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Model problem

Lets consider the system
w; + F(w)x + B(w) - wy = S(w)Hy, (1)

where

o w(x, t) takes values on an open convex set O C R,

e F is aregular function from O to RY,

@ Bis aregular matrix function from O to Myxn(R),

o S is a function from O to RY, and

@ H is afunction from R to R.

By adding to (1) the equation H; = 0, the system (1) can be rewritten under the form
W, + A(W) - W, =0, 2
where

W is the augmented vector
w N+1
W= { H ] €eQ=0xRCR

and
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Model problem

Lets consider the system
wi + F(w)x + B(w) - wy = S(W)H,, (1)

where

o w(x, t) takes values on an open convex set O C R,
F is a regular function from O to R,
B is a regular matrix function from O to Myxn(R),
S is a function from @ to R", and
H is a function from R to R.

By adding to (1) the equation H; = 0, the system (1) can be rewritten under the form
W, + A(W) - W, =0, 2
where

A(W) is the matrix whose block structure is given by:

AW) = [ Alw) | ~S0w) ]

where

A(w) =J(w) + B(w), beingJ(w) = %(w)
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Difficulties

Main difficulties

@ Non conservative products A(W) - W,. Solutions may develop discontinuities
and the concept of weak solution in the sense of distributions cannot be used.
The theory introduced by DLM 1995 is used here to define the weak solutions
of the system. This theory allows one to give a sense to the non conservative
terms of the system as Borel measures provided a prescribed family of paths in
the space of states.

@ Derivation of numerical schemes for non-conservative systems:
Path-conservative numerical schemes (Parés 2006).

o The eigenstructure of systems like two-layer Shallow-Water system or
two-phase flow model of Pitman Le are not explicitly known: PVM methods.
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Path-conservative schemes

We consider here path-conservative numerical schemes in the sense defined in Parés
2006, that is, numerical schemes of the general form:
At

with = wr — =2
! Ax

(Ditl/z + Di:Ll/Z)7 3

where:
o Ax and At are, for simplicity, assumed to be constant;

@ W/ is the approximation provided by the numerical scheme of the cell
average of the exact solution at the i-th cell, I; = [x;_ /5, X;11 2] at the
n-th time level ' = nAt, and

D1y = DH (W W),

where D~ and D are two Lipschitz continuous functions from £ x Q to
Q satisfying:
DEW,W) =0, VYW e, “)
and
o for every W, Wg € €,

1
_ 0]
D (WL,WR)+D+(WL, WR):/ .A(CI)(S; WL7WR))7%S (S; WL,WR)dS,
0
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Path-conservative schemes

We consider here path-conservative numerical schemes in the sense defined in Parés
2006, that is, numerical schemes of the general form:

At _
B(Ditl/z +Di+l/2)7 3)

Convergence

@ In Castro, LeFloch, Muioz and Parés, 2008 and Parés-Muiioz, 2009 has
been proved that the numerical solutions provided by finite
difference/volumes path-conservative numerical scheme converge to
functions which solve a perturbed system in which an error source-term
appear on the right hand side (which is a measure supported on the
discontinuities). This problem is common to any numerical scheme that
introduces numerical diffusion.

1
Wit =W —

@ In Munoz-Parés, 2010 is shown that in certain situations this error
vanishes for finite difference/volumes methods: this is the case of systems
of balance laws.
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Roe linearization I

PVM numerical schemes are defined using a generalized Roe matrix for (2) as
defined by Toumi 1992:
Given a family of paths ® = [®,, <I>H]T, a function
Az QX Q= Muinyxn+1)(R) is called a Roe linearization if it verifies the
following properties:

e forany Wi, Wg € Q, As(Wr, Wg) has N + 1 distinct real eigenvalues,

e forevery W € (,

Ae (W, W) = A(W); C))

e forany W, Wi € Q,

1
Ap (Wi, Wr) - (Wr — Wi) = / A(P(s; Wi, WR))%%(S; Wi, Wr)ds.  (5)
0
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Roe-based schemes I

The following Roe linearizations Ag (Wy, Wr) for system (1) are considered
(Parés-Castro 2004):

A = [ Al | S |

0| 0

where
As (WL7 WR) = J(WL, WR) + Bs (WL, WR).

Here, J(wz, wg) is a Roe matrix of the Jacobian of the flux F in the usual sense:

J(we, wg) - (wg — we) = F(wr) — F(ws);

! aéw
Ba (wi, wr) - (wr — wi) :/ B(®u(s; Wi, Wr)) =5 = (s; We, W) ds;
0

! Foli
Sq)(wL,wR)(HR—HL):/ S(®,, (s; WL,WR))a—sH(s; Wy, Wg) ds.
0

It can be easily shown that, the resulting matrix is a Roe linearization provided it has
N + 1 different real eigenvalues.
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Roe-based schemes II

Once the Roe linearization has been chosen, a numerical scheme can be defined by

At _
+1_ +
Win =W - E(Difl/z +Di+l/2)7

where N
Dy = Az (Wi, Wi - (Wi — W),

being N R
As(Wr, We) = Ag (We, Wr) + Ag (We, Wr)

is any decomposition of the Roe linearization of the form:
-~ 1
Ai(WL, Wg) = 3 (As (Wi, Wg) £ Qa (WL, Wr)),

where Qa (Wi, Wr) can be interpreted as a numerical viscosity matrix.
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Roe-based schemes 111

The numerical scheme in the unknowns w can be written as follows:

At _
n+l _ n +
Wi =W R (Di—l/z + DH—I/Z)? (6)

being

1
Dij-:&-I/z = 3 (F(wig1) — F(wi) + Bi12(Wis1 — wi) — Siq12(Hig1 — Hy)

@)
£ Qipr o (Wit — wi = ALY pSivrja(Hivr — H,»))) ;

being
® Biti2 = Ba(Wi, Wit1),
® Sitij2 = So(Wi, Wiy1),
© At =As(Wi, Wig1) and

© Qiyip= Qo (Wi, Wit1) a numerical viscosity matrix obtained from
Qo (Wi, Wit1)

Different numerical schemes can be obtained for different definitions of O;; »
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Roe-based schemes IV

@ Roe scheme corresponds to the choice

Qo (Wi, Wg) = |Aa (WL, W),

@ Lax-Friedrichs scheme:

Ax
WL, Wg) = —1Id
Qs (Wi, Wr) = < S1d,
being Id the identity matrix.
o Lax-Wendroff scheme:
At
Qo (WL, Wr) = EAEI)(WM Wr),

@ FORCE and GFORCE schemes are presented in the bibliography as a convex
combination of Lax-Friedrichs and Lax-Wendroff scheme:

A At
Qo (Wi, We) = (1 = w) 3 1d + w A (We, Wa),

withw =0.5and w = respectively, being o the CFL parameter.

1
1+a’
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PVM methods I

We propose a class of finite volume methods defined by

Qit1/2 = Pi(Ais12),
being P;(x) a polinomial of degree /,

I
Pi(x) = Z X,
Jj=0

and A, /> = Ag(wi, wir1) a Roe matrix. That is, Q; 41, can be seen as a
Polynomial Viscosity Matrix (PVM).

See also: P. Degond, PF. Peyrard, G. Russo, Ph. Villedieu. Polynomial upwind schemes for
hyperbolic systems. C. R. Acad. Sci. Paris 1 328, 479-483, 1999.
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PVM methods I

We propose a class of finite volume methods defined by

Qit1/2 = Pi(Ais12),
being P;(x) a polinomial of degree /,

I
Pi(x) = Z X,
j=0

and A, /> = Ag(wi, wir1) a Roe matrix. That is, Q; 41, can be seen as a
Polynomial Viscosity Matrix (PVM).

Qi11/2 has the same eigenvectors than A, /; and if )\, /, is an eigenvalue of
Ai1/2, then Pi()\;1 /) is an eigenvalue of O, /,



PVM methods II

o If

A ;
al >P1()\[+I/2) 2 ‘)\H—]/Z‘? (¢S] (071)7 1= 1, 7N7

At —
then the numerical scheme is linearly L°°-stable. Therefore, a sufficient
condition to ensure that the numerical scheme is linearly L°°-stable is that

Ax

a > Pi(x) > |x|  Vx € [Aig1/2, Av,it1,2]- ()
o Let us consider the following notation: PVM-I(So, - - - , Sk).
o In practice, the parameters Sy, - - - , S; will be related to the approximations of some

wave speeds.

A PVM method is said to be upwind if

[ As  ifA>0
Pl(Aq’)_{—A@ if \v <0,

and it will be denoted as PVM-[U.
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PVM-(N-1)U(\q, - - - , Ay) or Roe method

Py_i(N) =N =1,

Qs (wr, wr) = |Ae (W, wr)| = Zoé, (we, we),
j=0
where o, j = 0,--- , N — 1 are the solution of the following linear system:
D VD Vi o A1
| D PR T ai | Az
1 A ... )\%71 Qan—1| [Aw]

A, - -+, Ay are the eigenvalues of the matrix As (wr, wg).
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PVM-0(Sy) methods: Rusanov, Lax-Friedrichs and modified Lax-Friedrichs

schemes

Po(x) = So,
Ax

X d
— and Sj7 = a—

So € {Srus, Str, ST}, Skus = Nit1/2l, Ser = .
OG{RA LF LF} Rus Inj?lx‘/,+1/2| LF Ar Ar

@ Rusanov scheme corresponds to the choice Sy = Sgus,
@ Lax-Friedrichs with Sg = Spr

@ modified Lax-Friedrichs with Sy = §7%4.

PVM-0(S)

1 Az Aj AN
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PVM-1U(Sz, Sg) or HLL method

Pl(x) = oo+ arx suchas P (SL) = |SL|7 Pl(SR) = |SR|7

where S, (respectively Sg) is an approximation of the minimum (respectively maximum)
wave speed.

PYM-1U(S ,S,,)

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
L ‘ ‘ L
S M A2 Aj T An Sr
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PVM-1U(Sz, Sg) or HLL method

Remarks

@ The usual HLL scheme coincides with PVM-1U(Sz, Sg) in the case of
conservative systems.

Let us suppose that the system is conservative. Then, the conservative flux associated
to PYM-1U(SL.Sr) is ¢iv1/2 = D;, , + F(wi). Taking into account that

oy = SEISLL = SulSkl - |Sk[ = ISt]
T S-S T S-S
then

F(wi)(Sr + |Sk| — St — |S]) + F(wit1)(Sr — |Sk| — St + |SL])
Gitr1/2
285r — 281

(SRISL] — Sc|Sr|) (Wix1 — wi)
28k — 281

Sg F(wi) — S F(wis1) + (Sg Sp ) (Wis1 — wi)
Sg =S

which is a compact definition of the HLL flux, being S; = max(Sg, 0) and
S; = min(Sg,0).
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PVM-2(Sp) methods or FORCE type methods

P(x) = ag + aax’, such as P2(So) = So, Py(So) = 1, So € {Skus, Sr, ST2'}.
Remarks
o If So = Sir then we obtain FORCE method.
@ GFORCE scheme can be obtained by imposing

Pa(STY) = Spet, PA(STR) = ,
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PVM-2U(Sy,, S;,) method

Py(x) = ap + aux + ozzxz,

such as
P2(Sn) = |Sul, P2(Sm) = |Sml, P3(Sm) = sgn(Su),

where

Sy = Aiviz i [ Xipy2] 2 (A2l s :{ Mvyitiyz 1 | Aigiy2] 2 [Aniz 2|
>\N,f+1/2 if\>\1,i+1/2\ < |>\N,i+l/2|~ " >\1,i+1/2 1f|>\l,i+l/2| < |>\N,i+1/2|

R
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PVM-2U(Sy, Sk, Sin;) method or CFP method

Py(x) = ap + a1x + aox’,

1 S 8 o ISz
1 SR S[zg aq = ‘SR| )
1 S S,'zm (6%) |Sint |

St (respectively Sg) is an approximation of the minimum (respectively maximum)
wave speed and

Sint = Sew max (| Ag iv1/2], - -+ [Av=1,i41/21),

S — sgn(SL =+ SR), if (SL + SR) 7é 0,
ext — .
1, otherwise.
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PVM-4(Sy, S;) and PVM-4(S)) methods

Py(x) = ap + aax’ + aux’,
Py(Sm) = [Sul, Pa(S)) =581, Pu(S1) =1,

ZQ%XN(PV,M/zD if [ Ariviy2l > A2l

Aii if [\ AN .
191;1(31311)0 vi1/2]) i (AL 2] <[Awiri2l

Si
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PVM-4(Sy, S;) and PVM-4(S)) methods

Py(x) = ap + aax’ + aux’,
Py(Su) = |Sul, Pa(S1) =S, Pi(S1) =1,
PVM-4(So): S = Su = So.

Nl e e _______XN
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Extension to high order and/or higher dimensions

Extension to high order and/or higher dimensions

@ M. Castro, J.M. Gallardo and C. Parés.
High order finite volume schemes based on reconstruction of states for solving
hyperbolic systems with nonconservative products. Applications to shallow
water systems. Math. Comp. 75: 1103-1134, 2006.

@ M. Castro, J.M. Gallardo, J.A. Lépez and C. Parés.
Well-balanced high order extensions of Godunov’s method for semilinear
balance laws. SIAM J. Num. Anal., 46(2): 1012-1039, 2008.

@ M. Castro, E.D. Fernandez, A. Ferreiro, J.A. Garcia and C. Parés.
High order extensions of Roe schemes for two dimensional nonconservative
hyperbolic systems. J. Sci. Comput., 39: 67-114, 2009.
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High performance implementation

CPU implementation

@ M. Castro, J.A. Garcia, J.M. Gonzélez and C. Parés.
A parallel 2d finite volume scheme for solving systems of balance laws with
nonconservative products: application to shallow flows. Comp. Meth. Appl.
Mech. Eng. 196, 2788-2815, 2006.

@ M. Castro, J.A. Garcia, J.M. Gonzalez and C. Parés.
Solving shallow-water systems in 2D domains using finite volume methods and
multimedia SSE instructions. J. Comput. App. Math., 221: 16-32, 2008.

v

GPU implementation

@ M. Lastra, J. M. Mantas, C. Urefia, M. J. Castro, J. A. Garcia-Rodriguez.
Simulation of shallow-water systems using graphics processing units. Math.
Comput. Simul. 80, 598618, 2009.

@ M. de la Asuncién, J. M. Mantas, M. J. Castro.
Simulation of one-layer shallow water systems on multicore and CUDA
architectures. J. Supercomput., 2009, (DOI: 10.1007/s11227-010-0406-2).

A\
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Two-fluid flow model of Pitman and Le

8hf %
o T O

o 0 (a4 g, Ohy db
o T ox <hf ol el gy = s g

Ohs  0g;s

ot * Ox =0
dgs 0 G . 82 1— r Ohy db
ot * o ox < hy h 2 hty | + rghs ox &hs dx’

index s (f respectively) makes reference to the solid (fluid respectively) phase.
b(x) represents the fixed bottom topography,

r is the ratio of densities between the solid and fluid phase.

The unknowns A, and /; are related to the total height of the granular fluid 4 and
the solid fraction 1) by

hy =1h, and hy = (1 —1)h.

@ The unknowns g, and gy represent the mass-flow of each phase and are related
with the velocities of each phase by g = u,h, and g5 = ushy.
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Numerical example

Let us consider a rectangular channel in the domain [—0.9, 1.0] with topography

piay  § 025(cos(n(x =0.5)/0.0) +1) i [x—05] <01,
S ) otherwise.

As initial condition we set u,(x, 0) = us(x,0) = 0 and

[ 14107 if-06<x<—05
h(x,0) = { 1 —b(x)  otherwise,

3.
S TR

@ Free boundary conditions are set,

o T =1.25,

e Ax=0.01,

o CFL=0.9,

o first order aproximation of the eigenvalues are used,

@ areference solution computed with Roe scheme for Ax = 1/3200.
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Free surface n = h + b.

"

10° 10
* ROE * ROE
+UF +HL
a5 O FORCE 1 as| o PVM-2US,S,) 1
o PM-4S) o PVI-AS,S)
— Rt soluon ] 3f{— Ref.souion 1

S

S~

(a) PVM-0,2,4(So) (b) PVM-1U,2U,4U(Sy.S1)
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Free surface n = h + b.

