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use of L2 norm requires special treatment, see [O.Yilmaz, 2004]
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APPLICATION TO BANDLIMITED INPUTS
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MSE ANALYSIS
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RESTRICTED SCHEME

)*(),,;,,( 211 nnnnnnn ucxQuuxx +=−−− LLQrestriction:
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LOWPASS Σ∆ WITH IIR G(z)
 

. .
scalar 

quantizer 
 

Q 

ne

nqnynx

)(zF

)()(1)( zDzGzF −=

with G(z) of the type m
mzaza

zG −− +++
=

L1
11

1)(

∆≤
∆

⋅+
∞ 21

fx• no existing analytical method to guarantee
• in practice, however, most popular 1-bit scheme !
• empirical design method established by R. Schreier (1993) 
that leads to (overloaded) stability and high performances

∏
=

−−=
m

i
i zzD

1

1)1()( λ )(τO

)( 2τO
iλ

1

j

0



n
n

nu rxx ⋅=− ∑
Ζ∈

ˆ

PRINCIPLES OF Σ∆ MODULATION

k
k

knnn udqx ⋅=− ∑
Ζ∈

,

{ }Nn lllq ,,, 21 L∈Find quantized sequence so that equation

Hopefully, 

yields bounded and “small” solution in uk

will be “small”

{ }
ZknkndD

∈
=

,,Choose redundancy operator

are “small”

invertible and

such that n
kn

knk d φr ∑
≠

= ,:



VARIOUS APPLICATIONS

• Bandpass Σ∆ modulation

• Multi-channel Σ∆ modulation

• 2D Σ∆ modulation (image halftoning, time-frequency)

• Finite dimensional space Σ∆ modulation
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MULTI-CHANNEL Σ∆ MODULATION
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oversampling when N>M



MULTI-CHANNEL Σ∆ MODULATION

x0[m]

x1[m]

GN-1(z)

G1(z)

G0(z)

xN-1[m]

q0[m]

q1[m]

qN-1[m]

Σ∆

N>M



MULTI-CHANNEL Σ∆ MODULATION

x0[m]

x1[m]

GN-1(z)

G1(z)

G0(z)

xN-1[m]

q0[m]

q1[m]

qN-1[m]

Σ∆

N>M

. .
vector 

quantizer 
 

Q Xm Ym Qm

Em
F(z)

=



















− ][

][
][

1

1

0

mx

mx
mx

N

M


















=

− ][

][
][

1

1

0

mq

mq
mq

N

M

[ H.Bolcskei, 2001 ]



f0,0

MULTI-DIMENSIONAL Σ∆ MODULATION

xn,m

xn-1,m
xn,m-1

. .
scalar 

quantizer
 

Q xn,m yn,m qn,m

en,m 
F(z)

[ Image halftoning: C.W.Wu ]

[ Time-frequency analysis: O.Yilmax, 2004 ]



INFINITE DIMENSIONAL SPACE

k
k

knnn udqx ⋅=− ∑
Ζ∈

−

n
n

knk d φr ⋅= ∑
Ζ∈

−:

( ) k
k

kn
n

nn uqx rxxφxx ⋅=−⇔⋅−=− ∑∑
Ζ∈Ζ∈

ˆˆ

n
n

nx φx ⋅= ∑
Ζ∈

n
n

nq φx ⋅= ∑
Ζ∈

ˆ



FINITE DIMENSIONAL SPACE

Nkd
N

n
nknk ,,1,:

1

L=⋅= ∑
=

− φr

Nnudqx
N

k
kknnn ,,1,

1

L=⋅=− ∑
=

−

∑
=

⋅=
N

n
nnx

1

φx n

N

n
nq φx ⋅= ∑

=1

ˆ

( ) Buqx
N

n
kk

N

n
nnn +⋅=−⇔⋅−=− ∑∑

== 11

ˆˆ rxxφxx

boundary
term[ J.Benedetto, O.Yilmaz & A.Powell, 2005 ]



n
n

nu rxx ⋅=− ∑
Ζ∈

ˆ

PRINCIPLES OF Σ∆ MODULATION

k
k

knnn udqx ⋅=− ∑
Ζ∈

,

{ }Nn lllq ,,, 21 L∈Find quantized sequence so that equation

Hopefully, 

yields bounded and “small” solution in uk

will be “small”

{ }
ZknkndD

∈
=

,,Choose redundancy operator

are “small”

invertible and

such that n
n

knk d φr ∑
Ζ∈

= ,:


