DO o Ry x4,

~elnd) ,
Db = B+ (RIR) (xﬁ"’l) —xlmd 1))D(””H), m = Parent(n).

(#.2)

i () .
oy =D o Ry —x),

~e(nd)
D™= 3 SRS —x ),
el

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Downward Pass. Step 2.

Figure shows that local-to-local translation is applicable in this case (smaller sphere is
located completely inside the larger sphere), and junction of structures £3(s2, /) and
Ey(n, i+ 1) produces Es(n, i+ 1) :
Es(nl+1) = Es(m,[) U Eq(m, 1+ 1).
mMM_EAWZQOA W purdiswalrtll & GUlInerov, 2uus-2004

Domains of Expansion Validity (5).
R|R and S|S-translations.

[ R-expansion coefficients can be R|R-translated:

[y = Xa2| < [K; = Xar| = [Xa1 — X2 : Not as
Axaxao) = (RR)(x,: — x,)A(x,x,,)  Testrictive as
A s-expansion coefficients can be S|S-translated: S|R
[V — Xz > Xu1 — Xua| + |5 — X,
SIS B(x;.x.2) = (S[8)(X.z — X,1)B(X; X.) RIR

2004
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Final Summation

At this point we are at the finest level.

» We cannot do any S|R translation for x; ‘s that are in the
E_3 neighborhood of our y;’s

* Must evaluate these directly

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Final Summation

As soon as coefficients D@2 are determined total potential can be computed for any
pointy, € £:(0,0), where CDé"’J) (y) can be computed straightforward. So:

v, = Dly,) = Z u;B(y,, ;) + D" o R(yj—xg"’m), y; € Ex(nL).
xieBy(nL)

Contribution of E, Contribution of E,

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Cost of FMM --- Upward Pass

Upward Stepl. Cost of creating an S expansion for each
source point. O(NP)
Upward Step2. Cost of performing an S|S translation

QIf we use expensive (matrix vector) method cost is O(P?2) for one
translation.

Step 2 is repeated from level L-1 to level 2
CostUpward, = 29 {2018 £ 20-2d 4 4 2242 CogtSS(P)

a
< 242771(2&f - 1)CostSS(P) ~ ¥ cosSs(P)

Total Cost of Upward Pass ~ NP + (N/s) (P?)

© Duraiswami & Gumerov, 2003-2004

| CSCAMM FAMO04: 04/19/2004

COST of MLFMM

» Cost of downward pass, step 1 is the cost of performing
S|R translations at each level

CostDownward, 5 Py(d) (2% + ..+ 214 }CostSR(P) ~ Py (d)%COJfSR(P),

At the downward pass, 2" step we have the cost of the
R|R translation, and S|R translation from the E,
neighbourhood (already accounted for above)

CostDownwardy = 29 (2% + _ + 20" ) CostRR(P) ~ %COS!RR(P),

* Final summation cost is CostEvaluation = M{Po(d)sCostFunc + P).

* Total

CSCAMNY CostMLFMM = (M + N)P + (P4(d) + 2)¥CostTramlaﬁon(P) + Py(d)sMCostFunc
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Itemized Cost of MLFMM

Regular mesh:
N 20led g 2lad Lo [ = L, T Assume that all
translation costs are
CostUpward, = NCostExpansion(P) = O(NP). the same,
CostTranslation(P)
CostUpward, = 29 (2017 + 2U-2¥ 1+ 2%} CostSS(P)
2d

< 2

1 (25 — 1) CostSS(P) ~ ¥ CostSs(P

v
CostDownwardy & Py(d){2% + ..+ 224} CostSR(P) ~ P4(d)¥C 1SR(P),

CostDownward, = 22 (2% + ..+ 2¢-19) CostRR(P) ~ &Y CostRR(P),
//\
CostEvatuation = M(P,(d)sCostFunc + P).  Powers of E,

and E, neighborhoods
CostMLFMM = (M+ N)P~+ (Pa(d) + 2)¥CO.VIT ramsiation(P) + Py (d)sMCostFunc

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Optimization of the Grouping Parameter
(Example)

. I:N(P4 (d) + 2)CostTranslation( P) T’Z
ot MP>(d)CostFunc ’

CostMLFMM,,, = (M+ N)P + 2[MN(P4(d) + 2)P.(d)CostTransiation(P)CostFune .

Example:

N=M, Pd)=3(2"-1}, Pud)=3"
CostTranslation(P) = P2, CostFunc = 1
Sopt ~ 2P, CostMLFMM,,, ~ 2NP{1 + 39292}
Ford=72, P=10, g~ 38, CostMLFAM, ~ 38NP = 380N,
If non-optimized,

s=1; CostMLFMM,,, ~ NP(2+3929P)

Ford=2, P=10, s=1, CostMLFMM,, ~ 360NP = 3600N.

In this example optimization results in about 10 times savings!
| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Optimization of the Grouping Parameter

CostMLFMM |

CostMLFMM = (M+ N)P + (Py(d) + 2)%00.\'!1" ransiation(P) + P, (d)sMCostFunc

ACostMLFMM _

—(Pyld)+2 ﬂCastT ransiation(P) + P, Costiune = 0
&,
s

s N(Py(d) + 2)CostTranslation(P) 1"
ot MPy(d)CostFunc

CostMLFMM , = (M+ NP + 2[MN(P,(d) + 2)P;(d)CostTranslation(P)CostFunc] .
CSCAMM EAMOA: 04/19/2004 © Duraiswami & GUMerov, ZUUs-20u

DEMO

* Yang Wang (wpwy@umiacs.umd.edu),
“Java Implementation and Simulation of the Fast
Multipole Method for 2-D Coulombic Potential
Problems,” AMSC 698R course project report, 2003.
* http://brigade.umiacs.umd.edu/~wpwy/applet/FmmApplet.html
» Seems to work with Mozilla and Netscape ...I1E has problems

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Some Numerical Experiments with
MLFMM

N.A. Gumerov, R. Duraiswami & E.A. Borovikov

Data Structures, Optimal Choice of Parameters, and
Complexity Results for Generalized Multilevel Fast Multipole
Methods in d Dimensions.

UMIACS TR 2003-28,
Also issued as Computer Science Technical Report CS-TR-# 4458.
University of Maryland, College Park, 2003.

Available online via
http://www.umiacs.umd.edu/~ramani/pubs/umiacs-tr-2003-28.pdf

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Error Test. FMM vs Middleman.

Regular Mesh, N = M.

Test with VVarying Grouping Parameter.

100
Max Level=8 5
65536 3
7 6
4
10 7 5
L 16384
2 5
£ 6
= 3
> 6
Q. .
o 4096 1
14 5 4
5 2
_ 3
N=1024 4

Regular Mesh, d=2
0.1 T T
10 100 1000

1
W%mber of Points in theeSmalgst\Rami & Gumerov, 2003-2004

1.E-07
‘I
1.E-08 1
- 1.E-09
8
2
€ 1.E-10 M
% Middleman
2 1e11 :
] ’ll-» B
2 FMM
< 1E12
1.E-13 {
1E-14 ‘ ‘
100 1000 10000 100000
ber of Pai . .
CSCAMM EAMO4: 04/19/2004 Number O RS raiswami & Gumerov, 2003-2004
Test with Varying N.
1000
Straightforward D/’/
100 | ,
y=cx® 7 ® -
o
FMM (s=4)
— Wil —e
£ 104 4 .~ FMM/(a*log(N
> e (a*log( ))
£ e
= [
5 O -
5 14 e
5 y=bx " Setting FMM o~
- "’A/"‘ -
01® s
- Middleman
5
NS <> Regular Mesh, d=2
0.01 T T
1000 10000 100000 1000000

Number of Pqi . .
| CSCAMM EAMO4: 04/19/2004 umber Oé%nﬁsralswaml & Gumerov, 2003-2004
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Comparisons for different dimensionalities

1000
e -d=1,s=8...15
¢ -d=2,s=4...15
100 4 A - d=3,s=8...63
— A.— -
2 10 T e
>
£ - ~
[ 3 - °. T
=] A > ad y=ax
o 14
(@] 2, *
- ‘,“"
0o1f e o=l
s
Regular mesh, optimal s
0.01 T
1000 10000 100000

Number of Points

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Random Distributions

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Dependence of CPU Time on the Grouping
Parameter, s

10

3
. 9000000000000
13 :
. :
9 Uniform Random
e 8 Distribution 4
@ 87 7 - 6000000080
6 ‘ee® :
g 1 ; 6 :
[ e :
2 - - - - -0oeeeeEse 4
o L - - -0 GDO000
/ MaxLevel=5
Regular Mesh
N=4096, d=2
0.1 T T
1 10 100 1000
Number of Points in the Smallest Box
| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Dependence of CPU Time on the Maximum
Space Subdivision Level

100
10
@
[0}
£
=
2
[
o
14
N=1024
Uniform Random
Distribution d=2
0.1 T T
0 5 10 15
Maximum Level
| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Dependence of CPU Time on M

100

i
o
L

CPU Time (s)

Max Level=6 .-~ y

i
L
>

Optimum Max Level

Uniform Random Distributions
N=4096, d=2

0.1 T T
1000 10000 100000 1000000
Number of Evaluation Points

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Adaptive FMM

* H. Cheng, L. Greengard, and V. Rokhlin, “A Fast
Adaptive Multipole Algorithms in Three Dimensions,”
Journal of Computational Physics, 155:468-498, 1999 .

* N.A. Gumerov, R. Duraiswami, and Y.A. Borovikov,

“Data structures and algorithms for adaptive multilevel
fast multipole methods,” in preparation.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Fast Multipole Methods for The
Laplace Equation

Ramani Duraiswami
Nail Gumerov

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Outline

» 3D Laplace equation and Coulomb potentials
» Multipole and local expansions
 Special functions
O Legendre polynomials
O Associated Legendre functions
O Spherical harmonics
» Translations of elementary solutions
e Complexity of FMM
* Reducing complexity
 Rotations of elementary solutions
» Coaxial Translation-Rotation decomposition
 Faster Translation techniques

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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CSCAMM FAMOA: 04/19/2004

Review v,
FMM aims at accelerating
the matrix vector product Biyxy) Dlyxs) . DL
Matrix entries determined by | @@axi) Syexz) . lyaxw)
a set of source points and
evaluation points (possibly
the same)
Function @ has following N,
point-centered representations Y = Wu¥z¥aks ¥ € R j= 1M
about a given point x.

n
4 Local (valid in a neighborhood of a = Zu,cb(yﬂx,), =1, M
given point) =1

4 Far-field or multipole (valid outside a neighborhood of a given point)
4 In many applications @ is singular
Representations are usually series
O Could be integral transform representations
Representations are usually approximate
Q Error bound guarantees the error is below a specified tolerance
© Duraiswami & Gumerov, 2003-2004

$¥unx1) Panxz) o P(YarXw)

X={x;,Xz,..xv}, X; €RY i=1,._N,

CSCAMM FAMOA4: 04/19/2004

. ]
Rev IEwW @ (yj,x,) = ZAM(X;)F,,, (y/\) + Errorp 5,y
=l

One representation, valid in a

given domain, can be converted ¥ vl X

to another valid in a subdomain %= Ludys) = Yu Y AFa(y,) - Vubrorpx.y,
contained in the original domain | oo -

Factorization trick is at = Y Bulu{y )= Bror(p M), j=1..M
core of the FMM speed up
Representations we use are factored ... separate points X; and y;

Data is partitioned to organize the source points and evaluation
points so that for each point we can separate the points over which
we can use the factorization trick, and those we cannot.

Hierarchical partitioning allows use of different factorizations for
different groups of points

Accomplished via MLFMM discussed yesterday
Today concrete example for Laplace equation/Coulomb potentials

© Duraiswami & Gumerov, 2003-2004

| CSCAMM FAMO04: 04/19/2004

Solution of Laplace’s equation

e Green’s function for Laplace’s equation

1

VQG(x,y) =6(x—-y) G(x,y) = —m

Green’s formula

0o(y) = [ 6Gs0x—y)d*r = [ o()V2G(xy)dx

— ./Q Vé(x) - VG(x,y)d3e + ./6Q SGIN - VE(X,y)dSs
= [[V2(ovexydiz + [ (660 VG(x,y) —n- Ve(x)G(x,y)] dSs

e Goal solve Laplace’s equation with given boundary conditions

QEQ V2¢=0inQ

)~ [ pOSx,) =

oplon=fonoQ

— [, FCOG(x,y)dS:

< Upon discretization yields system of type that can be solved

iteratively, with matrix vector products accelerated by FMM

© Duraiswami & Gumerov, 2003-2004
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Molecular and stellar dynamics

Many particles distributed in space
Particles are moving and exert a
force on each other

Simplest case this force obeys an
inverse-square law (gravity,
coulombic interaction)

Goal of computations  d?x,
compute the dynamics "5z ~
Force is

X;)
After time ste|d quj -x; f

j=L
particles move i

Recompute force and iterate

i 10: Sce siews f the S clse it O sl 116w, The lces ae pussing W sl conicr it
-

© Duraiswami & Gumerov, 2003-2004
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What is needed for the FMM

* Local expansion
Far-field or multipole expansion

» Translations
O Multipole-to-multipole (S|S)
ULocal-to-local (R|R)
U Multipole-to-local (S|R)
Error bounds

CSCAMM FAMOA: 04/19/2004

© Duraiswami & Gumerov, 2003-2004

Translation and Differentiation Properties
for Laplace Equation

Vid(r) =0, reQ.
then shifted function ®(r — ry) also satisfies the Laplace equation
Vi®r—rg) =0, r-reeld

Also the Laplace operator i commutative with differential operators

0 p_06 p_20 =t
D.=—, D P D, o or Dy=1t+V,

So
DV2D(r) = V2D, B(r).

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 20u3-2004

Introduction of Multipoles for
Laplace Equation

@,(r) = (-1)"Dy Dy, ... Dy, B(r)

also satisfy the Laplace equation. In case when ®(r) = G(r) = |r|™! functions
Gulr) = C1"Du DD I = {237 =22 20

are called MULTIPOLES OF DEGREE # centered at r = 0. Vectors ty,ts,...,t, are called
multole generating vectors. Also G, {r) can be represented as

Gty = 3 o1

vk o & |’
Fitk=n ax ay/ &z ‘l"

where QSQ are called ‘components of the multipole momentum’.

n=0: ‘monopole’
n=1: ‘dipole’
n=2: ‘quadrupole’

ce n=3: ‘octupole’.

4

Multipole Expansion of Laplace
Equation Solutions

) = 3 b.Gulr),
n=0

G = 3 on L

Yk oo, i a.k '
i+Hjth=n O 8yjaz ‘l’|

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Legendre Polynomials

Legendre polynomials P, () can be introduced via generating function

‘ }_“,P.;',p;.\"". v < 1.

IS Y S
1= 2px+ 50 ‘ Y P, > 1
First few polynomials
Pyl =1,

P(p) = p o= cosdl,

Paolu) = %13.{:; -1)= ﬁ[S-_-.-."_'-‘&— 1),

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Legendre Polynomials (3)

Some Properties:

[ The Rodrigues® formula

Pulit) = iy e = 1)

[ Form orthogonal complete basis in Ly[—1,17 :

1 ﬁ, m=gn,
|, PetrPuirdp =

0, m=n

A lot of other nice properties!

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Legendre Polynomials (2)

First six polynomials (n =0,...,5):

Legendrs Calynemaal

© Duraiswami & Gumerov, 2003-2004

then
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Al r = r; the senes also converges, if cos8 = 1 (r = ry).

Expansion/Translation of
Fundamental Solution

Glr—ry) = —— = l I

Jre o Zrrgeos@+r ¢ 2prrg el

1 h I ]
r.! \‘v_,P,;-'..ﬂ Wrirg), r<ro.
well
®

. .
S Pl = 1 S Pl s

© Duraiswami & Gumerov, 2003-2004
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Addition Theorem for Spherical
Harmonics

i LI 0" (0.6).

Spherical Harmonics

order

. .12 (= |m}!
Yro,p) = (-1 |2t | L pllgne™, u = cose.

{ 4dn (n+|m
where ¢ 15 the al%de between two points on a sphere with spherical angles (6. ¢") and (5’6’!)
degree

Pusi ) = %0 3 ¥R = ! IR

m=—n w=—n

|

Vector form of the addition theorem

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

. - ¥, g) = (-1)" :”;. 1 ::_ ::: . PUlcos8)e
Spherical Harmonics ... “,"",
|lu.0|e \Il /, X (R 10N [1])
(1,00 l"‘.
> & €2 (W
— .\ =~ 1z W
20 e (21) ~ 22 Zonal Tesseral Sectorial
n .
w T O 7
(3.0} - 13.1|.,\ 3.2) 4 . 3.3 '\ -'X
u ' .
- N ’ { .’
Y. 6,9) = ¥ (0.9).
(40} - |-l.l|.\ l-l.:lfa u.i|/ b4y
~rt \ s |
— : \\ ! \2/ '..‘ Y3(6,¢) = const = \/%
CSC/ m 3-2004

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Associated Legendre Functions

Pr(u) = <21,3 (r(,”*m';’)m (- 2)'”/2F(m mm+n+ Lm+ 1, 12”)

_ D" (arm) i am D —m— I+ D+ m+1)
T (r-m)m! w9 Z Il'(m-v-l])z R

'where (1), is the Pochhammer’s symbol:

(n+1- 1)1
(=13t~

This formula yields the following particular functions:

my =1, m),=

Pl) = —(1-p®)", Plu) = 3u(-p»", Piu) = 3(1-p?).

0

1 n+m)!
@y = [ PPy Godn = 5 2 02,

n+1 (n—myl "

Orthogonal! ‘,

5

W 08 06 04 02 02 04 06 08 1
"

© Duraiswami & Gumerov, 2003-2004
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Orthonormality of Spherical Harmonics

The scalar product of two spherical harmonics in L.(5,) is

i) = [ sindo [ V20,007 (0,0)dp = 8,
; ) ) eI (0, p)dy

Expansion of an arbitrary surface function over the basis of spherical harmonics:

Flo,p) = 2 Z Fryee,e).
(Fp) = J \..-Hdujl'"' F0.) Y7 (0, )dp.
(F,Fi) = i Z Fp{yp.y) = Z Z F8,06 0 = F

Fri = [“sinedo [ Fo.9)7 (0.9)d9.

| CSCAMM FAMO04: 04/19/2004
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S- and R- expansions of
Fundamental Solution

=

1 = Adm N (FL)L}»{](P}{U{P}

Ir—rg fo & .-:+1

L - -}ﬁ ’_“‘ 2n+ l( ) LI @01 (0.9). r>r

Ry(r 70,9, i 1

Sty = o o Multipole (1)
X L NN L e i ey
pPTr— ZZ_ T 1,5,.. (ro)RI(r), r<ry,

m - Z 2 LT 1 Mrg el > o

© buraiswami & Gumerov, 2003-2004
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Error bound

* Series converge rapidly
UE.qg,. For multipole expan5|on we have

Z HB PH

potential due to a set of k sources of strengths {q;, i = 1,..., k} at {P; =
(ri,0;,0;), i=1,...,k}, with |r;| <a. Then for P = (r,0, (zz) € R3 with [r] > a,

-3 ¥ hres,

n=0 m=—1

k

M= Y (1) g+ Y™ (01, 60) -

i=1

(P) — ZZ

n=0m=-n

k
A:Z\%\»

~' © Duraiswami & Gumerov, 2003-2004

A a
_ (Dt
< =Gy,

CSCAMM FAMOA4: 04/19/2004

"Multipole expansion’ is
S-expansion

Compare
1 .“1 B.GL . . hl (n) o 1
= #Gulr), Gulr) = o .
ro| Z_‘ z‘m U aaylezt Irl
and
1 SU
= o S o=
dalr —r ZZI.’H—I
Generally

1 fo §7(r) = Zq"'?" 0.9)-

R- and S- expansions of arbitrary solutions of
the 3D Laplace equation

D) = D Y [AFRF(r) + BRSp(r)],

[

Functions regularatr = 0 :

D) = D0 D7 AFRE(r),
=0 =
Functions decaying at |r|— co :

D)= 3 Y BRSy(r).

10 m=—n

© Duraiswami & Gumerov, 2003-2004

© Duraiswami & Gumerov, 2003-2004
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Translations of elementary solutions of the 3D
Laplace equation

0 i
S2(0) = 0 Y (SRITELORIS), Il <l p=aq

=0 o=—i

o ]
8p(rp) = 25 2 SSEIOSr), gl > e,

M =0 =t
AN
.
/ L G ool o\ pe
[ ™ r, Ry(rp) = Z Z(RlR)in (rpg JR7(rg).
P ~ R
Ir'r )'.,__h - '\.\
[
H / M For a p- truncated expansion (E|F) is
f ',;,‘ T a p?x p? matrix
|',/ j_,,--"' Ty
Y- See Tang 03 or Greengard 89 for
o explicit expressions

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Translation of a Multipole
Expansion

Let

o(P) =3 3 ,n+1 Y, ¢),

n=0m=—n"
Where P — @Q = (+',0,¢'). Then the potential
¢ can be expressed as,

o(P=3 ¥ ;1 YF(0,0),
j=0k=—j"
j min(k+j—n,n) Ok m?,]kl |m|—|k— m\AmAk o oY, ™ o, B)

k
Mj - Z Z Ak ’
n=0m=max(k+n—j,—n) 7

Am — (71)"

Jo—mn+m)y M = SS(p,a,B)*O

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Translation of a Local Expansion

Suppose that
P

n
ePy= 3 > opry(e',¢)
n=0m=-n
is a local expansion centered at Q = (p, o, 58),
Where P = (r,0,¢), and P — Q = (+,0',¢).
Then the local expansion centered at origin is

p 7
— k. Jvk
j=0k=—j
where
p  k—j+n Oml\m[ Im—k|— |k|AkAm k o ]Ym k(o 6
n=j m=k—n+j

L= RR(p,a,B) * O

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Complexity Analysis
Step 1,Forming Expansions O(Np?).
Step 2, Upward pass with Matrix based S|S translations

8 8n+l 8
! R L
28*8*;) T = —0p 78p 7sp'

Step 3, Downward pass with matrix based S|R and R|R translations

- - 8 1520 N
1, 4 [ ~ 2 Qn 4 _ P
do8upt+) 8uptl89n - %8 190p" = —=—p*,
1=2 1=2
Step 4, Evaluate R expansions at pointsO(Np?)
Step 5, Sum missed neighbor points O(27Ns)
The total cost for all five steps is approximately

18N
7

2Np? + 2= +27Ns.

With s ~ 11"8298 p?, the total number of operations is approximately 156 Np?.

| CSCAMM FAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Tutorial Lectures on the Fast Multipole Method

Rotations of coordinates

Rotation Matrix

i.T' : i.r i.I' . i_l,l i} : iz
Q= iz-L i-i, ig-i,
Euler Angles 27k lztly 1271

ag=n-a, Be=p rvz=v.

Spherical Polar Angles N
Iy z Y4

N.

R
CSCAMM EANDA: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Rotations of elementary solutions of the 3D
Laplace equation

Rotations

e,9) = 2, IO (0.8).

82060 = DTS Pl = I,

Rp(r,) = D THOIRNE,), (ol = Iy,

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Rotation-Coaxial Translation Decomposition

] p? Rotation
Py B
y \ z X
X
Coaxial Translation

ST id) = 3 (SRR@R(E), [T <d,
I=m|

ST+ i) = 2L (SOR@STE), [T > d,
im

RR(T +id) = 3 (RRRGENT)
I=em|

.e) = 3 T (8.6},

(EFRE = (B @l BF =SR] © Duraiswami & Gumerov, 2003-2004

i+ |ig =i, [ip -
@ | ig i [ig =i i =i | |
i+, |ig =i |ig -k

Coaxial translation operator has invariant
subspaces at fixed order, m,

while the rotation operator has invariant
subspaces at fixed degree, n.

Coaxial Translation:

SIR=SR) 'SR 8. = 3 $(SR)”,

=—00

Rotation

SIR)=(SIR),B(SIR), & = 3, B(SIR),

#=0

Each can be done in p operations which cost O(p?) resulting in O(p3) complexity

| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Comparison of Direct Matrix Translation and
Coaxial Translation-Rotation Decomposition

10

kt=86

Full Matrix Translation dz‘éa

CPU Time (s)

o
o
q
B
qQ
a
q

L& Rotational-Coaxial Translation
7 Decomposition

0.01

10 100
Truncation Number, p

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Other Fast translation schemes: Elliot and Board
(1996)

Renormalized S- and R- functions

Definition:

DN ) o I I N o b B PR
S = o = SLE A s - S A L),

By = = irlay [ 245 Ry = vl [ AT e, g),

where

"o g = L
o [(n—m)l(n+m)! .

