Good reasons to study Euler equation.

Applications often correspond to very large Reynolds number =ratio
between the strenght of the non linear effects and the strenght of the
linear viscous effects.

UL
R=_""= R ~2x 10 airplanes (1)
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A theorem valid for any finite Reynolds number should be compatible with
results concerning infinite Reynolds number. In fact it is the case
Reynolds= oo which drive other results.

The parabolic structure and the scalings does not carry enough information
to deal with the 3d Navier-Stokes equations. Simple examples with the
same scalings but with no conservation of energy may (concerning
regularity) exhibit very different behaviour.



1. Hamilton Jacobi type equation

at¢—yA¢+%|v¢|2=o inQ xR, (2)
Ve —vAVH+ Ve -V(Ve) =0 in Q x R;" (3)
¢(x,t) =0 for z € 92, ¢(.,0) = ¢o(.) € L(S2), (4)

For v > 0 global smooth solution. May become singular (with shocks ) for
vr=20. .
2. Kuramoto Sivashinsky equation :

ou+ A%u~+ Au+u-Vu=0 (5)
Open problem in 2d



2. Montgomery-Smith example :

Oru — VA pu + %(—A)%UQ =0in Q xR, (6)
u(x,t) = 0 for x € 902, u(.,0) = up(.) € L=(2), (7)
m(t) = = [ u(@,)$1(2)de — Agy = M1, 61(2) 2 0 (8)
Eom(t) + Am() = D1 [ w0261 (@)dz (9)

With Cauchy Schwartz relation :
m()? = ([ u(@,)$1()de)? < [ ule,H)2¢1(x)dz | ¢1(a)da

Blows up for m(0) > 0 large enough. Introduced with Q = IR3 by
Montgomery-Smith. Proof shows that the same blow up property may
appear in any space dimension for the solution of the ‘cheap hyper
Vviscosity equations”

8tu—|—u(—A)mu—|—%|V|u2 =0 (10)



Pathologies for Euler equations.

Blow up withInfinite Energy

P. Constantin, Ohkitani J. Gibbon and C. Oseen (1927)

u = (u(x1,z2,t),u2(z1, 2,1t),237(21,22,1)) = (4) T37)
(Y AT) +aV(V AT =V Ad
V.i=-=V-u=0

Oy +1@-Vy = =7+ 1(t)

D 5 o
I(t) = —ﬁ/(]RQ/L)Q(’Y<CBl,CU2,t>) dx1dx> to enforce periodicity
2
— 2 2
Oy +uVy = —° — ﬁ/(RQ/L)Q(W(wl,wz,t)) dzydzs

Proof of the blow up including explicit nature of this blow up follows. Non

physical because the initial energy :

is infinite.



The Di Perna Lions pressureless example.

Proposition For 1 < p < oo there is no continuous function T — ¢(7) such
that :

[, O lragery < 60l 0 lyia) - (12)

No contradiction with s > % lu@ sy < [w(O)|gs(q)/1 — Ctlu(0) | gs(q)

u(z,t) = (u1(22),0,uz(w1 — tui (z2),%2)) ,in, (R/Z3), (13)
V-u=0, u+u-Vu=20 (14)
||u(-,t)||%/1,p(9) ~ / |02,u1 (22) |Pdzdrodrs +

/ 19y u3(20)|Pdzr deodas

+1 [ 1023u1(22) "0z, u3(w2) Pder devodas. (15)

Proof completed by regularisation. Shows also that the vorticity may grow
at least linearly.



Weak limits. Reynolds stress tensor.

Weak limits of solutions of Navier-Stokes Dynamics

Ooruy + V- (uy @uy) —vAuy + Vp, =0,
uy(z,0) = ug(z) € L?(2), V-uy =0, uy =0 on 9N

t
_ 2 2 - 2
) [“dx 4 2 // d dt</ d
/Q|u(a: )|“dz v OQ|Vu| xdt < Q|u0(:1:')| T
Iimo(uy®uy) =—u®u-+ Iimo(uy —u) ® (uy —u),
v— v—

ou+V-(w®u)+ IimOV- ((u—uy)@)(u—uy)) +Vp=20

RT(x,t) = Vlino (V (T —uy) ® (uw— u,,))

(16)
(17)

(18)
(19)

(20)

(21)

Basic properties (if any) of RT Reynolds tensor ? RT(x,t) = 0? RT (x,t)

Generated by high frequency oscillations should be intrinsic and in



particular independent of orthogonal change of coordinates. In 2d =
1
RT(x,t) = a(z,t)Id+ Zf(x,t)(Va + (Va)") (22)

o+ V- (@ @w) + lim V- (5,0, (Vi + (Vi)) + Vp =0 (23)

“Soft information” does not indicate where 3(x,t) is not zero. It does not
indicate if this coefficient is positive and it does not say how to compute
it. But this turns out to be the turbulent diffusion coefficient which is
present in classical engineering models like Smagorinskii or ke.

A Counter example of Cheverry : a sequence of oscillating solutions :

¢(x,1)

€

1
we(z, t) = U, t, ) +0(6), 1= w— lim ue = /O U(z,t,0)d0  (24)

indicates that the isotropy property may not be always true.



Dissipative solutions

Let w(xz,t) be divergence free smooth test functions, which satisfies

w-n = 0 on the boundary 0€2, test functions not assumed to be solution of
the Euler equations and therefore generating the (may be not zero)
tensor :

FE(w) = 0w + P(w - Vw) #= 0?7, P Leray projector (25)
With u(x,t) smooth divergence free, tangent to the boundary solution

ou+V-(u®u)+Vp=0

orw—+V-(w®w)+ Vg= E(w)

’U,—’UJQ
: dt S 208 @) — w), (1 — w)) = 2(E(w),u — w) (26)

S(w) = %(Vw + (vu)T). (27)

u(t) — w(t)]2 < elo215@eo()ds,(0) — ()2
2 [l A (), 1 — ) (5)ds (28)



Any classical solution is a dissipative solution. Every dissipative solution
satisfies the relation

u(®)|? < [u(0)]?. (29)
T he dissipative solutions are ‘“stable with respect to classical solutions. "
t
u(t) — w(t)|? < elo2IS5@leo()ds |, (0) — ()2

In the absence of physical boundaries any weak limit of suitable Leray
solutions of Navier-Stokes dynamics is a dissipative solution.

Oruy + V- (uy Quy) —vAuy + Vpy, =0 (30)

orw~+ Vi (w@w) —vAw + Vp = —vAw (31)
uy — w|?

dl - 205 (w) (uy — w), (uy — w)) — 2 [ AGw—w), (w—w)da

< 2(F(w),uy —w) — (vAw(uy —w)) (32)

No boundary & existence of a smooth solution of Euler=strong
convergence and O limit for the energy dissipation.

Play a similar role for the Boltzmann Limit, L. Saint Raymond.



Two cases where dissipative solution bring no information even in 2d.

ue(x,0) converging weakly but not strongly in L2() to an initial data
u(z,0)

e () — w(t)[2 < eJo2A5@lools)ds |y, (0) — w(0)2

+2 /Ot ef;QHS(w)"OO(T)dT(E(w), ue — w)(s)ds (33)
However [z(0) — w(0)|? < lim inf |ue(0) — w(0)|? (34)

Counter example of Cheverry : a sequence of oscillating solutions :

¢(x, 1)

1
we(z, t) = Uz, t, ) +0(0) 1 = w — lim ue = /O U(z,t,0)d0  (35)

Reynolds stress tensor is not invariant under rotation.

Physical boundary and no slip boundary condition=- vorticity generation.

1d|uy, — wl|? 2
ST () (wy — w), (= w)) + v [ V(w0 = ) Pda

< (E(w),uy —w) — (WAw(uy —w)) + V/@Q Onuywdo (36)




Theorem, Kato Let u(xz,t) € Wh°((0,T) x 2) be a solution of the Euler
dynamics and introduce a sequence of Leray solutions u, of the
Navier-Stokes dynamics with no slip boundary condition :

Oruy — vAuy + V- (up Quy) + Voo, =0, up(x,t) = 0 on 02 (37)
with initial data u,(x,0) = u(x,0) then the following facts are equivalent :
T
lim / V Auy) - (7 Au)dodt = 0 38
limy [ (VAw)- @ Aw)do (38)
uy (t) — w(t) in L2() uniformly int € [0, T] (39)
uy(t) — u(t) weakly in L?(QQ) for each t € [0, T] (40)
T
lim ,,/ / Vuy (z, )| 2dedt = O (41)
v—0 0 JQ

lim v

T
vz, t 2dedt = 0. 42
v—0 /O /Qﬂ{d(x,89)<u}|vu (@, )] dz 0 (42)



Proof Main point construction of a divergence free solution v, (x,t) with
support in the region {x € Q/dist(x,02) < v} x [0,T[ which coincides with u

on 02 x [0,T]

vl o) xjo,m) T+ ldist(z, 0) V| oo rx0 < K,

(dist(x,092))*Vou| poo(o rxq) < Kv
1

vl eo(o,mr2(0)) 190wl pooo, 2y < Kv2
_1
Voulee(o,ri2 (o)) < Kv 2

—1
Vuu|reo(@yxjom < Ev

(43)
(44)

(45)

(46)
(47)



Clear cut difference between two situations in the presence uw a smooth
solution of Euler equations

The dissipation of energy

T
lim e(v) = lim V/O |Vuw(z, t)|?dzdt = 0, uy — u Strong (48)

vr—0 v—0

Otherwise ©w = wlimwuy, does not conserve energy. One of the two
situations .

a) u a weak solution (not strong) solution energy decay. Compatible with
uniform estimate for the Fourier spectra

By(k,t) = |uy(k,t)]?|k|"" T < Clk|77,0< B < 5/3 (49)

Otherwise contradiction with the Onsager and Constantin Eyink Titi.

b) No estimate of the type (49) uw solution of an equation with non trivial
Reynolds tensor.




Spectra and Wigner transform

Start the energy estimate

1 ¢ 1
St (OP+v [ V(e 0)Pde < Slu(.,0)3 (50)
Localise in Q' cC Q vy = a(z)(uy — 1) .
~ 1 - v v
R0 0 = 5 LG = YD enG+ Y a 6D

With the inverse Fourier transform one has

v(e,t) ®u(e,t) = [ RT(0) (@t k)dk (52)
k

introduced by Gerard Markowich Mauser and Poupaud and converges
weakly to a non negative symmetric matrix-valued measure RT(x,t,dk)
Wigner measure or Wigner spectra and inside

am+v-(a@a)+v-/Rd}fT(x,t,k)dk+vp=o. (53)
k



The Wigner spectra has the following properties :

Defined by a two point correlation formula and local :

- 1 i VvV VvV
lim (%d /IRZ "™ (pvy) (z — 59 @ (du) (@ + Qy)dy>
= |¢|°RT(z,t,dk) V¢ € D (54)

Turbulence criteria : u, smooth near (z,t) = RT(x,t,dk) = 0.

A microlocal object depends Fourier spectra in the range A < |k| <

%\

[ [wt)lo)Po) RTTu,) @, 1, dk)dud

=1im [ o) (W(VTE) (d0) ® ($0,))dt (55)

v—0.J0 A<Ik|< 2



Statistic theory of turbulence : Start with hypothesis : Isotropy,
homogeneity, power law scaling and ergodicity then prove properties.

Wigner measures should be compared :

L.ocal object determination of its support should be very hard and
problem dependent.

Sufficients conditions to make it isotropic 7 Not always true Cheverry
counter example.

Like in statistical theory there is a range. Assuming isotropy and a power
law is there any chance for a formula of the type :

B > RTiz‘(UV)

2 ._5
75 Pk ~ Ce(v)3|k|737 (56)

for A < |k| <




Prandlt= Kelvin Helmohltz??

Kelvin-Helmholtz instability

A KHI on the planet Saturn, formed at the
nteraction of two bands of the planet's

Kelvin  Helmholtz
type interfaces.

Naveclondsduoval jpg (62EB, MIME type: image/ jpeg)



Prandlt equations

Ou] — vAu] + uj 0z ui + u50z,u] + 9z p” =0,
Opusb — vAUS + uf0pub + u50z,us5 4+ Ozpv = 0,

Opu] + Oz,u5 =0  uf(z1,0) =u5(x1,0) =0 on z; € R.

2y,
e=+v, X1=$1,X2=?,

uy(z1, X2) = ui(z1, X2), ua(z1, Xo) = eun(zy, X2).

u1(x1,0,t) + U1(x1,0,t) =0

Ozop(21,72) = 0 = p(x1,22,t) = P(x1,1)

Oty — 8%2171 + u10z,U1 + U0z, = 8331]5(931,75)

83;1&1 -+ (93;2’&2 =0, u1(x1,0) = us(x1,0) =0 for x1 € R
lim ﬂl(atl,xg) = Iim ﬁQ(xl,:BQ) = 0,

T—00 To— 00

ui(z1,z2) | _ u’{(xl,x_\/%) |
(U%(CC]_,$2)> o (\/;ug(xl,\x/% —I_ul’nt(xlaw2)

(57)
(58)
(59)
(60)

(61)
(62)
(63)
(64)
(65)
(66)

(67)



Prandlt approximation is consistant with the Kato theorem

T
vV A 2 8)|2dxds < C\/v. 63
V/O/Qﬂd(a:,ﬁﬂ)gcz/ | wv (@, 5)| deds < Vv (68)

Prandlt expansion cannot be always valid Grenier solution not of finite
energy. Would be interesting to compare with Kato criteria

Smooth solution for Prandlt < Convergence of solutions of Navier
Stokes (with boundary layer) to Euler

Initial conditions with ‘“recirculation properties” may lead to a finite time
blow up. PE highly unstable.

B U1 + Ouplio = 0., (69)

Only with analytic initial data ( analytic respect to the tangential variable)
existence of a smooth solution of the Prandlt equation for a finite time and
the convergence to the solution of the Euler equation during this time



Kelvin Helmholtz equations

oou+V-(u®@u)+Vp=0, V-u=0
x(VAu)+u-V(VAuw) =0,

u(x,t) = —Rw

27T

1 x—r
|x_ /|2

w(t, r(t, \))ds

. / | x—r(t,\) w(t (¢, )\,D@s()\ t)

x — r(t, )\/)|2

—83<w(8t7"—v)-7'> =0,

(ri—v) v =0,

v(t,r) = R

0tz

1 r —r(t,s")
227" ] =t )2
d)
27sz / (A — 28N

oN

d)\

w(t,s)ds .

(70)
(71)

(72)

(73)

(74)
(75)

(76)



No possible to use Delort construction. Lack of uniqueness.

For the interface problem well posed for small analytic perturbation of
rest and small time.

Appearance of singularities Using reversibility.

Reason is that above some regularity threshold T the problem becomes
locally elliptic



z(At) =(at + B(A+ef (¢, A)), f(0,0)=Vf(0,0)=0.

1 d\

2 -
BP0 = 5 [ (h = X)(1 — LEA=LEN)

1 AN ,
va/()\ ) (1 + f(At)—f(A’t))dA o

f(A t) fO ) (f(A t) — (A’t))”
27‘(‘/ d)\_I_ZQW/ ax’.

— )2 )\/)(n—|-1)
A t) — f(V, '
1 f(A ) = fL )
%'Up (}\ )\,)2 |D|f
1
WX = 2|B|2|D>\|Y + €R]_(X, Y) + El(X7Y) 3
Y = [Dx|X~4eRo (X, Y HE>(X,Y),

- 2(p)2

(77)

—+E(r (1) (78)

(79)

(80)

(81)
(82)
(83)

(84)



The above computation need some regularity assumption. Bigger
assumption on regularity = proof easier. This is standard in Free boundary

problems

Locally in Cf‘(C;‘FO‘) Lebeau compatible with Caflisch Orellana examples

What after the singularity. It has to be less regular than the threshold T .
People observe spirals with infinite lenght (shape of such spiral). Result of
S. Wu with chord arc hypothesis and solution in HX (IR; x Ry) which
allows finite length spirals. Therefore no finite lenght spirals may exist after

the singularity

Problems with weak solution of Birkhoff Rott. No proof of existence of
such solution.

T here exist solutions of Birkoff Rott which are not weak solution of Euler



Kransy simulations in agreement with S.Wu
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Prandlt-Munk example : Start from the vortex sheet

r1
wo(w1,22) = ==(—1,1)(z1) ® 6(z2) (85)
V31— a7
with =(—1,1) the characteristic function of the interval (—1,1). With the
Biot Savard law the velocity is constant

1
(v) = (0,—7). (86)
T he solution of the Birkhoff-Rott equation is given by the formula
(4 (4
r1(t) = x1(0),z2(t) = Ew(gjla rp) = wol(x1,r2 + 5) : (87)

u associated to this vorticity is not even a weak solution of the Euler
equation. In fact one has

V-u=0 and u+Vs (u®u)+Vp=F (88)
With F' given by

F = 2((3(x1 + 1,02+ 2) = (21 — 1,2+ 2)), 0], (89)





