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Agenda

# General inverse problems with noise

# Different approaches
s SVD
» Galerkin+Thresholding
» Vaguelettes-wavelets
» Wavelets-vaguelettes

» WaveVD
# Conditions, minimax, adaptation

® Deconvolution
» Regular case
o 'Box-car’ case

LJohnstone, Kerkyacharian, P, Raimondo : Wavelet Deconvolution, JRSS J
B (2004),66, pp 1-27 Inverse problems and deconvolution — p. 2/33
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M oddl :
-

® Y(dt) = Af + edW,



M oddl :
=

® Y(dt) = Af + edW,
s Y(g) = (Af,g) +e&(g)
s g€ H,&(g)~N(0,|g]*)



SVD
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SVD

o N

# A compact, There exist 2 othonrmal bases (¢y) and
() such that

Ak = by, A"y = brdy
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SVD

o N

# A compact, There exist 2 othonrmal bases (¢y) and
() such that

Ak = by, A"y = brdy

#® The model reduces (putting yx = Y(Uy) and
f = Zk ekd)k):

yr = (A ) 01d, i) + e&(Py) = byby + €&, k€N
!
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SVD
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SVD

Yk = bxOy + €&k, ke N



SVD
.

Yk = biOy + €&k, k€N
# This leads to estimate of the following form :
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SVD
L, N

Yk = biOy + €&k, k€N
# This leads to estimate of the following form :

# With standard Ay for example :

]
Ay = 0 0 (ikh — Philli
k T (k/we w >0, o« > 0 (Tikhonov illips)

A = (1—(k/W)¥)ew>0, « >0 (Pinsker)

o |
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Minimax or oracle

E||f — f||3 < Cinf sup E||Est — f]|5
Est v



Minimax or oracle

L, N

E||f — f||3 < Cinf sup E||Est — f]|5
Est v

o V={f=3 0y, > a0 <M}
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Minimax or oracle

L, N

E||f — f||3 < Cinf sup E||Est — f]|5
Est v

o V=_{f=Y Oy, > a0 <M}
s b ~ k™, a = k%%, minimax rate :

2s
€ 1+2(s+v)
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Minimax or oracle

L, N

E||f — f||3 < Cinf sup E||Est — f]|5
Est v

o V=_{f=Y Oy, > a0 <M}
s b ~ k™, a = k%%, minimax rate :

2s
€ 1+2(s+v)

# Oracle inequalities, Adaptation...,
Tsybakov, Golubev, Cavalier, Goldenschluger, Pereversenh,...
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Minimax or oracle

E||f — f||3 < Cinf sup E||Est — f]|5
Est v

V={f=3 Oy, Y axbi <M}
s b ~ k™, a = k%%, minimax rate :

2s
€ 1+2(s+v)

Oracle inequalities, Adaptation...,

Tsybakov, Golubev, Cavalier, Goldenschluger, Pereversenh,...

Difficulty : L, norm is necessary and the spaces of regularity are

glued to the basis ¢y

|
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Agenda
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# General inverse problems v

# Different appraoches
s SVD V
s Galerkin-thresholding
» Vaguelettes-wavelets
» Wavelets-vaguelettes
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Galerkin+ thresholding

o N

o =3 Py, Py wavelet basis, Y =) vy, P, wavelet
basiss



Galerkin+ thresholding

o N

o =3 Py, Py wavelet basis, Y =) vy, P, wavelet
basiss

» Galerkin : solve f4 = 5 , B, such that
(AfA,9) =(Y,9), Vg = ) mab) <=
/\/

> BalAda,dy) = ur, VA €A
AN



Galerkin+ thresholding
- -

o =3 Py, Py wavelet basis, Y =) vy, P, wavelet
basiss

» Galerkin : solve f4 = 5 , B, such that
(AfA,9) =(Y,9), Vg = ) mab) <=
/\/

> BalAda,dy) = ur, VA €A
AN

A — BA = (Ba)ren, A" — Yar = (Ua)renr

Yoo = AanBa
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Galerkin + thresholding



Galerkin + thresholding

y . y AN
® ‘Inversion’ — P



Galerkin + thresholding

® ’Inversion’ — P
# thresholding

f=> t(Baa

AN



Galerkin + thresholding

® ’Inversion’ — B
# thresholding

f=> t(Baa
AN

# Minimax-adaptation under Besov regularity condition+
conditions on the operateur A
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°

Galerkin + thresholding

'Inversion’ — B
thresholding

f=23 t(Ba)a
A
Minimax-adaptation under Besov regularity condition+

conditions on the operateur A

Cohen, Hoffmann, Reiss
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°

°

Galerkin + thresholding

'Inversion’ — B
thresholding

f=23 t(Ba)a
AN

Minimax-adaptation under Besov regularity condition+
conditions on the operateur A

Cohen, Hoffmann, Reiss

Difficulty : inverse the system
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Plan
| -

# General Inverse problems v/

# Different appraoches
s SVD V
s Galerkin-thresholding v/
s Vaguelettes-wavelets (Abramovich, Silverman)
» Wavelets-vaguelettes (Donoho)

o |

Inverse problems and deconvolution — p. 10/33



WaveVD
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WaveVD
-

# We start from a wavelet expansion.



-

WaveVD

# We start from a wavelet expansion.

® f=) (f,hr)hx



WaveVD

o N

# We start from a wavelet expansion.

® f=) (f,hr)hx

»® For anew basis e; f; = (f,e;), YL = (ba,ei), Yi = (Y, e)

o |
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WaveVD
B | -

# We start from a wavelet expansion.

® f=) (f,hr)hx

»® For anew basis e; f; = (f,e;), YL = (ba,ei), Yi = (Y, e)
® By =(f,hr) =3 fi}

o |
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WaveVD
B | -

# We start from a wavelet expansion.

® f=) (f,hr)hx

»® For anew basis e; f; = (f,e;), YL = (ba,ei), Yi = (Y, e)
® By =(f,hr) =3 fi}

o |
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-

WaveVD
-

# We start from a wavelet expansion.

e =) (f,hr)Ux
»® For anew basis e; f; = (f,e;), YL = (ba,ei), Yi = (Y, e)
® By =(f, ) = fi}

A (SVD) — there exists a b.o.n (g;),
A*gi = bije;, b; 7& 0 and (ei) b.o.n.

o

Y(gi) = (Af,gi) + & = (f,A%gi) + €& = bifiy + €&

R Y(gi)
=Y 0y

1

|
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L, N

Y(gi) = (Af,0i) + €& = (f,A%gi) + €& = bify + €&



L, N

Y(gi) = (Af,0i) + €& = (f,A%gi) + €& = bify + €&

o |
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-

Y(gi) = (Af,0i) + €& = (f,A%gi) + €& = bify + €&

|
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L, N

Y(gi) = (Af,0i) + €& = (f,A%gi) + €& = bify + €&

A Y 1 i
ﬁA:Z qu)ll)y\

1

® f=) Pabx
F=> tBawa

# What kind of thresholding, conditions, resultats ?

o |
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Thresholding



Thresholding



.

Thresholding

t(Bi) = Bl Bkl > <ey/log 1)



Thresholding
|

t(Bi) = Bl Bkl > <ey/log 1)

N O; :Zjv



Theorem

-

# Under the following conditions :



Theorem

-

# Under the following conditions :
o 2v+1>0



Theorem

-

# Under the following conditions :
o 2v+1>0

® Zi[”{)—}j]zg 24V 3, blue assumption

o |
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Theorem

-

# Under the following conditions :
o 2v+1>0

® Zi[”{)—}j]zg 24V ¥ j, blue assumption
$ A*gl — bieii q)}\ — (q)7\> ei)) A= ())k)

o |
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Theorem

-

# Under the following conditions :
o 2v+1>0

® Zi[”{)—}j]zg 24V ¥ j, blue assumption
® K2 CO(p)a X € (O>1)

o |
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Theorem

-

# Under the following conditions :
o 2v+1>0

® Zi[”{)—}j]zg 24V ¥ j, blue assumption
® K2 CO(p)a X € (O>1)

o 2 < [eq/log %]231

o |
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Theorem

-

# Under the following conditions :
o 2v+1>0

® Zi[”{)—}j]zg 24V ¥ j, blue assumption
® K2 CO(p)a X € (O>1)

o 2 < [eq/log %]231

o |
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M axiset
-

Under the previous conditions :



M axiset
0

o

nder the previous conditions :

A ]
E[f = flIp < Cley/log —I", Ve =
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M axiset
0

o

nder the previous conditions :

A ]
E[f = flIp < Cley/log —I", Ve =

f et

supg t P17 Yy 2L By | > 27 < oo
jk

o |
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Minimax, adaptation

-

» If f belongsto B} . witht>1,s>1/n



Minimax, adaptation

-

» If f belongsto B} . witht>1,s>1/n

9
E[[f — f|[5 < Cle *log(1/€)]*P,
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Minimax, adaptation

-

» If f belongsto B} . witht>1,s>1/n

9
E[[f — f|[5 < Cle *log(1/€)]*P,
9
S . P ]
_ fs>02v+1)(— — =
=T rsy Tez vl =)

o |
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Minimax, adaptation

-

» If f belongsto B} . witht>1,s>1/n

N
E[[f — f|[5 < Cle *log(1/€)]*P,
N
S . P ]
_ fs>(2v+1)(——=
=T rsy Tez vl =)
N
s—1/t+1/p ] p 1
= sl — < 2 N(=— — =).
=T v rs iy O ges< @l —7)

o |
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Minimax, adaptation

-

» If f belongsto B} . witht>1,s>1/n

N
E[[f — f|[5 < Cle *log(1/€)]*P,
N
S . P ]
_ fs>2v+1)(— — =
=T rsy Tez vl =)
N
s—1/nt+1/p o] p 1
— sl — < 2 N(=— — =).
=T v rs iy O ges< @l —7)

These results are minimax

o |
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Plan

General inverse models v
Different approaches v/

WaveVD v

Conditions, minimax, adaptation v/

© o o o 0

Deconvolution
» Regular case
o 'box-car’ case

Johnstone, Kerkyacharian, P, Raimondo : Wavelet Deconvolution, JRSS
B (2004),66, pp 1-27.

o |
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Deconvolution : Af = | g(u— t)f(t)dt
B o



Deconvolution : Af = | g(u— t)f(t)dt
B o

# Original Signal



Deconvolution : Af = | g(u— t)f(t)dt
B o

# Original Signal




Deconvolution : Af = | g(u— t)f(t)dt
B o

# Original Signal




Signal after convolution and noise

o N



Signal after convolution and noise

o N

0 0.5 1 J
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Simulations



Simulations

-

® 2 types of blurring



Simulations

-

# 2 types of blurring
» Reégqulier : g Probability density I'(1,0.0065)
s Box-car: g(t) = 5= 1{|t| < a)

o |
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Simulations

-

# 2 types of blurring
» Reégqulier : g Probability density I'(1,0.0065)
s Box-car: g(t) = 5= 1{|t| < a)

# 3 types of noise
s 0.05, 0.25, 05

o |
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WaveVD In this case

-

# We assume f Is periodic.



-

WaveVD In this case

#® We assume f is periodic.
o f=> (f, )by, ) periodized Meyer wavelet



WaveVD In this case

-

#® We assume f is periodic.
o f=> (f, )by, ) periodized Meyer wavelet

gi,» A"gi = bie;
e; = g; base Fourier, b; = (g, ;)

©

o |
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WaveVD In this case

-

#® We assume f is periodic.
o f=> (f, )by, ) periodized Meyer wavelet

gi» A*gi = biey
e; = g; base Fourier, b; = (g, ;)

® By = (f,hp) = > i} finite sum

©

o |
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-

WaveVD In this case

#® We assume f is periodic.

o f=> (f, )by, ) periodized Meyer wavelet

©

gi» A*gi = biey
e; = g; base Fourier, b; = (g, ;)

® By = (f,hp) = > i} finite sum
® Pl = (Pa,e), fi=(fe), Yi=(V,e)

Fourier coeff of P, f, Y

|

Inverse problems and deconvolution — p. 21/33



-

9

WaveVD In this case

We assume f Is periodic.

o f=> (f, )by, ) periodized Meyer wavelet

©

°

i, A7gi = biey
e; = g; base Fourier, b; = (g, ;)
Br = (f,y) = Z flll)}\ finite sum

Pl = (P, e), fi = (f,e), Yi= (Y, e)
Fourier coeff of P, f, Y

Br =X ; vl finite sum

|
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Tunning
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Tunning

-

s f= Z 12t ‘3Jk Wik



Tunning

B

® = Z 12t ‘3Jk Wik

t(Bjx) = Bk IBjk| > key/log 121V}



Tunning

f=3 1 Y tBiws

t(Bjx) = Bk IBjk| > key/log 121V}

SR < 20 3 LT, £ 0)< 25V, (blue
assumpt|on)

K > CO(D)i X € (O>1)
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Tunning

f=3 1 Y tBiws

t(Bjx) = Bk IBjk| > key/log 121V}

SR < 20 3 LT, £ 0)< 25V, (blue
assumptlon)
K > co(p), x € (0,1)

2 < [ey/log 1=
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Discussion on the blue assumption

o N



Discussion on the blue assumption
f 1 2 ) —‘

8 27 ¥ EPHWY #£0F =27 T (L1, G~ 2



Discussion on the blue assumption

| .

® 273 (g PHh #0) =27 Y o (515, IGl ~

#® Regularcase: by~ 17" (%) implies blue



Discussion on the blue assumption

| .

o 27 Zl[ Zl{w}k#o}_z ]ZleC 2 ‘C‘

#® Regularcase: by~ 17" (%) implies blue
C; C Z[-2%2, -2 U [2,272], supc, by > < C25Y
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Discussion on the blue assumption

f-’ 27 Zl[ Zl{w}k#o}_z ]ZleC 2 ‘C‘ —‘

#® Regularcase: by~ 17" (%) implies blue
#® Box-car : more difficile (*) is faulse



Discussion on the blue assumption
f-’ 27 Zl[ ZI{ll))lk #O}—Z ]Zléc 2 ‘C | ~ —‘
#® Regularcase: by~ 17" (%) implies blue

#® Box-car : more difficile (*) is faulse
C). C 2?71[_2342, _Zj] U [Zj,zj—l—z], by = sin 7la

mtla

o |
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Discussion on the blue assumption

® 273 (g PHh #0) =27 Y o (515, IGl ~
#® Regularcase: by~ 17" (%) implies blue

#® Box-car : more difficile (*) is faulse

o Mais a Badly Approximable implies
27) Zlec 2LV v =3/2

nverse problems and deconvolution — p. 23/33



L 0g-spectre
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000000000000000000000



numerical results: Box-car

4 4
2 2
0 0
-2 -2
0.5 1 0 0.5 1 0 0.5 1
4 4
JJ—L 2 |
: O M
-2 -2
0.5 1 0 0.5 1 0 0.5 1
4 4
2 2
0 0
-2 -2 J
0.5 1 0 0.5 1 0 0.5 1
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Algorithmes



Algorithmes

o N

# Kolaczyk : algorithme de calcul pour 'ondelette de
Meyer périodisee



Algorithmes

o N

# Kolaczyk : algorithme de calcul pour 'ondelette de
Meyer périodisee

# Donoho- Raimondo : Cycle spinning

o |
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Algorithmes
-

# Kolaczyk : algorithme de calcul pour 'ondelette de
Meyer périodisee

# Donoho- Raimondo : Cycle spinning
# http://www.usyd.edu.au:8000/u/marcr/.

Inverse problems and d

|
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o N



Diophantine approximations

-

#® V areal number, there exists (ay):

(1:[(10§(11>(12>---]:(10—|— T (1)




Diophantine approximations

-

#® V areal number, there exists (ay):

1
(1:[(10§(11>(12>---]:(10‘|‘ 1 (1)
pTe———

® ac Qimplies a, =0, k> ko
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Diophantine approximations

f #® V areal number, there exists (ay): T

1
(1:[(10§(11>(12>---]:(10‘|‘ 1 (1)
pTe———

® ac Qimplies a, =0, k> ko

# The rationals obtained by stopping the expansion (1) at
step kipy(a)/qy(a) = lap, ay,..., ayl are called the
convergents Of a.

o |
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Diophantine approximations

o N

#® V areal number, there exists (ay):

1
(1:[(10§(11>a2>---]:(10‘|‘ 1 (1)
pTe———

® ac Qimplies a, =0, k> ko

# The rationals obtained by stopping the expansion (1) at
step kipy(a)/qy(a) = lap, ay,..., ayl are called the
convergents Of a.

® Property of best approximation : for n > 1,

inf kal| = a— — a
Lt lkall =lana — pa| = lanall

L |x|| Is the distance between x and the closest integer J

Inverse problems and deconvolution — p. 27/33



Diophantine approximations

o N



Diophantine approximations

o N

® o1 — <llgnall <

Jn+1



Diophantine approximations

o N

X zq — <llgnall < 5

® b = sm(Ttla)/(Ttla)

n+1

2|taf _ - _ ]

m la la



Diophantine approximations

o N

’ Zq +1 < anaH < q +1

® by = sin(mtla)/(mla)

2 ||liaf Itaf

< b < :
T la ! la

# An irrationel a is called Badly Approximable (BA) si
SUp;, qin < 00.

o |
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Diophantine approximations
- -

Zq +1 < anaH < q +1

® by = sin(mtla)/(mla)