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Other Fast translation schemes: Elliot and Board
(1996)

In the renormalized basis translation matrices are simple

¢
— M

(3R)"" 1) = ©onzrw = 057 ) = i v,
(B8)" 1) = oy = I 1 = K)o,
(RR)" "0 = ainyirw = I (0 = Bl (b,

These are structured matrices (2D Toeplitz-Hankel type)
Fast translation procedures are possible

(e.g. see O(p2logp) algorithm in W.D. Elliott & J.A. Board, Jr.:

““Fast Fourier Transform Accelerated Fast Multipole Algorithm”

SIAM J. Sci. Comput. Vol. 17, No. 2, pp. 398-415, 1996).

However, there are some stability issues reported.

© Duraiswami & Gumerov, 2003-2004

| CSCAMM FAMO04: 04/19/2004

Structured matrix based translation

e Tang 03

Idea: use the rotation-coaxial translation method, and
decompose resulting matrices into structured matrices
Cost O(p? log p)

Details in Tang’s thesis.
http://www.umiacs.umd.edu/~ramani/pubs/zhihui_thesis.pdf

© Duraiswami & Gumerov, 2003-2004
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Complexity

The total cost of the original algorithm is

1528 N
2Np? + ———p" +27Ns.
7 s
With s ~ 1158298172, it is 156 Np2.
In Tang’s algorithm, the total cost is
1528 N 85
INp? + = =« 22 2 log(4p) +9N's.
7T s 4
With s ~ Y2250 l0sUD) ¢ 5
2Np? + 4104/log(4p) Np.

According to this result, the break even p is 5.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Cheng et al 1999

e H. Cheng,a L. Greengard,y and V. Rokhlin, A Fast Adaptive Multipole
Algorithm in Three Dimensions, Journal of Computational Physics 155,
468-498 (1999)

e Convert to a transform representation (“plane-wave”)
O at a cost of O(p? log p)
O Expansion formula

1 1 o 2w
L },f JEECAES ),r A e S0 IS oy i
r 2w Jo Jo

e Discretize integrals

$(£) M,
I

g Z ﬂ Z ¢ hplz=zp) _L,m.-ln' X )-eos(a g4 (=g )-sinfa ;)] < g,
r MJ.

e Trans k]

» Convert back

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

The FMM for 3D Helmholtz
Equation

Nail Gumerov &
Ramani Duraiswami
UMIACS
[gumerov][ramani]@umiacs.umd.edu

© Duraiswami & Gumerov, 2003-2004
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Reference

N.A. Gumerov & R. Duraiswami

Fast Multipole Methods for Solution of the Helmholtz Equation in Three
Dimensions

Academic Press, Oxford (2004)
(in process).

© Duraiswami & Gumerov, 2003-2004
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Content

* Helmholtz Equation

» Expansions in Spherical Coordinates

» Matrix Translations

» Complexity and Modifications of the FMM
 Fast Translation Methods

» Error Bounds

» Multiple Scattering Problem

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Helmholtz Equation

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Helmholtz Equation

Vig +k2y =0

Wave equation in frequency domain
0 Acoustics
O Electromagneics (Maxwell equations)
O Diffusion/heat transfer/boundary layers
O Telegraph, and related equations
O k can be complex
Quantum mechanics
Q Klein-Gordan equation
O Shroedinger equation
Relativistic gravity (Yukawa potentials, k is purely imaginary)
Molecular dynamics (Yukawa)
e Appears in many other models

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Boundary Value Problems

u Dirichlet:
W =0,
n Neumann:
AN =,
on |g
A Robin:
(i ~:m;:J = ().
v On ;
u Sommerfield Radiation Condition (for external problems):
n
S W = Wi+ Viea
{ W sca :
}l.”f[’(\ Tr - .l.f.l||'.r“,,,:| ] =0,
| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004
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Green’s Function and ldentity

Free space Green's function:
VIG(x,¥) + K2 G(x.y) = —d(x - ¥).

Glny) = S20Kx =)

, LyeR?
dnx -y :

Green's formula:

¥ on a smooth part of the boundary
a= l— ¥ at a corner on the boundary
1 ¥ inside the domain

© Duraiswaml & Gumerov, 2003-2004
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(X, ¥ g
wiv) =[ |:r|u{x]{ _(‘ Y) —{5[X.\')M:|d.\'{x}. y €0
i 5 an(x) =7 on(x) 3
Boundary integral equation
: iy FOY) o oy OWX) Y o
y(y) = (X ) ——— = G(X,¥) = dS(x).
n ay(y -[.\-(\i'l[ on(x) ( ‘Jui[x}J x)
S Q

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Distributions of Monopoles and Dipoles
Volume source distribution:

N
¥() = 2 06(x.y). ¥ €R\xj),
Jj=l

w(y) = I g(x)G(x.y)dM(x), ye. QnQ=40n
Single layer potential:
w(y) = j go(X)G(x,¥)dS(x), ¥ ), §=aQ.
5
s Q Double layer potential:

il |, OG(X,¥) oo 1y i
'ef[.‘}—J-Sw,{x)—'—(MH dS(x). yeQ. 5=aQ

CSCAMM FAMOA4: 04/19/2004
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Expansions in Spherical Coordinates

| CSCAMM FAMO04: 04/19/2004

© Duraiswami & Gumerov, 2003-2004
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Spherical Basis Functions

Spherical Bessel Functions
x = rsinflcosp, y = rsinfsing, z= reosé.

/
Regular Basis Functionsﬁ,/’

¥
Ry(r) = julkr)13 (0, ),
Singular Basis Functions
M) = hy(kr )Y (0, p).
=

“Spherical Hankel Functions
Spherical Harmonics  °' (1€ FirstKind

o m | 2n+1 (n=|m|)!
Ti0.9) = (-1) ;-rl—h’l (n +|m)

)w::’ (0\\(}),3""“"
b

n=0,12,...; m=—n,....n |

Spherical Coordinates

Associated Legendre Functions
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Spherical Harmonics

0.0) Re{Yy(0.¢)}
|I"'I|0 (1o, ; (1010}
(1,00 ‘l.
i . (L) u : : :.‘ { .'
e .\ | — &g/ {TT1L
P Y e Zonal Tesseral Sectorial
n ' - . . 2
G0 W 4 S @ : 'X
s ‘6 . '
) N ’ { .’
(400 - I-Ill.\ 11.:}"6 “ l}/ [EX 1]
- & 9 |
CSCAMM EANMUA: vas 1Y/ 2uyam " LJUIAIDWAI 1T OL \JUITITIUV, cuud-2004

Isosurfaces For Regular Basis Functions

Re{R)(r)} = const

° * LLL
T @' 00

= 125 5 %

JL N

m © Duraiswami & Gumerov, 2003-2004
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Spherical Bessel Functions

i up) = u(p) + ivu(p)

05 J, 4 sin g sin g2

Spherical Bessel Functions

05
a

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Isosurfaces For Singular Basis Functions

Re{Sy(r)} = const

W
(10.0) (103 (10,10)
10 8 (TR e e §

e ge
8gge

W m © Duraiswami & Gumerov, 2003-2004

Presented at the Center for Scientific Computing and Mathematical Modeling, University of Maryland, College Park

Copyright, Nail A. Gumerov and Ramani Duraiswami, 2002-2004.

70



Tutorial Lectures on the Fast Multipole Method

Expansions
w(r)=Z‘:i--li’:‘“-:’:(rl= ii.lz'!-'mr]. F=5R ApeC

Absolute and uniform convergence

ve >0, dpe), |w(r)- Zz InFuir)] <€, vref)

(LS r—

and
ad n
ve> 0. Iple) I, D MNFIr) <€ VreQ
H=p M=t

Plane Wave expansion:

= 4x 303 TR0 g R,
w=0 =y

k =ks. s = (sinf;cos@g,sinbpsing@y, cosdy).

~

CSCAMM FAM(YX%QM%?%M

© Duraiswami & Gumerov, 2003-2004
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Matrix Translations

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Reexpansions of Basis Functions

Ri(r+1t) Z Z (R|)™ ’”(t)}'{’” r), n=0,1,2,.... m=-n,..., .

msl) nrm—n

\\T Reexpansion Matrices

(\R)“ R ( J < It
Syr+t) = Z Z{ uu( ) r), |rl< ‘

w'=0 m'=—n (\\)L,J,[f}\ (l] rl>t

n=10.12... m=-n..., n.

© Duraiswami & Gumerov, 2003-2004

Gumerov & Duraiswami,

H i AM J. Sci. Stat. Comput.
Recursive C_omputat!on (4), 1344 1381, 2003,
Reexpansion Matrices

[m]

p— 2

o,

p* elements of the truncated

reexpansion matrices can be computed i J
for O(p?*) operations recursively m.] i mam
M Ih,
@+ @+ 0 p-12p-2m.| 2p2 IV
(n’,n-lI (n*.n+1) (o A-D) % (I,n+1) X
(n’-1,n) (n’-1,n) )
n n
, , . m m
TS wieml Ty ol D
2p-2-|m| 7 2p-2-|m’|— Ek\ p
p-1 ~» p-1 1
B R
p-Lmp+m| H\ 1 (Yt
[m’| |
0 mpt f "0 gm fmyply n

Wl p-1-|m’[+|mp Ppspaisiyami & Gumerov, 2003-2004
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Translations
Yy = D0 D CHxaERY = x,) = 2 D CH(xa)F(y - x,2),

=0 ey B=0 ey

" 7
Clxia) = 2 3 EFE O™ (X)), t= Xa2 =X
e ' een’

EF=8R n=01,.., m=-n..., n.

RIR SIS S|IR
Qp (Xt

4

%5

CSCAMM EAMO4: 04/19/7004 SESSFSIS VAl 111 OL SUIITIUV, LUV~ LUV
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Problem:

* For the Helmholtz equation absolute and uniform convergence
can be achieved only for
p > ka. For large ka the FMM with constant p is

Q very expensive (comparable with straightforward methods);

Q inaccurate (since keeps much larger number of terms than required, which
causes numerical instabilities).

D

a
2a=312D
Expansion
Domain

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Model of Truncation Number Behavior for
Fixed Error

In the multilevel FMM
we associate its own p,
p with each level I:

Py = p}
“Breakdown level” _

P- kDo
kDi, = kb, Ipe = |\';.'3K—h

Pp = A(kD?, 1< 1,
4

P = .Jxﬁ§= P, 1%l
0 ka. ka /
Box S‘ize at level |
| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Complexity of Single Translation

Translation exponent

/

CostTrans(P;) = CP} = Cp#, 1= 2,... L.
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Spatially Uniform Data Distributions

Ni~ 8N, lnm ~ Llogh

pr~ 2 kDo,

1

I,
Noper ~ (kD)* D 272181 = (kDo)> D 232N,
=2

=2

A

1.5 :  ComplexityFMM ~ (kD) 20 2Ves < (kD) N2
" Img

v =15: ComplexityFMM ~ (kDg)? ~ (kDg)* logN
ur > 1.5:  ComplexityFMM ~ (kDg)*
Constant!
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Optimum Level for Low Frequencies

100 N=M=1000000

3D Spatially Uniform 2
10 4 Random Distribution

-
a1
oy
o
o
X 14
%)
<
8
T 0.1
2
=
= 0.01 T
= // -
5 15 - e
g 0.001 Al
.g Translation L ..
5 7 nu=1 Direct Summation -
Z 0.0001 - e :
0.00001 T T T T
2 3 4 5 6 7

Max Level of Space Subdivision
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Complexity of the Optimized FMM for Fixed
kD, and Variable N
1E+H2
16411 § 45*,,8/
Slra\ghﬂgr’\ﬁ/a(d‘ y=x*
£ 16410 .
8
£ 1E+09
3
S 1E+08 -
8
£ - o nu=1, Ib=2
2 1E+07 y=ax A nu=1.5, Ib=2
= nu=2, |b=2
1000000 ¢ o-nu=l, 1b=5
3D Spatially Uniform ~&-nu=L15, Ib=5
Random Distribution -&nu=2, I|b=5
100000 ; ;
1000 10000 100000 1000000
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Volume Element Methods

v (3

3
fu’)..:l . kDo ~ N3

(o I

< 1.5: ComplexityFMM ~ (kDg)* 2032 ~ (kD)W NV253 ~ N
~Av=15: ComplexityFMM ~ (kDp)* Iy ~ (kDp)* logN ~ NlogN
( DAv>1.5: ComplexityFMM ~ (kDg)* ~ N*"* = NlogN

D, = D, k/(2m) wavelengths = N® sources
Critical Translation Exponent!

NS
o0—0—0—0—0—
%(_/
wavelength
computational domain
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What Happens if Truncation Number is
Constant for All Levels?

! I}
Noper ~ (kDo)* D 8" = (kDo)® 3 2% ~ (kDo) 2% ~ (kDo)* N ~ N"*>3,
=2 =2

v <1.5: N < ComplexitFMM < N?
‘uv =1.5: ComplexityFMM ~ N*

v >1.5: ComplexityFMM ~ N3 = N2
>

/

v

“Catastrophic Disaster of the FMM”

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Surface Data Distributions

Ny~ 4N, 1 ~ logN

=

pi ~ 27D,

I

I,
Noper ~ (kDp)? D 2724 = (kDg)™> Y 222V
I=2

i=2
u =1 ComplexityFMM ~ (kD)™ Ly ~ (kDg)* logN
v >1:  ComplexityFMM ~ (kDo)

Boundary Element Methods:

N=|
\

{ Ne o \|3 A
| 5=kDo | . kDo ~ N'*
v AT /

/,,»u v=1: ComplexityFMM ~ (kDy)*1 ~ (kDg)* logN ~ NlogN
( D'.' >1:  ComplexityFMM ~ (kDg)* ~ N* = Nlogh.

‘Critical Translation Exponent!
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Optimum Level of Space Subdivision

lb=2 Ib=5

6 6
2 E
g s g s a—
3 ]
2, )
£ €
5

5
E g
£ 3 3 3
8 [

2 & o 28— B B a

1 1

=2 1b=5
0 0
1000 10000 100000 1000000 1000 10000 100000 1000000

Number of Sources Number of Sources
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Performance of the MLFMM for Surface Data
Distributions

1E+12

N=M

E+ls— 8 & &

Stra\gnugmam] y=x*

2 1E+10 4

S

T

S

S 1E+09 § e

E -

= AT

S 1E+08 | —

(7]

.E e nu=1, Ib=2

2 1E+07 4 4 nu=15, Ib=2
= nu=2, |b=2

—--nu=1, Ib=5

1000000 ¢~ —&-nu=1.5, Ib=5

Uniform Random Distribution

over a Sphere Surface —=-nu=2, Ib=5
100000 : ‘
1000 10000 100000 1000000
Number of Sources
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Effective Dimensionality of the Problem

Nuon-empn (1)

EEALL A e B R 1 cube
Noon-enpt(d = 1)

deg(l) = log,

Pl

ﬁomputational domain

Murmber
of Cubes

Effective Dimensionality 1

Level of Space Subdivision

CSCAMM FAMOA: 04/19/2004
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Fast Translation Methods

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Translation Methods

*  O(p®): Matrix Translation with Computation of Matrix Elements Based on Clebsch-
Gordan Coefficients;
e O(p*) (Low Asymptotic Constant): Matrix Translation with Recursive Computation of
Matrix Elements
O(p3) (Low Asymptotic Constants):
O Rotation-Coaxial Translation Decomposition with Recursive Computation of Matrix Elements;
O Sparse Matrix Decomposition;
O(p?logPp)
O Rotation-Coaxial Translation Decomposition with Structured Matrices for Rotation and Fast
Legendre Transform for Coaxial Translation;

O Translation Matrix Diagonalization with Fast Spherical Transform;
O Asymptotic Methods;
O Diagonal Forms of Translation Operators with Spherical Filtering.

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

O(p3) Methods
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Rotation - Coaxial Translation
Decomposition (Complexity O(p?))
From the group theory follows that general translation can be reduced to

(FIE)(t) = Rot(QO ' )(FIE), 0 (NROH(Q), F.E = S,R.

coix
10
kt=86
y=axt
1 Full Matrix Translation madzﬁ
2 .
@ =bx® .-
X g uuuua y=bx’
3 £ - g
3 % p 2 Ei
p < z o
0.1 o°
o .
X o
y &
o P
o 5
o . (’)ed’o Rotational-Coaxial Translation
X o Lo Decomposition
0.01 =S
10 100

Truncation Number,
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Sparse Matrix Decomposition

(RR)(t) = (SS)(t) = D

_[A.{ " )
s IJ Dy = "™ = A (k. —iDy)
n

Matrix-vector
products with these
/ matrices computed

, ¥/ recursivel
Akt =iDy) = Z{Eu + 1)kt )Pu(—iDy) ~ y

(SIR)(t) = Ag(kt.—iDy)

Akt =iDy) = 3 (20 + 1), (ke)Py (=D, ).

n=0
-1 g

D)y = L[+ it (Crl b = CIlBY) + (o = i) (Crd b = o) ]

f- el - "
—T'[u_’.,'f:’r'_1 —ay O, m=0,%21,%2,..., n=|m|m+1,...

© Duraiswami & Gumerov, 2003-2004
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O(p?logPp) Methods

| CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Fast Rotation Transform

Diagonal matrices

N
4

Rot( (e, 7)) = Rnl(_-l ( T }T :| ) Rnl(ﬁ( % ) ) Rot(A(f) :Rnl[ﬁ( ’T ) ] R"t]::I (% ] H) jl |

440
\/ . Block-Toeplitz matrices

Euler;ngles Rm(ﬁ[%)] - I:R}IK'L
Diagonal“/matrices
Complexity: O(p2logp)
| CSCAMM EAMOQ4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Presented at the Center for Scientific Computing and Mathematical Modeling, University of Maryland, College Park

Copyright, Nail A. Gumerov and Ramani Duraiswami, 2002-2004.

76



Tutorial Lectures on the Fast Multipole Method

gumerov@umiacs.umd.edu
ramani@umiacs.umd.edu

Fast Coaxial Translation

(R|R}ff_’£;‘f'.l(;) = (8 S)if;‘::“:(;} = P LEWALY “[k:J[L'-”:’ :, e

(SR)ZZ(1) = i LOWAP™D(kr) (L) i,
Xovy — 7
\ . /
s L
Legendre and - Diagonal matrices

transposed Legendre matrices

Fast multiplication of the Legendre and transposed Legendre matrices
can be performed via the forward and inverse FAST LEGENDRE
TRANSFORM (FLT) with complexity O(p2log?p)

Healy et al Advances in Computational Mathematics 21: 59-105, 2004.
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Diagonalization of General Translation
Operator

7

[E|b )-fp.y'lﬁ' [t) — i:',v':-l’ () \\'A:’p—p'—] ‘(t) t:Y () ) i.p' :I.

g

] Diagonal matrices
Matrices for the forward and 9

inverse and Spherical Transform

FAST SPHERICAL TRANSFORM (FST) can be performed with
complexity O(p2log2p)

CSCANISERYS B Asvancas n Compuations gthemptcs 228480, K08nos 2004

Method of Signature Function
(Diagonal Forms of the Translation Operator)

w(r) = 41_,-.—.|.\ (5 )dS(s), Regular Solution

VO (r) = # j‘ AP (r5)P(s)dS(s), Singular Solution

A(ris) = Z{En + 1)i"fulkr)Py ( £22 :I
n=0
-1
AP (rs) = Z{En + IJI“IP,,(J’;.").”,,(_ e ?" )

T(s) = (SSHO[L(s)] = (RIRNO[F(s)] = e*1(s),

P(s) = (SRYOM(s)] = AP (£:5)P(s).

© Duraiswami & Gumerov, 2003-2004
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Final Summation and Initial Expansion

Ne=1
p(r) = ﬁ Zu;;e’“x""]‘(s_f-) +€, 8 € Sy
J=0

ik e —f.ﬂ"i_l. (e=Ta)

4

Glr—rs) 2 Vioy(syirs — 1) =
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The FMM with Band-Unlimited Signature
Functions (O(p?) method)

10000

kDg=10, M=N,
Spatially Uniform Random Distributions
K 4
=ax? /" O(pf )+errbound
‘ /

1000 4

=
o
s}

CPU Time (s)
=
o

0.1 T T
1000 10000 100000 1000000
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Deficiencies

* Low Frequencies;

High Frequencies;

e Constant p;

Instabilities after two or three levels of translations.

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Methods to Fix:

¢ Use of Band-limited functions;
e Error control via band-limits;

» Requires filtering procedures (complexity O(p2log?p) or O(p2logp))
with large asymptotic constants;

« The length of the representation is changed via
interpolation/anterpolation procedures.

© Duraiswami & Gumerov, 2003-2004
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Error Bounds
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Source Expansion Errors

)

o

L In[ eka(l o' )** ]
Ina

Low frequencies:
-1
High frequencies:

p=ka+ l‘fl."u % I
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Approximation of the Error

4 14
-4 1 o a+ L (3L ks 1
P—{|:|”g]n = 1] +[Aa. T (3Ingy )" (ka) ]}

0

© Duraiswami & Gumerov, 2003-2004

We proved that for source summation problems the
truncation numbers can be selected based on the above
chart when using translations with rectangularly
truncated matrices

s|s SIR RIR

© Duraiswami & Gumerov, 2003-2004

Max Absolute Error

| CSCAMM FAMO04: 04/19/2004

o
0 2 4 6 8 W 1z 14 1 18 2@
L 4

Low Frequency FMM Error

— e _0=13

~-w...__ Low Frequency Theary — ~ =

=17

RIR, SIS SR

Tuncation Number,

A A C|

a &N b
o o B
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High Frequency FMM Error

T T
High Freguency Theory
'l TR -

Max Absolute Error

L FMN E
1 KDp=100 (ka=21 )
i ]

|
\ 1
(- . . ! .
10 15 20 25 0 35
Truncation Mumber, p
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Multiple Scattering Problem

CSCAMM EAMO4: 04/19/2004 © Duraiswami & Gumerov, 2003-2004

Problem

Boundary Conditions:

r-r,|=a,: )—)+:O}r1 =0, g=1.....] N.
ql T W(r) 7

Wmm@heres © DuraDR0aiandénCspnenesv, 2003-2004

T-Matrix Method

Scattered Field Decomposition

N
. ) s ) .
W sear(1) = 2 ,Wp(l')s ],‘_IL”(# - "kwp) =0, p=1..N
pr=1

Slngular Basis Functions Hankel Functions

o0

wp(r) = ZZ 4P"s *"'( r-r)), Sﬂ?(u}-);,}(,{f)} ™o, ).

n=0 m=—n T

Expansion Coefficients Spherical Harmonics
A = (40.47".47,4}.452.45",49.430.45...) ",

Vector Form:
Wp(r) = = S(r— 'p)

™~
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T-Matrix Method

Solution of Multiple Scattering Problem
“Effective” krjcident Field

W) = Yg(r) + Y () + yio, (1) = yg(r) + ™ (),

v ) = YAV . S(r,) = BY - R(r,), v 27 () = EY - R(ry)

prq
Coupled System of Equations:

A@ = T(q)E(q)
° B@ = > (SR)(r; —r;)AP,
p¥q
_’ E(@) E(ln)(r ) + B(t])‘\ .
/‘ (S|R)-Translation

N Sc ttered Wave =1,..N Matrix
® ave @
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Iterative Methods

Reflection Method &
Krylov Subspace Method (GMRES)

Reflection (Simple Iteration) Method:
A(‘?) T(q I:E in) (l‘ )+ B(q):l
B = D (SR, - r;)AY
b+

—A% | <6 g=1L.LN

General Formulation (used in GMRES)

[I =T Y (SIR)(r} - 1)) JA@ = TR (r)).

g
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100 random spheres (MLFMM)

ka=1.6 ka=2.8 ka=4.8

| CSCAMM FAMO04: 04/19/2004

Surface Potential Imaging
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Performance Test

100000 7
Volume Fraction = 0.2, ka=0.5 ;'
i Reflection+Djfect
; .
7 A
/
<l
i

10000 - y=ox Ay

1000 - Reflection +FMM

CPU Time (s)

[N

o

S
L

10 A

) Periodically-Random Spatial Distribution
;7 of Spheres of Equal Size

10 100 1000 10000 100000
Number of Scatterers
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MLFMM

Computable Problems on Desktop PC

MLFMM

8

£ Multipole Iterative
(3]

= Multipole

Straightforward
BEM
100 10t 102 108 104 10°
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More About This Problem
in Our Talk Next Week
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