On solutions of Maxwell’s equations with dipole sources over a thin conducting film
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I. INTRODUCTION

In the last decade, rapid advances have been made in the design and fabrication of
two-dimensional materials' which can be used to manipulate light at small scales.? The
highly active field of plasmonics focuses on the interaction of electromagnetic radiation at
the mid- and near-infrared spectrum with the collective motion of electrons in conducting
interfaces and nanostructures.® A goal is to generate electromagnetic waves that propagate
with relatively small energy loss close to the interface between a conducting material, e.g.
graphene, and a dielectric.*® In plasmonics such lateral waves should decay fast enough away
from the interface; while, on the other hand, they should attenuate slowly enough in the

direction of propagation along the interface. A wave that has attracted much attention in

3,10,11 12,13

this context is the surface plasmon-polariton, with a variety of reported applications

including invisibility cloaking,'* photovoltaics!® and nanolithography.!

Most recently, direct experimental evidence was provided for generating surface plasmons
by placing a receiving resonant antenna near a graphene sheet.!'” Motivated by this advance,
our goal with this paper is to analytically study the generation of surface plasmons by
current-carrying sources via a solvable model for a fundamental setting. To this end, we for-
mulate and solve exactly boundary value problems for the time-harmonic Maxwell equations
in the presence of vertical and horizontal electric (Hertzian) dipoles near an isotropic and ho-
mogeneous conducting sheet between two isotropic and non-magnetic unbounded media.?°

The underlying theme, wave propagation near boundaries, has been the subject of impor-

18726 gee particularly the systematic and extensive treatment

tant studies for over a century;
of Ref. 26. In these works, approximation techniques are developed for radiowave propa-
gation; these have offered valuable insights into the lateral electromagnetic waves traveling
near the boundaries between media of very different indices of refraction.?® In the frequency
band of plasmonics,? however, additional considerations have emerged because of properties
of novel two-dimensional materials used in microscale applications. For instance, a thin layer
of graphene has a complex surface conductivity, with a positive or negative imaginary part
depending on frequency and doping, and introduces a jump in the tangential component
of the magnetic field across the interface. The analytical consequences of this discontinuity

are largely unexplored.”®27 This view suggests that the associated lateral electromagnetic

waves be studied in detail in the near- and mid-infrared spectrum.



In this paper we analytically address aspects of the following question. What is the
structure of the waves generated by dipole sources on a thin conducting film? Our goal is
to single out fundamental attributes of the field which are intimately related to the film by

analyzing a minimal solvable model. Our tasks can be summarized as follows.

e We explicitly represent all field components in terms of one-dimensional Fourier-Bessel
(Sommerfeld-type) integrals, in the spirit of Ref. 26. Our derivations, focusing on the
electromagnetic field itself, differ from the use of the (non-physical) Hertzian potential
invoked, e.g. in Ref. 7, by which the field components are derived via successive

differentiations.

e By a generalized Schwinger-Feynman representation for a class of integrals,* we com-
pute all field components via fast convergent series of known functions such as the
Fresnel integrals, when both the dipole and observation point lie on the plane of the
film and the ambient media have equal permittivities. Our model is thus simplified,

yet without obscuring the goal to analytically understand the role of the interface.

6 we further simplify the exact solutions

e In accord with applications in plasmonics,
when the surface resistivity (inverse of conductivity) of the thin layer is much larger in
magnitude than the intrinsic impedance of the ambient space. Then, a few terms are
retained in the series expansions for the fields yielding simple approximate formulas

for all distances from the source.

Our approach is based on systematically solving Maxwell’s equations in the spirit of
Refs. 26 and 30. Thus, we avoid any a-priori plane-wave approximations. We recognize
a specific type of lateral wave as intimately related to the surface plasmon-polariton of

311 yia the contribution of a certain

transverse-magnetic (TM) polarization of plane waves
pole in the complex plane of the dual (Fourier) variable; see also the treatments of Refs. 7,
8, and 27. For a horizontal dipole on a thin film in free space, when contributions related
to TM polarization in principle may co-exist with contributions of transverse-electric (TE)
polarization, our analysis reveals that the TM surface plasmon-polariton, when present, is
accompanied by a wave expressed by Fresnel integrals.26

The analysis presented here, with focus on explicit, physically transparent expressions

for the electromagnetic field in terms of known functions, differs in methodology from pre-



vious studies of waves in similar settings.”®112" For example, in Ref. 11, the authors review
dispersion relations for plane waves in plasmonics for a variety of experimentally relevant
geometries, without discussing effects of point sources. In Ref. 7, exact integrals are formu-
lated for the Hertzian potential produced by dipoles in the presence of a graphene sheet;
the electromagnetic field is then computed by numerical evaluation of integrals. In Ref. 8,
a similar task is carried out more extensively, with numerical evidence that the surface
plasmon-polariton of TM polarization, recognized as a discrete spectral contribution, may
dominate wave propagation under certain conditions on the surface conductivity. In Ref. 27,
the authors numerically describe the field produced by dipoles near a graphene sheet, dis-
tinguishing a “core region”, where the electric field can be much larger than its values in
free space, from an “outer region”, where the field approaches its values in free space.

7827 in the following sense. By focusing

Our work expands previous numerical approaches
on a simple yet nontrivial model with a conducting thin film, we are able to derive closed-
form expressions which explicitly separate the primary field of the dipole, produced in the
absence of the layer, from the scattered field which is sensitive to the film conductivity, for
all distances from the point source. This approach singles out analytic aspects of the wave
produced by the point source that are intimately connected to the surface conductivity of
the film, thus showing how the surface plasmon related to TM polarization can dominate
propagation in cases of physical and practical interest. Our analysis lacks generality, since
we restrict attention to the case where the source and the observation point both lie on the
plane of the thin film; nonetheless, we view our treatment as a step necessary for tackling
the problem of radiation by a realistic current-carrying source (rather than an incident plane
wave) placed on the material surface.!” The character of the wave produced by the source
of course becomes important at short distances or high enough frequencies. Our work aims
at illuminating the complicated structure of the field in a simple nontrivial setting.

The present work illustrates analytic aspects of the tensor (or, dyadic) Green function
for the geometry of a thin conducting film at fixed frequency. Naturally, the response to
any imposed current-carrying source can then be derived by superposition. This task lies
beyond our present scope. Furthermore, we do not pursue numerical computations of the
fields. The explicit computation by asymptotic methods?® of field components when the

observation point or the dipole is away from the layer is left for future work.

The remainder of this paper is organized as follows. In Section II, we describe the bound-
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ary value problem for Maxwell’s equations. Section III focuses on the derivation of Fourier-
Bessel representations, known as the Hankel transform,?® for the electromagnetic field. In
Section IV, we evaluate exactly the requisite integrals when the dipole and the observation
point are on the film, which is placed in a homogeneous space. Section V discusses the field
resulting from our computations for distances from the source that are comparable to the

wavelength in free space. Section VI concludes our paper with an outline of open problems.

Notation and terminology. The e~** time dependence is assumed throughout, where
w is the angular frequency. R is the set of reals, Z is the set of integers, and boldface
symbols denote vectors in R®. We write f = O(g) (f = o(g)) to mean that |f/g| is bounded
by a nonzero constant (approaches zero) in a prescribed limit. f ~ g implies f — g = o(g)
in a prescribed limit. Rw (Sw) denotes the real (imaginary) part of complex w. The term
“sheet” has a two-fold meaning as either a material thin film or, as a “Riemann sheet”, a
particular branch of a multiple-value function of a complex variable; and the terms “top
Riemann sheet” and “first Riemann sheet” are used interchangeably. We use the terms “TM
polarization” and “TE polarization” in the context of waves produced by dipoles to indicate
the presence of certain denominators, denoted by P and Q in the main text, respectively,
in the Fourier representations of the corresponding fields; each denominator appears in the
reflection coefficient for the TM- or TE-polarized plane wave incident upon the thin film.

The terms “surface plasmon-polariton”?® and “surface plasmon” are used interchangeably.

II. BOUNDARY VALUE PROBLEM

In this section, we formulate the boundary value problem for Maxwell’s equations. The

current density of the vertical unit electric dipole, shown in Fig. 1, is
J(z,y,2) =J(z,y,2) =e€,6y,, 1ro=1(0,0,a), (1)

where a is the distance of the dipole from the layer, a > 0, e, is the unit vector along the
z-axis, and d, denotes the Dirac mass at point r. For the horizontal unit electric dipole,

shown in Fig. 2, the current density reads
J(z,y,2) = J"(z,y,2) = €, 6, - (2)

The film has infinitesimal thickness and scalar surface conductivity o, which is in principle

complex and w-dependent.” The film lies in the plane z = 0 which separates region 1, the



region 1 (wave number k)

>

0 5 N
z = 0, conducting film (conductivity o)
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FIG. 1. Vertical unit electric dipole at distance a from planar thin conducting film. The infinitely
thin film lies in the plane z = 0, between region 1 (half space {z > 0} with wave number k;) and

region 2 ({z < 0} with wave number k2); and has surface conductivity o.

upper half space {z > 0} with wave number ki, from region 2, the lower half space {z < 0}
with wave number ky (Figs. 1 and 2). We assume that $k; > 0 and Sk; > 0 (j =1, 2), ie.,
a lossy medium j, including the case with Sk; < Rk;. Note that k’JQ = w?pupé; where py is
the magnetic permeability of free space, since the media are assumed non-magnetic, and €;
is the complex permittivity of medium j; in practically appealing situations, this €; has a
small imaginary part.

The time-harmonic Maxwell equations for the field (E;, B;) in region j dictate that

V x B = —i(k} /w)E; + poJ . (3b)

By Gauss’ law, V-B; =0 and V- E; =0 if (z,y, ) # ro; however, these equations are not

independent from (3) in the time-harmonic case and, therefore, are not utilized here. Equa-

tions (3) are supplemented with boundary conditions for the tangential components, viz.,”!
e. x (By —Ey)|__, =0, (4a)
e, X (Bl - BQ)’ZZO = MOUEH ) (4b)

where E|| := {El—(eZ~E1)ez}|Z:0 = {Eg—(ez-EQ)eZ}‘zzo denotes the (continuous) tangential
electric field at z = 0. Notably, condition (4b) expresses the physical property that the thin
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FIG. 2. Horizontal unit electric dipole at distance a from planar thin conducting film. The film

lies in the plane z = 0, separating region 1 from region 2; and has surface conductivity o.

conducting film amounts to an effective surface current of density J, = oEj at z = 0; this
J; is viewed as a free current density for the field outside the film. The boundary conditions
for the normal components of (E,B) are redundant for the derivation of a solution; see

Appendix A. In addition to (4), we impose the Sommerfeld radiation condition, viz.,?

(% _ikJ')Sjs 20(%) as 1 — 00 (r=va*+y>+2%), (5)

uniformly in r/r if z # 0, for each scalar component §;, (s = x, y, z) of the vector-valued
field §; (§; = E;,B,); r = re, +ye, + ze, is the position vector in Cartesian coordinates.

Equations (3)—(5) with (1) or (2) constitute the desired boundary value problem.

IIT. FOURIER REPRESENTATION OF SOLUTION

In this section, we derive one-dimensional integral representations for (E;, B;) for a verti-
cal and a horizontal electric dipole. The starting point is the Fourier transform with respect
o (z,y) of (3) and (4). Accordingly, let

gj (LL’, Y, Z) = /R? d77 dé §j (57 n, Z) ei(éerny) ) (6)

S
(27)?
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where §; = E;, B; and §j is the Fourier transform of §; in (z,y), assuming that the integral

converges in an appropriate sense. Consequently, by (3) the transformed variables obey

~

b, — —E;, = iwwbBj, ,

0z
o~ 0 ~ .5
_ZgEjz + &Eﬂ: = ZWBjy s
ZEE\jy — Z’T]Ejm = ingz s (7&)
and
~ 8 .19 7

Z?]BJZ — &Bjy = —Z(k‘j/UJ)E T ”OJz ;
0 ~ . 5
&B]x ZSB]'Z = —Z(k’?/(JJ)E y + ,UOJy s

where (jm, jy, jz) = (0,0,68,) or (64,0,0) is the Fourier transform of J or J" respectively;
do = 0(2 —a). Equations (7) are complemented with the transformation of boundary condi-

tions (4) and radiation condition (5).

A. Vertical dipole

Consider Fig. 1. In this case, by symmetry we have B;, = 0 for j = 1, 2. The remaining
field components can be expressed in terms of Ajy, as shown below. Equations (7) combined
yield the differential equation®®

2 ~

where

Bi=(k—&& =),  SB>0  (j=1,2).

In compliance with radiation condition (5), we write

B\ly(gv n, Z) - C(>62161Z + g_goezﬂﬂz—a (Z > 0) ) §2y(§7777 Z) = C(<6_ZﬂQZ (Z < 0) ) (8)
1
where Cs. and C. are integration constants to be determined. In view of (7), the remaining

field components are given in terms of Ejy by the relations?6

~ ’)7/\
Bj. = _gBjy , (9)

Jx



5 _ _woBy 5 wndBy s w4

o =—5 oL, =— . Ej= By, (z#0,0). (10)
TR 0z WTURE 0z ETUR e T

J

To determine Cs and C. we resort to conditions (4), by which Elx = E\Qm, Ely = Egy,
Elm — Egz = ,uanQy, and Ely — Egy = —,uoaﬁgm at z = 0. In fact, we need only apply
the first and third (or, second and fourth) of these conditions since we have set Ejz =0ab
initio; the other two conditions are then satisfied. Thus, we obtain

MOS i3
C, = —EE R, it
T

) eiﬁla
Co = poks¢

7) Y

where the factor R,, is defined as

_ k%@ - kgﬁl — wWitpo 3132

Rom 5 (11)

which is associated with the reflection of TM-polarized plane waves from the thin layer (the
subscript “m” stands for “magnetic”, implying TM polarization); and the corresponding
denominator, P, is*”

P = kifBy + k3B + wpoo BB - (12)

The two-dimensional Fourier integrals for (E, B) then follow from (6) with (8)—(10).

To reduce representation (6) to one-dimensional integrals, we resort to the cylindrical
coordinates (p, ¢, z) where z = pcos¢ and y = psin¢g (0 < ¢ < 27), following Ref. 26. The
cylindrical components of the field §,; (§; = E;, B;) include §;, = §;s cos ¢ + Fj, sin ¢ and
Sjo = —Tjusin ¢ + 3§, cos ¢. Accordingly, let (§,1) — (X, ¢') with (§,7) = (Acos @', Asin ¢')
where A > 0 and 0 < ¢ < 2m; thus, £&x + ny = Apcos(¢ — ¢') and dédn = Ad¢’ dA\. By

direct integration in ¢’, we find
Fis=0 and B;,=0,

as expected by symmetry because of the dipole orientation. For the remaining components,
we invoke the known formula®!

;=N

]

ing -
e J,(w) o

2w
/O d¢l eiw cos(¢p—a¢")+ing’ (13)

for n = 0 and 1, where J,, is the Bessel function of nth order, and n € Z.

Consequently, after some algebra, we find the following integral representations.

9



For z > 0 (region 1) with (z,y, z) # (0,0,a),

tw o . :
Eyp(p,¢,2) = ﬁ/o dANJ1(Ap) [sgn(z — a)ePrlz=a _ R . e’ﬁl(”“)] , (14a)
1
Wl > )\3 . . .
Ev(p,¢,2) = ——/ A\ == To(Ap) [ePrlmal =R, P EHa)] | 14b
i OO )‘2 ; —a i81(z+a
Biy(p, ¢,2) = %/O d/\EJl()\p) [ePrlzmel R, eiPrlzta)] (15)
and for z < 0 (region 2),
w o 4 :
E2P(p7 ¢7 Z) = - ng /(; d)‘ )‘2J1<)‘p)% eizﬁQZJrZBla 9 (16&)
> 1 o
Ea(p, 6,2) = —g—’f AN To(Ap) 5 o™i (16b)
0
ipoks [ 1
Baolp.6.2) = 2 [ anatnap) gy e a7

In the above, sgn(z) = 1if z > 0 and sgn(z) = —1 if 2z < 0; and, by (11) and (12), R,,

and P are functions of \ with
Bi(N) = (k] = M)V (j=1,2). (18a)

In accord with the Sommerfeld radiation condition, the top (physical) Riemann sheet in the

four-sheeted A\-Riemann surface for the field components is fixed by imposition of
38,00 > 0., (18b)

for each j = 1, 2; thus, §;(A) = B;(—A) in this Riemann sheet. We note in passing that in
the limit where a | 0 and 2z — 0, integrals (14)—(17) approach expressions that are divergent
in the conventional sense yet become meaningful as finite in the sense of Abel.3%3? This

physically transparent interpretation permeates Section IV.

B. Horizontal dipole

Next, we focus on the geometry of Fig. 2. In this case, all cylindrical field components
are in principle nonzero. By (7), Ejr and Ejm satisfy?

o who(kf — &%)
(@ + 63) ij = —ZT5(2 — CL) s



where z # 0 and (;()) is defined in (18), with admissible solutions

_wpo(kf — &%)
201 k3

Bi, = Coe™ (2>0), By =Coe ™ (2<0), (20)

B, = ePlal L K e (2> 0), By =Koe P (2<0),  (19)

consistent with radiation condition (5). Note that Cs # C. here because, in view of
condition (4b), the tangential component of the B field is not continuous across z = 0, in
contrast to the formulation of Ref. 26. The integration constants C., C=, K. and K- are
determined through boundary conditions (4). By transformed Maxwell equations (7), the

remaining field components can be expressed in terms of E;, and Bj, as

k2 0B,

i - OB, ~ ; OE. o~
Ejy = W(anEjz‘f'w 82] ) . By = s (5 az] —mijI) (2 #£0,a). (22)

. 1 [ kOE, ~ ~ 1 ; .
Bj, = woe (Zz 5, T 77§Bjx> , By = m <—77;ij + i€

We proceed to compute the fields. By (4a) we impose Elx = ng at z = 0; thus,

wio(k7 =€)

K. =K
> <+ Qﬁlk%

We henceforth set K = K_ for ease of notation. By (4b), we enforce Elx — ng = uoaﬁgy
at z = 0 which yields

Hoo 1& Wit Ba

Now introduce C' = C.. Thus, it suffices to determine the integration constants K and C.
By (4), the continuity condition Ely = Egy and the jump condition Ely — §2y = — ILLOO—E\QI
at z = 0 lead to the system

1 wWtoo By 1 B Wtoo B2 B2 B
”f[k%—e(l_ k%—§2) - k%—&?l“‘”{k%—?(” k§—£2> +k§—52}0_0’

k3 64 k352 n*E?
B {k% e g T {1 MR —§2>} }K
WO P2

1 1 ,
— iBra
—l—wn&[k%_g(l—i-k%_é?)—k%_e}C’—wuoe .

After some algebra, the determinant for this system is found to be

PO
(K — €2)(k3 — &)

11
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where P is defined by (12), and

Q= B+ B+ wpgo (23)

corresponds to TE polarization.” It follows that

k — wigo By sibra

C= uoné 70 ,
K = —wug Bulhs =€) + ﬁz(;fg £%) + wpoo B1 B2 cibia

Accordingly, all field components are now obtained via (19)—(22) by use of Fourier inte-
gral (6). By representing the resulting two-dimensional integrals in cylindrical coordinates
(p, ¢, 2) and using (13),%° we obtain the following expressions.

For z > 0 (region 1):
1 o0
Elp(p> ¢7 Z) = _4i7ro COS¢<2 /0 d)\)\{[JO<>\p) - Jg()\p)]%’]zm
= () + H(A)] - L r. } iB1(=+a)
1

+ [T an - 2t - szn}éeiﬁl“)? (240)

:
1R
B

+ [Jo(Ap) + J2(Ap)] Ba Rm}eiﬁl(z+a)

E1¢<pv ¢7 ) :kg Slngb(/ooo dA)‘{_[JO(/\p) - J2()‘p)] b

> N2 2,
+ / dA )\{kfjo()\p) = Sl h(0) + JQ(Ap)]}B— elﬁlz‘”) . (24b)
0 1
Ev.(p,¢,2) = Z;Zg Ccos (b/o dA N J;(Ap) [sgn(z — a)ePlz=ad LR eiﬁl(”‘l)} , (24c¢)
i

Blp(p’ 03 Z) = _g—; Sin¢</ooo dA )‘{[JO()\/)> 4 Jz()\p)] R,
_ [Jo()\p) — JQ()\p)] Re}eiﬁl(era)

+ 2sgn(z — a)/ dAAJo(Ap) eiﬁﬂza) : (25a)
0

12



8T 0

Big(p. 6.2) = —£2 cosqb( / T A O) — B Ran
— [Jo(Ap) + Jo(Ap)] R, feFa)

+ 2sgn(z — a)/ dA AJo(Ap) ewlz_‘”) , (25Db)
0

) 0 1 . .
Bi.(p, ¢, 2) = — 2 sin ¢ / AN (Ap) = [Re et — gifil=al] . (25
4 0 B

and for z < 0 (region 2),

Baplp.0.2) = =2 coso | T /\{[Jo(/\P) e

Q
L) = R 2 bemetne oo
o0 1
Bas(p.6.2) = s [~ v ba) - 0wl 5
L) + ) B e qaeny
Es.(p, ¢,2) = _iU2J7ATL0 Cosgb/o dA X2 (Ap) % glhra=iboz (26¢)
0 k2
Bulp.0.2) = 2o [~ aa{ ) + 2] 5
+ [Jo(Ap) — J2(Mp)] %}eml“_wﬂ , (27a)
00 k,2
Bus(p6.2) = eosor [ ana{ L) - 0] 51
() + v 2 oo ()
Bo.(p, ¢,2) = iﬂsimb / Tz (A )ieiﬁla*iﬁzz (27c)
220, @, - o o 1\ApP Q .
In the above, the factor
R, — P — ﬁlQ—i‘ Woo (28)

is associated with the reflection of plane waves with TE polarization from a thin layer (the
subscript “e” stands for “electric”, implying TE polarization); also, recall (11), (12) and (23)
for R,,, P and Q, respectively. Similarly to the vertical-dipole case (Section III A), the top
Riemann sheet is defined by 33;(A) > 0, as in (18b).