2 ||liaf Itaf

< b < :
T la ! la

# An irrationel a is called Badly Approximable (BA) si
SUp;, qin < 00.

Alors : cpq? < ZN+q la||™* < c19%, 9 > qo

27 Z $<C2729 ) laf* < €27
lEC lECj

o |
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Diophantine approximations

Zq +1

® by = sin(mtla)/(mla)

< |lgnall <

q+1

2 ||liaf Itaf

< b < :
T la ! la

# An irrationel a is called Badly Approximable (BA) si
SUp;, qin < 00.

Alors : cpq? < ZN+q la||™* < c19%, 9 > qo

27 Z $<C2729 ) laf* < €27
IEC lECj

L # BUT : The set of BA's Is of Lebesgue measure 0.

Inverse problems and deconvo

|

lution — p. 28/33
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o -

® Vb > 0,there exists a class A; of full Lebesgue measure
such thatV a € As,

dn
qn—1

< (log qn—1 )(1+6)-

o |
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o -

® Vb > 0,there exists a class A; of full Lebesgue measure
such thatV a € As,

dn
qn—1

< (log qn—1 )(1+6)-

VaeAs, 27 ) [bi(a)? <2510
leC;

o |
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o -

® Vb > 0,there exists a class A; of full Lebesgue measure
such thatV a € As,

dn
qn—1

< (log qn—1 )(1+6)-

VaeAs, 27 ) [bi(a)? <2510
leC;

o sz = 23)§7

o |
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o -

® Vb > 0,there exists a class A; of full Lebesgue measure
such thatV a € As,

dn
qn—1

(1438)

< (log qn_1)

VaeAs, 27 ) [bi(a)? <2510
1eC;
o G).Z = 23)57
# Same result up to a logarithmic factor.

o |
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Vaguelette-wavel et

-

o Af =) (Af, b))y, Yy Wavelet basis



Vaguelette-wavel et

-

o Af =) (Af, b))y, Yy Wavelet basis
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Vaguelette-wavel et

-

o Af =) (Af, b))y, Yy Wavelet basis
® =3 (Af,Pr)A ",

® A~ 'Yy, new basis’



Vaguelette-wavel et

-

o Af =) (Af, b))y, Yy Wavelet basis
® =3 (Af,Pr)A ",

® A~ 'Yy, new basis’
® y) = Y(hp) = (Af, ) + €&



Vaguelette-wavel et

-

Af =) (Af, )y, by Wavelet basis
f =73 (Af,br)A" "y

Ay, new 'basis’

yn = Y(y) = (Af, 1)) + €&

f=3 tlya) A"

© o o o o



© o o o o o

Vaguelette-wavel et

Af =) (Af, )y, by Wavelet basis
f =73 (Af,br)A" "y

Ay, new 'basis’

yn = Y(y) = (Af, 1)) + €&

f=3 tlya) A"

Abramovitch, Silverman



Wavelet-vaguelette



Wavelet-vaguelette

f ®» Donoho 95



Wavelet-vaguelette
f ® Donoho 95 T

# Assumption : There exist 2 Riesz bases with dyadic
structures {u,} and {1}, such that 1\, = vy A*u,

o |
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Wavelet-vaguelette

|7 ®» Donoho 95

# Assumption : There exist 2 Riesz bases with dyadic
structures {u,} and {1}, such that 1\, = vy A*u,

o f=) (fihp)hr =) (f, vaA"up)x
=2 ValAf, )b = ) vallY,un) — e&(un) b
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Wavelet-vaguelette

|7 ®» Donoho 95

# Assumption : There exist 2 Riesz bases with dyadic
structures {u,} and {1}, such that 1\, = vy A*u,

o f=) (fihp)hr =) (f, vaA"up)x
=2 ValAf, )b = ) vallY,un) — e&(un) b

# l|eading to the following estimate :

=2 wmt(Y,m)) b
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Wavelet-vaguelette

Donoho 95

Assumption : There exist 2 Riesz bases with dyadic
structures {u,} and {1}, such that 1\, = vy A*u,

f=> (f,ha)bar =) (f,vaA"up) )
=2 ValAf, )b = ) vallY,un) — e&(un) b

leading to the following estimate :

=2 wmt(Y,m)) b

Minimax et adaptation, en norme L.
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Conditionson the basis

fé’ — {1;; 1 € N} Unconditionnal and p-democratic
1) [6;] < [0]] for all i, implies

| D Ouwilly < K[ D 6l
1 1

i)
1 0 1/
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