10

* ROE

+ FORCE
35f( o PVM-2US,,S,)

o cFP
31| — Ref. soluton
25| gg
L
u
2 3 P
2
Z
i
15] b
b
1 L .
R L]
05 N 6
@ [}
[
o
34 02 0 02 04 06 08
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Solid volume fraction ).

* ROE * ROE
FUF + HL
05095 o Force | 05095 o PWM-2US,S)
o PUIAS) o P4, S)
— Ref. solution) — Ref. solution
-04 -02 0 02 04 06 08 -04 -02 0 02 04 06 08
x x

(d) PVM-0,2,4(So) (e) PVM-1U,2U,4U(S)1.51)
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Solid volume fraction ).

06001

05999)

= 0,5998)

05997
05996 + ROE
+ FORCE
o PW-2U(S,S,)
05995 9 cf
— Ref. solution
~04 02 0 02 04 06 08
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Phase velocity uy.

O FORCE
o P4(S)
— Ref. solution

(g) PVM-0,2,4(So)

* ROE

+ HLL
o PUN-2US, S )
o P46, S) ]

— Ref. solution

(h) PVM-1U,2U,4U(Sy.S1)
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Phase velocity uy.

+ ROE
+ FORCE

o PVM-2US,S,)
4 9 CFP

—Rel. solution

(i) CFP
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Phase velocity u;.

x10”

* ROE
+UF

O FORCE
o PW-4S) ]

| — Ref. soluton|

(G) PVM-0,2,4(S)

xi0”

* ROE

+HL
o PVI-2US,S )
o PV4S,S) ]

| — Re. solution

(k) PVM-1U,2U,4U(Sy.S1)
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Phase velocity u;.

xi0*

* ROE
+ FORCE
o PN-2US,S,)

¢ CFP
— Ref. solution

(1) CFP
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Tidal forcing at the Strait of Gibraltar
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Tidal forcing at the Strait of Gibraltar
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Lock-Exchange Experiment

o The final stationary state represents the secular exchange. J

@ Maximal flow independent of the computational domain (approx. 0.85 Sv.)
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Lock-Exchange Experiment II

PosiDF 0.5




Tidal Experiment

The model is forced at the open boundaries with boundary conditions that simulate
the four main tidal components to be considered (M2, S2, O1 and K1):

hi(xp,t) + ha(xp, t) = hg + ZZn(xB)cos(a,,t — ¢u(xp)).

n=1

@ xp represents a point of the open boundaries;

® Z,(xp) and ¢, (xp) are the prescribed surface elevation amplitudes and phases of
the n-th tidal constituent at the boundary sections;

@ «, its frequency;

o I the total depth of the water column corresponding to the steady state solution
at this boundary.
Tidal data from FES2004 (Lyard F.,, Lefevre F., Letellier T., Francis O., 2006,
Modelling the global ocean tides: modern insights from FES2004, Ocean Dynamics).
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Tidal Experiment Animations I

PosiDF 0.5
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Tidal Experiment Animations II
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imations III

Tidal Experiment An
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Subinertial signals at Camarinal sill

1 1 1 1
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An aerial photograph of the zone




2D Two-layer Savage-Hutter shallow-water model

@ E. Ferndndez Nieto, F. Bouchut, D. Bresch, M.J. Castro, A. Mangeney.
A new Savage-Hutter type model for submarine avalanches and generated
tsunami. J. Comp. Phys., 227: 7720-7754, 2008.

@ F. Bouchut, M. Westdickenberg.
Gravity driven shallow water models for arbitrary topography. Comm. in Math.
Sci. 2: 359-389, 2004
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Tsunamis generated by submarine landslides




Conclusions

Conclusions

@ PVM methods are defined in terms of viscosity matrices computed by a suitable
evaluation of Roe matrices.

@ They only need some information about the eigenvalues of the system to be
defined, and no spectral decomposition of Roe matrices is needed.

@ They are faster than Roe method.

@ They include upwind and centered schemes such as: Lax-Friedrichs, Rusanov,
HLL, FORCE or GFORCE method.

@ Some new solvers are also proposed.

@ Their extension to high order or/and 2D problems is straight forward.

@ Application to real problems have been performed
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