13



C. Poles in \-Riemann surface

We now discuss the role of singularities in evaluating integrals (14)—(17) and (24)—(27).
The singularities of the integrands include: branch points at A = kq, ks because of the
multiple-valued §;(A) of (18a); and simple poles identified with zeros of P(A) and Q(\)
by (12) and (23). The A-Riemann surface associated with each integrand consists of four
Riemann sheets if k; # ky; the physically relevant (top) one is fixed by ¥5;(A) > 0. The
location of the poles in this Riemann surface is closely related to the complex surface con-

ductivity, 0.7

1. Denominator P(\)

By (12), the zeros of P()) satisfy

G 3
CEPOUEMCEPORE

Equation (29) is identified with the dispersion relation for the surface plasmon in the context
of TM polarization for plane waves® if \ is viewed as the component of the vector wave
number tangential to the interface. For nearly lossless ambient media (3k; ~ 0), roots

of (29) lie in the first Riemann sheet if

So >0 . (30)

For a graphene layer, this is consistent with the Kubo formula in the far-infrared regime.%7:33:34

Consider the special case with k1 = ky =: k (Section IV) in which the A\-Riemann surface
for the fields has two sheets. Then, P(\) = (2k? +wpoovk2 — X2)v/k2 — A2 and (29) reduces
to Vk2 — A2 = —2k?/(wpoo), which is solved in the first Riemann sheet if —7 < argk? —

argo < 0. Equation (29) has two solutions, A = +k,,, where

4k4
kpm =4 K? — —— 31
(100’ (31

the branch of the square root is chosen so that 3k, > 0. These +k,, are simple poles of

the corresponding integrands for the fields. In the “nonretarded frequency regime”,%

one
imposes |wpoo| < |k| by which 1/|o| > \/uo/|€|, where \/puo/|€| is the magnitude of the

intrinsic impedance of the adjacent homogeneous space; thus, we obtain k,, ~ i 2k?/(wuoo).

14



For argo = 7/2 — 9, 0 < 0 < m, the analytically continued square-root function yields
(k% — k2)Y? = ie®2k? /(wiolo|) and k,, lies in the first Riemann sheet for the appropriate
range of 0 and phase of k, as outlined above; this k,, reads

2k s
Ky ~ ——— €, lwpoo| < k| . (32)
whiolo|

If Sy/k? — k2, <0, then k,, is in the second Riemann sheet.
We adhere to the following definition for the purposes of the analysis in Section IV.

Definition 1 (TM surface plasmon). The TM surface plasmon corresponds to the
residue contribution to the electromagnetic field from the pole X = k,,, provided this pole lies
in the first Riemann sheet.

We note in passing that in the more general setting with k; # ko, one finds the simple

poles Lk, ~ £i(k2 + k3)/(wpoo) if |(k + 2)/ (wpoo)| > max{ [k, [k }.

2. Denominator Q(\)

By (23), the zeros of Q(\) obey
(k= A2 4 (k3 = M)+ wpgo = 0., (33)

which has two roots, +k,, in the A\-Riemann surface, where”®

b = g\/ O 208+ 1) (o
For definiteness, the branch of the square root is chosen so that k., — k if one sets k; = ko = k
and then lets wpgo — 0. The +k. are simple poles of the corresponding integrands for the
fields. By (33) and for nearly lossless ambient media (Sk; =~ 0), £k, lie in the top Riemann
sheet if

So <0, (34)

in contrast to (30). Thus, for the appealing case with nonzero o and an ambient lossless
dielectric,®" only one of k,, and k, lies in the top Riemann sheet.” If |wugo|? < |k? + k3,
then +k, ~ +(i/2)(k? — k2)/(wpoo) for ky # ko; hence, |k.| may take a wide range of values.

In the special case with k1 = ky = k (Section IV), (33) reduces to v/k% — A2 = —wpo /2,
which is solved in the first Riemann sheet if —7m < argo < 0. We find

N A T

: (3)
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If |wpoo| < |k| then k. ~ k — (wuoo)?/(8k) ~ k. By setting argo = 7/2 — §, we find

I ) e

< L Jwmo| < K| (0<d <), (36)

The above discussion leads to the following remark.

Remark 1 (On the co-ezistence of poles k,, and ke in top Riemann sheet). Consider the
case with ky = ky = k. We henceforth assume that 0 < argk® < 7/2 and Ro > 0 with
argo =m/2—6 (0 < <m). Thus, at most one of the poles at ky, and k. is present in the
top A-Riemann sheet.

Specifically: If So > 0 with 0 < § < 7/2 — arg k?, then k,, lies in the top Riemann sheet;

and if So <0 (/2 <6 <), then k. lies in the top Riemann sheet.

IV. EXACT EVALUATION OF FIELD ON PLANE OF FILM

In this section, we analytically evaluate the integrals for the electromagnetic field (Sec-
tions IIT A and IIIB) on one side of the layer by setting k3 = ko = k and allowing the dipole

and observation point (z,y, z) to approach z = 0.

A. Formalism

For the vertical dipole (Fig. 1), let a | 0 with 0 < z < a, so that (p, ¢, z) approaches the

film from region 1. Equations (14) and (15) reduce to the following expressions.

Ey,Y = _“;ZO (wuta)Q {2%2 L — W/;OU Iy + 2Kk p Iy(kinp) — wpooky, Ia(kmp) |, (37)
0 = S G 1 0 [ G B e
% I4(kmp)} (38)
(= Z—ilg(p i)
) 4 y 252,
% I4(kmp)} (39)
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where the requisite integrals read

[1 = / d)\/ J1<)\/) = —/ d)\/ %Jo()\) J()(O) =1 s (40&)
0 0
I, = / ANV Ep)2 = N2 (N), = / ay AN (40b)
0 0 (k‘p)2 —\2
RETVERUICY)
© 2 _ \/2 . 00 !
L(=) = / ax VP = X85 0 e = / v ‘f(” (404
0 )\/ — W A / kp )\,2 A,

with Ii(w) = —[w? — (kp)?| ‘[ + I4()]. Thus, we only need to compute Iy, I, Is and I,.

For a horizontal dipole (Fig. 2), we choose to evaluate the field on the side of the layer that
faces the source-free region: Let a | 0 and z 1 0 so that the observation point approaches
the plane z = 0 from region 2. By (26) and (27), the ensuing representations for the field

components at z = 0 in region 2 read

; 1 2k?
B = TR0 cos¢>[ L — 2% 1y 4 202K2 p Iy (k)
2m (wpoo) p
~ wppok?, f4<k:mp>] , (41)
(hd) _ _ WHo 1 2 d [wueo
E o — Ii(kop) — 2 L (k. @ I
9 =~ cos of L lonuon () = 2 1) + 2 |7
4k*p
— I (k 2k% I, (k 42
oo 3(kmp) + 2k” Lu( mp)}} : (42)
1d 2 1| wpeo
phd) _ WYHo -4 Li(k.p) — 2 I,(k - I
2 i sin ¢ 2d [WMOUp 3( ep) 4( ep)] + (UJ,MOU)2P P 1
ne
AR (hp) + 22 f4<kmp>]} | (13)
WHoOo
2
B = é‘;’ smgb{“"g"’ I — ?12 + wiook2p Iy (kep) — 2k h(m)} , (44)
, %2 1 1d
Byt = g o ¢{< 5 20 Lsllmp) = oo Lulknp)] + 5?{‘ I
( ) pL3(ke )+WMOU]4(]{7@P)}} : (45)
%2 d 12
pid _ Ho L 0k2p Lk, p) — Lk, 147
20 . cos ¢ (000 )2 dp[ pI3(knp) — wioo Ly P)]+2p P
Wipo )2
- %pfg(kep) + wiioo 14(kep)]} : (46)

17



In the above, we provide expressions for the fields on one side of the layer for each source;
the fields on the other side can be found through the imposed boundary conditions (Section IT
and Appendix A). The integrals I3(w), I;(w) and I4(w) are evaluated in Section IV B. (The
reader who wishes to skip technical derivations may proceed directly to Section IV C.)

The field of the vertical dipole bears TM polarization, as indicated by (37)—(39) with (40).
On the other hand, the field of the horizontal dipole carries the signatures of TM and TE

polarization.

B. Key integrals and generalized Schwinger-Feynman representation

Next, we provide derivations for requisite integrals (40b)—(40d) in terms of known tran-
scendental functions. This section forms a crucial part of our formal analysis. We follow the
formalism of Ref. 30, elements of which we repeat here for the sake of completeness. This pro-
cedure should clarify the role of certain singularities related to material properties of the film.

For later algebraic convenience, set kp =: iq and w =: 8} recalling that w = k,,p or k.p;
and treat ¢ and B as positive for the purpose of computing the integrals. The extension of
the requisite integrals to the actual, physically relevant values of these parameters will be
carried out once the integrals are evaluated. Accordingly, set \/(lfp)?i—)\’2 = z\//\’27+q2
and treat \/m as positive if )\ is real. Firstly, we directly find that30:3°

1 — etke

L=ilg+e ) =kp+ie*r | I=—ig'(1—e9) = - (47)
p

1. Integral I3(w)

By (40c), we resort to writing Ji(A) = (1/2)[H "V (A) + H®(A)] where HS"? is the (first
or second) Hankel function of order v.3! By the identity H® (Ae=™) = H"()), valid for
A # 0, (40c) becomes

1 H(l) A/ 1 H(l) )\/
[3(w):—/d)\’ 1 )——liﬁ)l/ dx =1 ( )ziﬂf”(iﬁ)ﬂr2
C € Ce

2 N2 +82 2 A2+ 82 28
i 1
= - H (@)~ — . (48)

by contour integration, where the contours C and C, are depicted in Fig. 3; cf. Ref. 36. The
integrals in the first line of (48) provide the Cauchy principal value of £ [*° dX H Dy (A2
B2)~! which accounts for the singularity of H\"(\') at X' = 0.
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4 N -plane N

/ A\

/ C \\\
/ € \
C M

e Foc RN
B

Py
Branch cut for Hl(l)()\’)

FIG. 3. Branch-cut configuration and contours in the X'-plane for the integral I5(w); see (48). The
integrand has simple poles at +if} (8 = —iw is treated as positive). Contour C = (—o0, —€) UC U
(e,00) (solid line with arrows) is identified with the real axis except for a small indentation, Cc, of
radius € around 0 in the upper half-plane; € | 0. Contour C, (dashed line) in the upper half-plane

closes the path; the contour C U C4 picks up the residue at A = ifs.

2. Integrals I)(w) and [(w)

We seek exact formulas for (40d) with @w = k,,p and @w = k.p. Such formulas should be
particularly useful for |wugo| < |k|, by which |k.| ~ |k| < |kn|; cf. (31) and (35). Thus, we
view as small the parameters: |k/ky,|, with w = k,,,p; and |(k. — k)/k.|, with @w = k.p. Our
derivation is tailored to the case where k,, lies in the first Riemann sheet (see Remark 1); the

extension to other values of the physical parameters is discussed in the end of this section.

The first step is to convert I4(w) in (40d) to an integral of an elementary function. In

the spirit of the Schwinger-Feynman approach, consider the generalized representation®’

1

—vg—1 __
A77¢ =T

o] o] 1
/ / dsy dsy 5% tem(s1+Cs2) — / duu " [(A—)u+€] " R >0,
0 0 0

via the change of variable (si, $2) — (u,v) with (s1,s2) = (uv, (1 — u)v) and integration in

v; I'(2) is the Gamma function. We assume that 0 < € < 2, a condition to be relaxed later;
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here, A = \? + ¢, € = \? + 2. By using the above representation for 2A7*¢~!, we obtain

o] /\/2 _}_q2)fu v 2V
ay WO oy = Ja{ du w7 [gPu 4 B — w)] T -
/0 A2+ 32 NX) 1 —e?™ Jo wu 7w + 51— w) I'l+v)
<P B -] T K (P B 0P) | )

The contour Cj serves the analytic continuation of the integral on the left-hand side to values
of v with Rv < 0 (see Fig. 4). To derive (49), we interchanged the order of integration (in
A and u), and made use of a result from Ref. 35 to carry out the integration in \'; K, is the
modified Bessel function of order v, with K /5(¢) = \/m e~¢.3! By the change of variable
u — ¢ with (% = ¢®u + 82(1 — u), integration by parts via the identity %[C‘Q”(CQ — B3] =
2B820¢172(¢? — $8%)~1, and the subsequent substitution v = —1/2, we find

N NV SR ST,
_ (1—e) _Z'—\M/qdc #Q—C
32 132 8 \/C’Q—iﬁ2

k . 2 (kp)?2 (! .
LU VAot U7 N R B
w w ko/w /1 —1n?

which provides I4(w) in terms of an integral of an elementary function.

B (50)

We proceed to simplify (50). For this purpose, define

gd77 S
¢ V1—n?

We seek appropriate expansions of this W for ¢ = 1 with: (i) ¢ = k/k,, and w = k,,p where

W, ¢ w):= (51)

|¢| < 1; and (ii) £ = k/k. and w = k.p where |1 —¢| < 1. |w| should be unrestricted in each

case.

(i) Case ¢ = k/ky,, @w = ky,p. By writing
W (k/km, L kmp) = W(0, L kmp) — W(O0, k/km; knp) (52)
and resorting to Ref. 31, we obtain the formula

T v
W0, L kup) = 1= 5 [B(knp) = Vilkup)] + 5 HY (Fuup) | (53)

where H, (Y,) is the Struve (Neumann) function of order v. In (53), the last term cor-

responds to the contribution to I4(k,,p) from the residue at X = k,,p. For the remaining
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u-plane

Co
i O/y/‘l Ru

Branch Cl{gfor u~tv

FIG. 4. Contour Cj of integration for generalized integral on right-hand side of (49) pertaining
to Iy(w); 0 < 82 < ¢%. The integrand has branch points at u = 0, —82/(¢> — $2); only the cut

emanating from 0 is shown here, indicating the passage of the integrand from the first Riemann

1

sheet for w177, where '™ > 0 if u > 0, to an adjacent Riemann sheet.

terms, note the large-|¢| expansion®!

M-1 1 2n—v+1
B %0 =7 2 % (2) o e Jusdl<n. (5

Now consider the term W(0, k/k,,; k,p) in (52) by inspection of (51). By expanding
n(1 —n?)~Y2 at n = 0 with || < 1 and integrating term by term, we derive the geometri-

cally convergent series

o0

1 (_1)l+1 <k2 )lH d2+1 (1 _ eig‘) ‘
W0, k/kp; kmp) = Py 79 )
04 =2 (2)1 Nk AT O e,

=0

2

k2,

<1, (55)

where (b); is Pochhammer’s symbol; (b); = ['(l + b)/T'(b). Formula (55) concludes the
evaluation of W (k/k,, 1; kn,p) by (52).

(ii) Case ¢ = k/k., w = kep. By changing integration variable from 1 to v = 1 — n and
expanding (1 — )72 = (1 —v)v™Y2(2 —v)"¥/2 at v = 0, we recast (51) to

etkr SN 1\ 1+ 21 (2k.p)~
klke,1;kep) = —— — ke — k
W( / ey 1y ep) \/m i (2)l 1— 9l l' fl(( e )p) 5

where

fl(z) :/ dw ,U—l/2+l 6i(z—v) ]
0
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This fi(z) has generating function
B(G2) =) %Z)(—ic)l = Vame® (1+ 7 R((1+0)2)
=0

where Fy is given in terms of the Fresnel integrals C(z) and S(2),% viz.,

fo(z)—/o dT\/%:C(z)—iS(z)

= %ei”/d‘ —e " F(2); F(z):= eiz/z dr ‘. . (56a)

In particular, note the asymptotic expansion

F(z) = —# {1 + 22—2 + 0(2_2)} as |z| — oo . (56b)

Thus, by use of the generating function & we write
o
fl(z) — /o Z-lzl+1/2 e @ [271/2.;0(2)} ’

and derive the desired expansion for W:

W (k/ke, 1; kop) = /7 e? i (1) 1+ 21 (i/2) <k:e — k:)lﬂ/zem d (22 Fo(2)]

2),1=20 1 ke dz! _
1=0 t z=p
(57)
This series exhibits geometric rate of convergence for |(k. — k)/ke| < 1 and all p where
_ins (Wiio|o])’p
o= (ke —k)p~ e ———— whoo| < k[, (58)

8k ’
with argo = 7/2 — 0 (0 < 0 < m). This p is analogous to Sommerfeld’s “numerical
distance”;*® cf. (36).

Thus, by (50), integral I,(w) reads

. 2 (kp)2
Li(w) = —— (1 —€*) + ZLTJT(p) Wi(kp/w, ;@) , (59)
where W is provided by (52) with (53) and (55) for w = ky,p; and by (57) for w = k.p.

By (40d), I,(w) equals

N L kN ke, VR (RP) o 1o
@) = = | (1~ 25 ) 0= e 4 1Y Wik /m i) (o)

In the above, ®/w? — (kp)? = S/ (kp)? — @w? > 0, in accord with the definition of the top

A-Riemann sheet, and k,, is assumed to lie in this Riemann sheet; see (32).
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We now discuss formulas (59) and (60) for a wider range of parameters.

Remark 2 (On the values of I, and I,). Equations (59) and (60) can be extended to
all physically relevant values of ky, (and k.) with ®o > 0 (Remark 1), by computing
(1/@) /@2 — (kp)2 W (kp/w, 1; ) according to the following rules. These rules are con-
sistent with the starting formulation of the Sommerfeld-type integrals (Section III).

o [orw = kyp: In regard to the residue contribution in W(0,1; k,,p), set

V (kmp)? = (kp)? 1) Vkn =k ) P2k
H," (kpnp) = Y~2—-H, " (kppp) = —-—— H, ' (kmp) , 1

where Sk, > 0 and the upper (lower) sign holds if the pole at k, lies in the first (sec-
ond) Riemann sheet; see (32). For the remaining terms in W, set \/(kmp)? — (kp)2/(kmp) =

/1 —k2/Ek2, and choose the branch so that limy, oo /1 — k?/k2, = 1 for fized k; thus,
(1) R/ 22
am = 1=Kk, => (- e AR (61b)
n=0 n ’

2
o Forw = k.p: Set

V (kep)? = (kp)* = =i/ (kp)* — (kep)? = Fiwpoop/2 ; (61c)

the upper (lower) sign holds if the pole at k. lies in the first (second) A-Riemann sheet.

The sign in (61a) controls the appearance or absence of the TM surface plasmon (Def-
inition 1). If the pole at X = k,, does not lie on the top Riemann sheet, e.g., when k > 0
and So < 0, contribution (61a) causes cancellation of the residue from I3(knp) in each rel-
evant field component; then, the TM surface plasmon is absent. An analogous effect comes
from (61c) in regard to TE polarization. Equation (61b) warrants that the primary field (in
the absence of the layer) of the dipole is recovered as o — 0 regardless of the location of the

pole at k,,. See Section IV C for consequences of this solution.

C. Field components: Evaluation

The field components are computed by substitution of the formulas for integrals I,, (n =
1,2,3,4) and I, (n = 1, 2) from Section IVB into (37)-(39) and (41)(46), bearing in

mind Remarks 1 and 2. To render the resulting expressions physically transparent, we
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subsequently apply the condition |wugo| < |k| which warrants that |k/k,,| < 1 and |(k. —
k)/ke| < 1; the requisite series expansions can be approximated by their first few terms for
all distances p from the source. In Appendix B, we provide alternate evaluations of the field

components for sufficiently small and large distance, p, from the source.

Remark 3 (On the pole at ky,). We assume that the parameter o is chosen so that the

pole at X = ky, lies in the top \-Riemann sheet (see Remark 1), unless we state otherwise.

1. Vertical dipole

The p-component of the electric field deserves special attention, since it vanishes at z = 0
in the absence of the layer.?® By using this component, we illustrate the role of the location of

the pole at k,, in the Riemann surface associated with the dual (\) variable. By (37), we write

270 p p WO

. . k: ) . 2k2
R O L
+ ik o [1 - g(Hl(kmp) — Yi(kmp))

>~ /1 (_1)l+1 k2 I+1 2L 1 — i
+;<5>l I (E) dc2l+1( ¢ >’¢:kp | (620)

Notice the term proportional to [2k?/(wpeo) — ir/k2, — kQ]Hfl)(k;mp), which expresses the
TM surface plasmon; see Remark 2. By (61a), in this term \/k2, — k2 = 4i2k?/(wpeo),

depending on the location of the associated pole. On the other hand, in regard to the second
line of (62a), kZ,a,, ~ k21 — k?/(2k2)] ~ k2, if |k,|? > |k|?. Suppose that the pole at k,,
is present in the top A-Riemann sheet, if, say, o > 0 and k& > 0 as outlined in Section III C.

By retaining two terms in the series expansion of (62a) and enforcing |wppo| < |k|, we obtain

3 3i 1), A ne
E(Vd) -~ Who | WHoO N _ ikp : H(l) km
oo a \kp B k22 )C T oy ( p)+(wuoa)3

(wpoo)? 4 1 3
X (1 + [y ) [1 o §(Hl(kmp) - Yi(kmp)) + (kmp)Q B (km/))4] } ’ (62b>

The TM surface plasmon contribution has survived here as the term proportional to

H fl)(kmp); see also Appendix B. In contrast, if k,, lies in the second Riemann sheet, if, for
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example, So < 0 and k > 0, the above residue contribution disappears (see Remark 2), viz.,

(vd)  Who | wioo [ 3 3i 1 i 4k (wpoo)?
EleQ 4 k44_k33_k226p+ g1+ Sk2
™ P p p (whoo)
1 3
(kmp)®  (kmp)*

>< ll—g(m<kmp>—n<kmp>)+ ” (wpoo] < k] . (62¢)

A similar calculation can be carried out for the other field components of the vertical

dipole. We henceforth emphasize mainly consequences of Remark 3.

Next, we turn our attention to the magnetic field. By (38) and Remark 3, we compute

' AW K2k, 2k 1
B = _H0do L4 D )it —in 1+ = HO (kyup)
Am P*oop Wi wiioo /K2, — k2

o 1= 5 ) = Yikap))

o) 1 (_1)l+1 k‘2 +1 d2l+1 ]__GZC
+§(§),—u (E) dcw( ¢ )'C:kp

. . k ) k4 4k4
~ _W_O{ (i + —) e + 4r H; (knp) — i [1 ~ 5 (i (knp)

Pt (Wpoo)? (Wito0)? 2

1

m

} o |whoo| < K] (63)

The terms with the e?* factor in the fourth line (but not on the first line) of (63) correspond
to the primary field of a z-directed dipole in free space;? the remaining terms in the second
equation amount to the scattered field due to the presence of the thin layer for |wugo| < |k|.
Notice the surviving residue contribution expressed by the term containing H fl)(kmp); this
is identified with the TM surface plasmon via Definition 1. In Appendix B, we provide
alternate calculations for Bgﬁd) in the disparate cases with |kp| > 1 and |k,,p| < 1.
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The z-component of the electric field is likewise computed by (39) under Remark 3:

) Eoooik?\ | k2 k2 2k? 1
E(Vd) _ _W_MU 9 i v ikp . m (1 . H(l) km
1z 4rk? P> + p? p e mw,uoa * Zwuoo k2, — k? o (Kmp)

4kt 11 s

(Whoo)? atm p
* /1 +1 /L2 I+1 d A2l 1 — i
20) 5 (g) wae= (=)
—~\2/, k2, d¢ | > d¢ ¢ c—kp
Wity 7 1 0\ ikp K (1) o 4k* 1 T
- — == - —— Hy (kn —— 1= =kn
A {(k%?’ T p>€ o (whoo)? ° () "(wmoo)? p 2"l

% (Ho(knp) — Yo(kmp)) — k21p2]} o] < JK| - (64)

m

The terms proportional to e*” in the fourth line of (64) amount to the primary field of
the dipole.?® The TM surface plasmon contribution is expressed by the term proportional
to Hél)(k:mp). If lwpoo| < |k| and |kp,p| = O(1), the primary field is subdominant to this
contribution provided |kp| > |(wpoo)/k| (in addition to having |kp| < 1). See Appendix B

d)

for asymptotic evaluations of Eg in the far- and near-field regimes.

2. Horizontal dipole

Next, by (41)-(46) we compute the field of the horizontal dipole. We address the z-
components first, since each of these fields involves only one type of polarization, as indicated
by the presence of only one denominator (P or Q) in their Fourier representations for ki # k.

By (41), Eégd) involves only TM polarization and is computed as

21 (wpgo

' 1 1 k) Ko
Eh _M/Jo—)2 cosgb{—z’wuoa (_2 _ Z_>€zkp n Z7r2 (2k2 oo [T k2>
PP v

. m
x H{V (kp) — iwpoo k2 o, [1 - g(Hl(’me) = Yi(knp))

1+1 k2 I+1 2L 1 — i
+Z() Si() e ( ceﬂgzkp}' o)

Notice the term (2k* — iwpugo+/k2, — k2)Hf1)(k:mp), in conjunction with Remark 2. By

Remark 3 and |wpoo| < k| (i-e., |kn|? > |k|?), we keep two terms in the series expansion

26



and readily compute (see also Appendix B)

) ' 1 31 3 ; k*

4\ k*p* k3P k'p (whoo)?

m

22k, n ] 5
(WMOU)2 [1 - E(Hl(kmp) - }/i(kmp)> + W - k4—p4] } . (65b>

In the last formula, the TM surface plasmon is evident as the term proportional to H 1(1) (kmp).

In contrast, if k,, lies in the second Riemann sheet (see Remark 2), then

, , 1 3 3 '
ES;U ~ __zc;;:o cos ¢{_’lwuoa ( + )elk”

4 k202 k3 p3 B kA o
2k%k,, T 1 3
(cpoo)? [1 ~ ) =N g p‘*] } -

We next compute the z-component of the magnetic field by resorting to Remark 2. Equa-

tion (44) yields

| N
B = 2 sin¢{—2i (—2 - Z—) e+ T ook H (Fup) — 2ike /R — 2
T P

p
} , (66a)

rrem (1N 1420 (i/2) (ke — kT2 d
X \/7_1'@”“”2(—) +21(i/2) ( = ) e [2_1/2}'0(2)}
which involves TE polarization; Fy and p are defined by (56a) and (58). The term propor-

2),1—20 1l e dz!
=0

tional to e in the first line of (66a) corresponds to the field of the z-directed dipole in
free space. Beware of the factor \/k2 — k2 in (66a); see also Remark 2 with w = k.p. To
simplify formula (66a), consider |wuoo| < |k|, by which k. ~ k. Thus, (66a) is reduced to

' L ik g, 0 -k [ 2
B~ 22 Sin¢{—2i <—2 - %) ¢ Zioporh [Hl(l)(kep) Ve \/ e«kepw/zx)]

p WHoO Tkep
+ 2ik\/k2 — k2™, /k1 f(p)} : (66b)
P

where F is defined in (56a). If we adhere to Remark 3, we expect that (66b) should not
manifest the contribution, H- fl)(kep), of the residue at the pole A = k..?% To demonstrate its
elimination for large enough distances in this component, we use the asymptotic expansion®!
HV(2) ~ /2] (x2) €Z7/27/4) which provides a reasonable approximation for H" (k.p)

for all but small values of |k.p|. Recall that \/k? — k? = —iwpoo/2 if k. does not lie on the
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top Riemann sheet of v/k2 — A2. Thus, for sufficiently large |k.p| ~ |kp|, (66b) becomes

7 , A1 k) ;
B — g smgzﬁ{—Zz(pQ ,0) P+ wpok [ k:p e*? Flp )} (66¢)

which manifests the e®**-wave behavior in view of (56b); see Appendix B. In contrast, by

the hypothetical scenario when k. lies in the physical (top) A-Riemann sheet, (66b) yields

hd) _ tHo 1 ik 2T ikpm
B — - smgb{ (; — p) ke wpgok k:,o gikep—m/4)
ok [ et f<p>} , (66d)
P

In regard to the p-component of the electric field, formula (42) entails

(hd) Wo k’2 1 k2 k’2 1 ik
EQp _ECOS(ﬁ{[ (1—k—2>—+ 1—]{7—2—% ]{;_pZep

/2 — |2 ,
+ i T W (g, p) — i;—\h—r ¢he
P

in view of Remark 2.

4kep e
1N 12 G/2) (ke — K\ d Y
XZ(§>Z1—21 I\ k& RGN
=0 Z=p
K[ 2k k2 k ™
— 2mi —i/k2 — 2| HY (kpp) + i ™ v | — = (L, (Ko
m(WMOU)2 [WMOU v ] 1 p)+z<wu00>2a 2( 1(hm)

/ E /1 +1 /1.2 I+1 d2H2 /1 — i
)+ £3206) () s (L) o

where the prime denotes derivative with respect to the argument and H,(z) = 3[Hy(z) —
Hy(2)] + T'(5/2) 71 (4/7) 2. By imposing |wpeo| < |k| under Remark 3, we keep one term

from each of the above series expansion and find

1 ) -
Eéﬁd) - cs¢{ <k2+k2 >e““p

. WhoO @) 2 i(kep—3m/4) WHoO [T ik
H," (kep) — p —— | —€"PF
+arm 4kp [ 1 ( p) ﬂ-kepe + 2]{?,0 kpe (p)
8k4 4k* 4
— i = HY (kp) + ——— |7 (Hy (kyp) — Y] (kip)) + | ¢ . (67b)
(whoo) (whoo) (kmp)

The primary field of the dipole is singled out in the first line of formula (67b), while the

remaining terms of this formula express the scattered wave; see Appendix B. In the scattered
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wave, there are two noteworthy contributions. The TM surface plasmon contribution is
expressed by the term proportional to H{l)/(k’mp). The other contribution, H{l)(k;ep), is

cancelled out for large enough |k.p| in a fashion similar to that shown for BS; ) above.

By (43), we likewise obtain the exact formula

k 4k2 K2 1 ik*1]
E(hd) ﬂ : — 1+ —-— | = - == ikp
2¢ ar 00 k2 k2 (wpoo)? | p2 k2 p ‘

+ —quaH (kep) + /K2 — k2\/me*®

4
SN 3R () (R R\ d
Xz(ﬁ)l(l—m)(:a—m) ! ( e ) e[ Fo(2)]

=0

omik? [ 2k HY (knp)  4ik? « w
—iy/k2 — k2 | L 01— = (Hy (A
(wuoa)Q(wuoa Vi ) knp | (@o0)? p { 5 (L ()

l+1 k2 I+1 2L 1 — eiC
— Y1(kmp) +Z< > (@) dC2l+1< Ce )‘CZkJ}- (68a)

i (1 2 ilkep—3m/a) WO ik [T
— H — e e | L
¥ 4WM00[ () =iy e : O F©)
8kY 1)
—ar — km,
(W00 )? Kmp (me)
8k* 1 m 1
——— |1 — - (Hy(k - Yi(k . b
(@0 )? kmp{ 2( 1(kmp) 1 ( mP)) + (k?mp)Q} } (G8b)

In the first line of approximate formula (68b), we display the radiation field in the absence

of the layer. The additional terms of this formula account for the scattered field. See

Appendix B for alternate computations based on asymptotics.
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By (45), the p-component of the magnetic field reads

(hd) Mo Wloo k 2]{?3 1 1 ?:(,LJ,U/()O' ]{ZQ 1 ik
By —Esmqﬁ{[ < 2 ﬁ—i_wuoak_z ?+ 2 k2p e
2ik? o,

2k4 1 WO 1)
' 1 — JE2 — k2| H _ —_m
+am { 572 k2 —k 1 ) o

(W00 )? Kmp

T z+1 k2 I+1 A2 1 — i
|1 T () — Vi) + () () ()]
[ 2( Z T k72n d¢2i+1 ¢ o

— = (wno)? H{ (kep) = 2% /RZ = R /m

(1) W?)(ek: ) e )

} . (69a)

2), A—-20B—2) dz!
By Remark 3 and condition |wpgo| < |k|, the last expression becomes

(hd) Mo . Woo [ @ 1 7 i
B?p NESIHQS{ 2 (;_k_pQ__]{j2p3>e p

. 4]{,‘4 1 (1) i 2]{2 1 m 1
—H; 7 (k — — 1 — = (H(k - Yi(k
T e g ) (k) = Y1) + oy

k
_ i_ﬂ(wuoa)2 HY (kep) — \/—2 eilkep=m/4) | _ iwpoo) [T e F(p) p; (69b)
] LA wkep 4 kp ’

see Appendix B for alternate derivations of the far and near field.

We conclude this section with the computation of the ¢-component of the magnetic field.

By (46), we obtain

k 2k3 1 1 2k 1 ,
phd) _ Ho Wpoo K- I ikp
2¢ 4z < ¢ 2 k2 + wpoo k2, | p? Zw,uga k2 p ¢

K[ 2k 2%k
+ i < —i k;?n—k:?)]:lfl)'(kmp)—i mozm[—g(H/l(k:mp)

Woo

E /1 ( )z+1 2 I+1 d2H2 /1 — ei¢
—Y/(k,, b Z
1 ( ;0)) + . ; (2)1 T k?n d¢2+2 ¢ i

_im (whoo)? Wioo)” pa )(k o)+ iwpgo v/ k2 — k?
K} kep ¢ 2 kep
1+20(i/2) (ke —K\"? . d
ik € i
X\/_ep () 1—2 1l ( ke ) i
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Suppose that |wpeo| < |k|. By Remark 3, the preceding formula is reduced to

nd) Mo 1 i i
B§¢ )~ 4 ©0 ¢{wuoa (k_p2 + k2p3> cikp

4k’4 (1) 4]{34 ™ 2
+im HY (kpp) — —— | = (H, (kpp) — V! (kmp)) + ———
(MM00>2 1 ( P) (w,U/OO'>2 2( 1( p) 1( P)) (k,mp)g
i (wpoo)? | ) 2 ikpsy|  (wpoo)* 1 [Ty
— =222 N H (k) — i(kp—3m _ WRY) 2 ke _
R [ 1 (kep) \/Wkepe 1 o\ in” F(p)

(70b)

In Appendix B, we compute this field component by asymptotic methods, in the near-
(|kmp| < 1) and far-field (|kp| > 1) regimes for |wpugo| < |k|; the results are in agreement
with (70b).

V. DISCUSSION

In this section, we discuss the derived formulas of Section IV under Remark 3 in the case
with |knp| > 1 and kp = O(1), by assuming that |wugo| < |k|. An issue that we address
is the relative strength of the TM surface plasmon contribution to the electromagnetic
field. A practical consideration that motivates this study is that layers of two-dimensional
materials such as graphene may sustain a TM surface plasmon wave number, k,,, with
0 < Sk < Rk, and Rk, ~ |k,| > |k| at a certain accessible frequency range;!” thus, the
wavelength of the generated surface plasmon can be much smaller than the wavelength of
the incident electromagnetic field in free space. It is of interest to investigate how the TM
surface plasmon can prevail over other field contributions on the layer at distances of the

order of the free-space wavelength.

A. Field of vertical dipole, |k,,p| > 1 and kp = O(1)

By (62b), the p-component of the electric field reduces to

1p 27 4\ kit E3pP k%p? (wpoo )3\ knp ’
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if |kmp| > 1, by use of asymptotic expansions (54) and H\"(z) ~ /2/(m2)e!z=vm/2=7/4) a5
z — oo with v = 1. Hence, the TM surface plasmon dominates in this regime if

Woo

k

< e~ @/Dn Ikl (72)

In the same vein, by (63) we compute the ¢-component of the magnetic field:

(vd) ipok? i L\ i 8k T i(kmp+m/4)
Pe ™ {<k2p2+k_p T o2\ | 73)

Evidently, the TM surface plasmon contribution dominates in this component if

WHOT | o o—(2/3)Skm /IF] (74)

Equation (64) for the z-component of the electric field yields

. . 3
B ~ _““Ok{< Loy )a”fﬂ L e“’“m“”/“)} (1)

m |\ B B2 (wito0)?  Kp
which implies that the TM surface plasmon is dominant if

wloo

k

< o~/ /Ik (76)

Thus, for kp = O(1) the TM surface plasmon dominates in all field components of the
vertical dipole if (74) holds.

B. Field of horizontal dipole, |k,,p| > 1 and kp = O(1)

First, we address the z-components. By (65b), the z-component of the electric field reads

1 3% 3\, e o
E(hd) ~ % _w,uoa . ikp i(kmp—m/4) (77
= 9 N T\ TS ) o V€ )

For kp = O(1), the pole contribution dominates under condition (72). In contrast, by (66)

the z-component of the magnetic field does not carry any TM surface plasmon contribution;
thus, we omit its evaluation from this discussion.

The remaining components are more richly structured. By (67b), we have

» 3
wfok cos ¢ {—2< ! +— )eikp _ ok 2m eikmptm/4)
T

hd
Eéﬂ '~ - 2 2 3.3 3
k2p? - K3p (whoo)? V Kkmp

imwpoo 1) 2 ikep-3m/ay| | WHoo 1T
MOLT 2 g0k p) — 4| —=— ilher WHoo [T gikp . (78
+ 4 L k,p|: 1 ( p) ﬂ_kepe + 2%k kp kpe f(@) ( )
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If kp = O(1), all terms in the second line are relatively small. The residue contribution of
the pole at k,, dominates over the primary field if (76) holds.
Equation (68b) for the ¢-component of the electric field gives

. . 3
Ej ~ wf oK in qb{ (—i T ' )e““f’ A S

u kp k‘zp2+k‘3p3 (w00 )? kmp \ Emp

T WO | (1) 2 ikep-snjay| | WHOT g, [T
H " (ke.p) — P ’ ; 79
t T [ 1 (Kep) Wkt +—p ¢ kp]:(@) (79)

which is dominated by the TM surface plasmon at distances with kp = O(1) provided (74)
holds.

We now focus on the components of the magnetic field. By (69b), we compute

2 - - 2
Béhd) N Hok sin ¢ wpoo (41 Gk 4 4k 1 2T pilkmp—r/4)
? dm 2k \kp K2p* K3p? (w00 )? kmp N Emp

_i_W(WMOU)Q (1) _ 2 i(kep—r/a) _-(Wﬂog)z T ikp
8 k2 [Hl (kep) Thep TR Fe)p - (60

All terms of the second line are negligible; in contrast, the TM surface plasmon can dominate

over the e*”-wave of the first line under (74). Similarly, formula (70b) is reduced to

k? wpeo [ 1 i , 4k 2T
B(hd) ~ Ho 0 ikp i(kmp+m/4)
% Y N TR g teg )t (@r100)2 \ T ©

im (wpoo)® 1| ) 2 ithepsny| | (wpoo)? e [
_ ) N HO (kep) — o | ——either=3m/4)| _ X2H0T) i :
S ke hp| T (Rer) =y e w2 g\ W)

which suggests the dominance of the TM surface plasmon if (76) holds.

Therefore, on the basis of the approximate formulas of Sections VA and V B, we reach

the following conclusion.

Proposition 1 (On dominance of TM surface plasmon contribution). Suppose that the
pole at \ = ky, is present in the top A-Riemann sheet; and |wpoo| < |k| which amounts to
¢ = \a]\/m < 1, where k = w\/upe. Then, the TM surface plasmon is dominant at
distances p of the order of the wavelength in free space if condition (74) holds. In particular,
if k>0 (€>0)andargo =m/2 -9, 0 < 6 < /2, condition (74) reads

( < exp (—% sin(S) ) (82)
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VI. CONCLUSION

In this paper, we computed by analytical means the electromagnetic field of a vertical
and a horizontal dipole located near a thin film with scalar, complex conductivity, o, inside
an unbounded medium of wave number k. This setting provides a minimal yet nontrivial

model of wave propagation on a two-dimensional material such as a graphene sheet.

Our starting point was the Fourier-Bessel representation, or Sommerfeld-type integrals,
for all field components. In the particular case when both the dipole and the observation
point lie on the layer, we showed that the fields can be expressed in terms of geometrically
convergent series and known transcendental functions such as the Fresnel integrals, and the
Bessel and Struve functions. We simplified this result considerably when |wpgo| < |k| and
derived analytic formulas that hold for practically all distances, p, from the source. These
formulas connect smoothly the near field with the far field of the dipole, as we verified via
independent asymptotic evaluation of the requisite integral representations. Our treatment
provides an analytical description of a particular case of the dyadic Green function associated
with the geometry of the conducting film; and can expand insights obtained from previous

numerical or semi-analytical approaches for related problems.”827

Depending on the frequency w and the parameters o and k, the electromagnetic field of
the dipole may manifest a contribution from a pole analogous to the TM surface plasmon
of plane waves.®> We demonstrated explicitly how this contribution may be manifest or
suppressed in each relevant component of the electromagnetic field for all distances from the

dipole source.

The present work admits several extensions and also points to pending issues. For ex-
ample, we have not computed the field components at points away from the film; this task
would require an elaborate asymptotic evaluation of the requisite Fourier-Bessel integrals
by imposing some restriction on |z|. The possible anisotropy of the thin-film material, e.g.,
black phosphorus,*® where o is a tensor, deserves attention; this anisotropy dramatically
affects the dispersion relations for surface plasmons and the analytic structure of the elec-
tromagnetic field produced by current-carrying sources. Another problem is the excitation
of surface plasmons by a resonant receiving antenna placed on the material sheet,'” which
requires solving an integral equation for the associated current distribution; this task is left

for future work.
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Appendix A: On the normal field components

In this appendix, we discuss the conditions on the field components normal to the plane,
z = 0, of the film. Such boundary conditions were not explicitly invoked in the derivation
of the Fourier-Bessel integral representations (Section III).

First, we describe the (effective) surface charge density of the film which produces a jump
of the normal component, €;E;,, of the electric displacement field D; = €,E;. By (4b), the
thin layer bears the surface current density J, = cEj = 0{E; — (E; -e.)e.} at z = 0, which

by the continuity equation is associated with the surface charge density
os(z,y) = —(i/w)Vs - Js|z:0: —(io/w)Vs - E”|z:0 ;7 Vo=V —(V-e,e,.

By Gauss’ law in region j, V,-Ej = —0F;./0z for (x,y, 2) # (0,0, a); allowing z to approach
0 from region j, we conclude that the normal derivative, OF;,/0z, of E;, is continuous across

z = 0. Thus,
10 8E12
w 0z

. 10 8E2Z
0+_ w 0z

, (A1)

Os

z= z=0"
where writing z = 0% (z = 07) implies that z = 0 is approached from above (below).
The boundary conditions for the normal field components consist of: (i) the jump of

the z-component of the electric displacement field due to gg; and (ii) the continuity of the
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z-component of the magnetic field. Accordingly, we write

OFE;.
0z ’

z=0

[sz] ::(Blz - B2z)|z:0 =0. (A2b)

[kJQE]z] ::(k%Elz - k§E2z)|z:0 - W2M0 Os = iw,U/OO-

(A2a)

Next, we proceed to demonstrate that (A2) are satisfied by the integral representations

of Section III for an elevated dipole (a > 0), as expected.

1. Vertical dipole

By differentiation in z of (14b) for 0 < z < a and (16b) for z < 0, we obtain

iwpy [ 3 62()‘> iBra OE;.
= dAX® Jo(A 0
o om /0 o) By ¢ BE

aElz
0z

: (A3)

2=0"

which shows the continuity of the normal derivative of F;,. On the other hand, we compute

A3 k2R3, — k2 .
RE =~ [T o) (1+ 201 152*““0"5152) g

e o k301 + k3 B + whigo B1 52
Wo 3 k% if1a

+ — d/\ A Jo(A 1
2m 0(A) k351 + k2B + wioo B1Pa

__Who * 3 @ iBia
= =5 (w,uoa)/o dA X Jo(Ap) e

which, by (A3), is equal to iwpyo(0F;,/0z) at z = 0. Thus, condition (A2a) is satisfied.
Note that (A2b) is trivially satisfied in this case because B;, = 0.

2. Horizontal dipole

By differentiating (24c) and (26¢), we verify that 0F;,/0z is continuous across z = 0:

ﬁ152 Zﬁ1a _ aEQz
0z

aEalz
0z

WHo

:——cos¢/ dANE T (N\p) ===

(A4)

2=0% 2=0~—

On the other hand, the jump of k?Ejz is equal to

. o} 2 _ 1.2 _ )
[k?E]Z] _ Zjﬂo COSd)/ d\ )\2 Jl()\p) (klﬁQ k2ﬁl W,U0<75152 o 1) elﬁla
T 0

k3 Bs + k351 + whioo 5152

kgﬁl eiﬁla
k3By + k351 + whioo b1 52 7

Wt

+27T

cos ¢ / dA N2 T (Ap)
0
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which, after elementary algebra, is equal to iwpgo(0E;,/0z) at z = 0; cf. (A4).

We now turn our attention to Bj,. By (25¢), as z | 0 (with 0 < z < a) we obtain

Y

A

_ B2 — P+ wpeo pibia
Ba + B1 + wioo

. . '
Bi.|sor = Psing / AAA2 T (Ap)— (1
4 0

which is equal to By, at z = 0~ by (27c). This shows the expected validity of (A2b).

Appendix B: Asymptotic evaluation of Sommerfeld-type integrals

In this appendix, we derive the near- and far-field of each dipole by asymptotic evaluation
of the Sommerfeld-type integrals under |wpgo| < |k|. The results of these calculations are
compared to the exact formulas of Section IV C. We assume that the pole at A = k,, is
present in the physical Riemann sheet throughout this appendix (see Remarks 1-3).

In the following analysis, we will need the relations®!
2
Jo(2) + Ja(2) = Z Ji(2),  Jo(2) = Ja(z) = 2J1(2) , (B1)

along with the leading-order asymptotic formula3!

2
Jy(z) ~ “E cos(z—vm/2 —w/4) as|z| 200, |argz|<m. (B2)

In addition, we will make use of the following result from Ref. 26.

Lemma B.1 (On the Fresnel integrals). The integral

00 ei(kefk)pT T ]
Ji= [ dr = ™ F(po) B3
o T(wpoo + i2V2kVE — k7)) VEVE — (0] (B3)

where /T > 0 for 7 > 0, F(2) is defined in (56a), and po = —(wpeo)?p/(8k) [see (36)
and (58)].

Proof. By Ref. 26, first write

00 ei(ke—k)pT e—i(ke—k)pﬂ-

=T ﬁ(wuoammm—mﬁ/o ey N o

Then, apply 7 — ¢ with /S = 2iv2k\k, — k(wueo) /7 to find

J=——=—7——=T0(p0) ,

2\/%\/ ke - k
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where
77,Z§

| % st e

This Jo(z) satisfies

dJo

% — 230(2’) = —26_iﬂ/4\/§ s lim 30(2’) =0 5 (B4)

z—>+00
with solution Jo(2) = 2mv/2 e™™/4F(2), which concludes the proof. [J
1. Far field: |kp| > 1 with |wuyo| < |k

In this regime, the major contribution to integration in the Sommerfeld-type integrals
comes from the singularities at A = k and A\ = k,,. The Bessel functions in all integrands
are expressed in terms of J,(Ap) for v = 0, 1 by use of (B1); J,(Ap) is in turn replaced by

its large-argument approximation according to (B2).

a. Field of vertical dipole on film

Taking the limit as a | 0 with 0 < z < a of (14a) and then invoking (B2) readily yield

iwpy [ 2 1
E,,=— dA A J (A
nd 27 /0 1) 2k? + wpgoV k% — \?

lkpl>1  dwpg [ ) D) 1 O/
~ = dA A° 4/ o . B5
47( /oo 7T)\p 2]{;2 + CL),LLOO" /k2 _ )\2 € ( )

In this integral, we single out the contributions from the simple pole at A = k,,, and the

branch point at \ = k, viz.,

) 2
o), _WHo {27”- 12 2 oilkmp=37/4) i, [% — whoo V'k? — )\2]

Thmp A—km (wpoo)?(2X)

1 1
2k2 — e~/ wpgok /T2 + iT 22 4 ein/d wiook\/TV2 + i1

2 ei(kpf37r/4) e*k)pT
wkp(1 +iT) ’

where for the last integral we appropriately deformed the integration path in the upper
A-half-plane, set A = k(1 + i7) and integrated on each side of the positive real T-axis. The

major contribution to integration comes from the vicinity of 7 = 0 with width O((kp)™");
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the corresponding integrand yields a term of the order of wyugo/k. By enforcing the condition

lwpoo| < |k|, we reduce the preceding formula for E(V ) to

: 3
B wpok | kn, [ 2 pilkmp—/4)
P 4 k3 N knp
. Whoo V/2e i/ /l pilkp—3m/4) /OO dr \/;e—kpr
2]{ Tkp 0
_ wpok J Ky [ 2T k) | Whoo i (B6)
ar ) K3V kp 2k k2p? |

in agreement with (62b) which comes from the exact series expansion for this component.

In the same vein, by (14b) and asymptotic formula (B2) for v = 0 we have

(vd) W o o )\3 k2 + WwiooV k2 — \2
By =—5—=5 [ dAJo(Ap)
21k VK2 — X2 2k2 + wpgovVk? — N2
ko>t who [ AP K+ wpoovVk2 =2 [ 2 i(o—/4)
Ark? | o VEZ = N2 2k2 +wpgovVkE — N2\ mAp '

By singling out the contributions from two singular points, at A = k,, and A = k, and

(B7)

additionally imposing |wugo| < |k|, after some algebra we find

1
ZOD ﬂ 2ri A" 2 ko)
' w,LLOO' kap
— ik / A7 | | s (1 i)/ (b
mkp( 1—|—ZT —ein/4 k\/2+zr\/_

y e wpgok/TV2 + it 1
2k2 — e~/ wugak/TV2 + it e /A k2 + it /T
k2 + e ™ Wpgok /T2 + it
" o + et wpgok/TV2 + it

wiiok ok 2 . ik
~ 8 \/ mp=m/4) 4 B8
47 { o (wpoo )3\ Thyp ¢ * kp ’ (B8)

by expanding the integrand at 7 = 0. The preceding result is in agreement with (64) of the

exact solution for |wugo| < |k| and |kp| > 1. By a similar computation, (15) yields

(Vd) Z/J,O o0 )\2 k2 -+ CU/.LOO_\/ k2 — )\2
By, == dX Ji(Ap)
2 Jo VK2 — N2 2k2 + wpgovVk? — N2
ko[>1 dptg [ A2 k? 4 wpoo vV k2 — N2 2 (iAp=37/4)

N — d)\
4 VE2 = X2 22 4+ wpgoVE2 — 22\ TAp
2 2
|wu0g\|J<<|k| l,uok A k 2 pikmp—3m/4) + i eikp ’ (BQ)
4 (Woo )2\ Thp kp
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which, alternatively, results from (63) of the exact solution if |wugo| < |k| and |kp| > 1.

b. Field of horizontal dipole on film

In this case, the contribution from the branch point at A = k should be affected by the
proximity of the pole at A = k. if |(k. — k)p| < O(1). This effect is taken into account via
the integral of Lemma B.1, where (k. — k)p ~ o enters as a parameter. This situation is
typical in radiowave propagation on the boundary separating media of significantly different
26

wavenumbers.

In view of (B1) and (B2), the limit as @ | 0 and z 1 0 of (26a) yields

1 k2 — \2
(hd) _ 4
By = =5 cos d)/ A { Si(A) 2VkZE = N2 + wpgo FAN) 2k + wpoo vk — A2 }

|kPr|V>>1 WIU/O S¢ / )\p 3 /4)
V p 2V k? — )\2 + wpoo

. / 2 _
/ dX i / e!p=3m/4) : (B10)
p 2k? + wiooV/ k2 —\2

There is only one residue contribution, Eé;f?m, to this component, which comes from the

last integral and concerns the simple pole at A = k,,:

2 —
Eélplfi) ~ —% cosgb?ﬂ{z’km eilkmp=37/4) | k2 k2 Jim [ w,uoa\/i] }

™ Wk:mp k—km (wpoo)? (2X)

The contribution from the branch point at A = k is singled out as

o0 ~1/2
_wh o | 2 ) ke—k ke —k (e —K) o7
Eéﬁdk) ~ 47: cos ¢ e'FP=3m/4) _ﬂkp{ P /_Oo dr’ (1 + k T eike=k)p

1 [e.9]
X + (ik)? / dr /14 it e o)
2iV2kvke — ky /1 + 557 VT + wpgo 0

—e kN2 T T e N2+ it T
2k2 — e~ /A ook /2 + it T  2k2 + e A wpgoky2 Fit/T| |

For the first integral above, we have set A = k + (k. — k)7’; whereas for the second integral
we deformed the path in the upper A-half-plane and then set A = k(1+i7) as before. In each
of the transformed integrals, the major contribution arises from a small neighborhood of the

origin. The value of the first integral crucially depends on which term in its denominator
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prevails when (k. — k)pr’ = O(1); by this interplay, the parameter gy emerges naturally. In
contrast, in the second integral such interplay is not present; one may simply Taylor-expand
the integrand in powers of wyyo /k and keep the leading-order term. To subtract the primary

field contribution in the first integral, we split each term, evaluated near 7/ = 0, as

1 1 WO

272k ke — kT + witor 20V — BT 207/ 2inke — kT (2iV2h ke — kT + witoo)

and carry out the integration without further approximations for these terms. Thus, we find

wpoo 2 ; ke — k wloo 2 o
Ebd) lwpoo| <[kl Who oS _ L ikp _ Ne pilkp—3m/4) ’
20k Um0 kp? P 2iV2kvVEk, —k
where J is given in Lemma B.1. Thus, by E( 3 Eg pk) + Egdk) we compute

S k4 2T 2ekr wueo [T,
E(hd) ~ _CU_/LO i(kmp—3m/4) 0 e zkar B11
i 17 oo V e kg R T (B

which is in agreement with (67b) for |kp| > 1.
The remaining components can be approximately computed by the same methodology,

although the algebraic details are different in each case. By (26b), we have

(hd) _ . 1 L2 — 22
E ="—5 dAS A\ J + —Ji(A
& m¢/ { 1) 2V k2% — )\2 + wpgo P 1) 2k? + wpooVEk? — N2

[kp|>1 WHo . OO 2 i(p—3m/4) 1
~ ——sin dA i\ '\
47 qb{/ \ )\ 2V k? — N2 + wpgo

2 )2
/ d\ = 1/ e!Ap=3m/4) o : (B12)
TAp 2k2 + wpgo vV k2 — N2

By separating the pole and branch-point contributions, we find

woo 877'“{?4 1 2 ; 1 1 ;
pbd) lwpoo| <[kl Who . _ i(kmp=3w/4) | ;| _ = ikp
2% i sin ¢ (@o0)? kmp’ / kape +1 P + K20 e

WO 2
— Vke — kVE | —— elbr=37/0 5 % B13
2v/2 mkp (B13)

which, by Lemma B.1, is in agreement with (68b) if |kp| > 1. We note in passing that
the e*?/(k?p®) term in the first line of (B13) arises from the (TM-polarization) integral
containing (2k% + wpoyv/k? — A2)~1, is small compared to **?/p in this far-field regime and,
thus, should be dropped to leading order in kp.
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By (26¢), the z-component of the electric field does not contain any TE polarization term

and thus lacks the Fresnel integrals. By similar asymptotics, we reach the following result.

gl — R / dAAZ T (A
% 27 ¢ 0 1) 2k2 4+ wpgoV k2 — N2
|kp|>1 iwuo > 2 2 i(Ap—3m/4) 1
N — cos dAAN [ — e
4 ¢ /_OO TAp 2k% + wpgoV k? — A2

lwrog| <k _ o cos ¢ | 4mik,, K 2 pilkmp—3m/4) _ Wwhoo e | (B14)
47 (wpoo )2\ Tkpp 2 k2p? |7

cf. (65) from the exact solution, recalling that k,, ~ i2k?/(wpoo).

Next, we turn attention to the components of the magnetic field. By (27a), we have

(e’ 1 k2 kQ _ >\2
phd) _ Ho / = g AT v
2 2 sing 0 p 1(A) 2k? 4+ wpgoVk? — N2 il p)2\/ k? — N2 + wpoo

00 2
ket HO i / D12 ioe-s k
4m o PV TAp 2k2 + wpgov k2 — N2

& I\ 2 Wioo
o d)\ o el(Ap 371'/4) 7 B15
/_oo 2\ mAp 2V k2 — N2 + wpgo (B15)

in the third line we replaced V'A% — A2/ (2Vk? — A2 +wpoo) by 1/2— (wpeo/2)/(2vVEk* — N2+

wpoo) and integrated out the constant. For the first integral, we deform the path in the

upper A-half-plane, picking up the residue from \ = k,,, and then evaluate the contribution
from the vicinity of A = k. For the second integral, we set A — 7 with 7 = (A — k) / (ke — k)
and evaluate the contribution from the vicinity of 7 = 0, ending up with Fresnel integrals

via Lemma B.1. Accordingly, we derive the expression

. 4 .
Béhd) o sin ¢ 4mi k 1 2 Gilkmp—37/4) . W oo 1 _ 1 Gikp
p 47 (Wit )2 kpp \| Thpp 2 p k2p3
(wpoo)® [T a4,
B AN A ; B16
L [ et () (B16)

the e*?/(k?p®) term in the parenthesis of the first line comes from the TM-polarization

integral and is neglected. The ensuing asymptotic result can also be obtained from (69b) in

the far-field regime, |kp| > 1.
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In this vein, by (27b) we compute the following expression [cf. (70b)].

* k2 1 VE2 — 2
phd) _ Ho g / A AT (A 20
¥ o ’ 0 1) 2k + wpooVk? — A2 p 1 p)Q\/k‘?—)\z—l—w,uoa

ko1 Ho / vy |2 iop-3n/a) k?
~ = cos dX\ i\ —— e’
4T (b{ o TAp 2k? 4+ wpgoVk? — N2
_ /OO d\ i i pi(Ap—37/4) Woo
w20\ TAp 2Vk2 — N2 + wpgo
ool <[kl Ho AR 2 g e e'P
4r % ¢{ (wpoo)? N Thpp c +whoo kp?

i (W,UZO') kip\/kzpeikpf<po>} ) (Bl?)

Here, the branch-point contribution for each polarization (TE and TM) integral carries a

free-space term proportional to [wugo/(kp?)]e*?, besides the Fresnel integral contribution.

We conclude this subsection with the approximate computation of the z-component of the
magnetic field by similar means. This component expresses only TE polarization and, thus,
lacks any pole contribution (by Remark 3). By (27c¢) and similar algebraic manipulations

as above, we find

. . X
B — oGy / AA N2 T (A
2 21 ¢ 0 1) 2vEk? — N2+ wpeo

lkp|>1 Tftg . > 2 2 iOp—3r/a) 1
~  — sin dA A/ —— 'Y
4 (b/_oo TAp 2V k% — N2 + wppo
[wnog|<Ik| G0k U ke, WO [T iy
ol L T ko B18
ym sin ¢ { T e + o ” e (90) ¢ (B18)

in agreement with (66c¢).

2. Near (static) field: |k,,p| < 1 with |wueo| < |k

In this case, the major contribution in each Sommerfeld-type integral comes from A =

O(1/p) > |km| > |k|. Thus, we make the approximations
VE2 = X2 ~ i), 2K+ wpooVE2 — N2 ~idwpgo . 2V E2 — X2 4 wpgo ~ 20\

where A > 0; and exactly evaluate the ensuing integrals containing J,(\p).
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a. Vertical dipole

In the limit a | 0 with 0 < z < a, (14a) yields

) gl iwpio i2k? Cwpe 11

1p 47k? witgo

/ T AL () = (B19)

27T Wiigo p?

which agrees with (62b) in the regime where |kp| < |k,p| < 1 and |wpeo| < |k|. In this
regime, the factor e?*” as well as terms containing the Struve and Neumann functions must

31 after several mutual cancellations, it is found

be expanded out in powers of kp and k,,p;
that the term (k,,p)~2 in the second line of (62b) provides the leading-order contribution.

Likewise, (14b) furnishes the integral

(va) _ fwpo [ 2 _ wwho 1 d _ o wpg 1
B ~ 20 /0 AN To(p) = 528 / AT = g (B20)

via integration by parts; this result is in agreement with (64) where the leading-order con-

tribution comes from the last term. The remaining component is provided by (15), which

is reduced to the following expression [cf. (63)].

= 1
BYY ~ 5—0 AT (Ap) = £ = (B21)

1¢ T Jo 2m p?
b. Horizontal dipole

In the static field of the horizontal dipole, the two types of polarization may provide

contributions of different orders of magnitude. By (26a), we have

Eéid) ~ —% cosgb/oOo dA A {% [Jo(Ap) + J2(Ap)] + [Jo(Ap) = T2(An)] }

WO
Wilo o 0 Wito 1 1
~—— dAN —J1(A\p) = — — B22
47 Cos¢wuoa/0 op 1) 27 COS¢wu00 p?’ (B22)

with dominance of the term pertaining to TM polarization. This result agrees with (67b),
in which H}l)/(kmp) and Y{(k,p) provide the leading-order contribution after cancellation
of the O(1/p?) terms. By (26b), the ¢-component of the electric field is

1
Ey, —smcb/ dM{ [Jo(Ap) = Ja(Ap)] + . U[Jo(Ap) + Jz(/\p)]}
0
Wy . 2 Wiy . 1 1
~— - dX Ji (A — B2
ar M wuoap/o N) = 27 Sln¢wu00 p?’ (B23)
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in agreement with (68b) where the leading-order term comes from the expansion of
(k) " H (kp) and (knop) "Y1 (kmp) for |kmp| < 1 under |wpoo| < |k|. The remaining
component of the electric field is evaluated on the basis of (26¢), viz.,

1 o 1 1
COS ¢ - / dAX J1(Ap) = el oS ¢ — - (B24)
0 2m Whoo p

This result smoothly connects with (65b) where the leading-order contribution comes from
the (k,p)~2 term of the second line.
We proceed to the computation of the magnetic field. By (27a), we write

2

+ [Jo(Ap) = J2(Ap)] %}

Bézd) ~ 29 smgb/ d\ )\{ [Jo()\p) + Jg()\p)} B
Ko . _ o 1
g smqb/o dA ale()\p) =~ 81n¢p2 : (B25)

This formula also results from (69b); the leading-order term comes from the expansion of
(kmp) " HY (kmp) and (kmp)~'Yi(kmp). By (27b), we obtain

2

B ZO cos ¢ / dM{[Jo(Ap) Jo(Ap)] -

oo + [Jo(Ap) + J2(Ap)] %}

= cosg - / AN Ji(M\p) = Z; C(;w. (B26)

Now compare this approximation to (70b); the latter reduces to the above expression by

expansion in powers of kp and k,,p. The remaining component of the magnetic field is

(ha) _ @Mo 9 L po sing
BEY 1 i / AN () iz = B L (B27)

This formula manifestly agrees with (66b) if |kp| < 1 and |wpeo| < |k
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