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Abstract

In this paper we study the dynamics of eigenvalues of the defor-
mation tensor for solutions of the 3D incompressible Euler equations.
Using the evolution equation of the L? norm of spectra, we deduce
new a priori estimates of the L? norm of vorticity. As an immediate
corollary of the estimate we obtain a new sufficient condition of L?
norm control of vorticity. We also obtain decay in time estimates of
the ratios of the eigenvalues. In the remarks we discuss what these
estimates suggest in the study of searching initial data leading to a
possible finite time singularities. We find that the dynamical behav-
iors of L? norm of vorticity are controlled completely by the second
largest eigenvalue of the deformation tensor.
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1 Introduction

We are concerned with the following Fuler equations for the homogeneous
incompressible fluid flows in Q C R3.

2w v =, (L1)
div v =0, (1.2)
v(z,0) = vo(x), (1.3)

where v = (v1,v2,v3), v; = vj(x,t), j = 1,2,3, is the velocity of the flow,
p = p(z,t) is the scalar pressure, and vy is the given initial velocity, satisfying
div vy = 0. For simplicity of presentation we assume 2 = T3, the 3D periodic
box. Most of the results in this paper, however, are valid also in the whole
of R3, or bounded domain with smooth boundary, at least after obvious
modifications. Given m € N U {0}, let H™(T?) be the standard Sobolev
space on T3,

(T = {F € T Il = 3 [ 107 @) < ocl,

laj<m

where a = (aq, a9, a3) with |a] = a3 + ay + a3 is the usual multi-index
notation. We introduce the space of solenoidal vector fields,

H” = {u € [H™(T?)]? | divu = 0}.

Then, for vy € H? with m > 5/2, the local in time unique existence of solu-
tion to (1.1)-(1.3), which belongs to C'([0,T]; H?*) for some T" = T'(||vo|| gm ),
was established in [17, 22]. This was later extended to the local existence in
various other function spaces by many authors([18, 8, 9, 24, 25, 3, 4, 5, 6]).
The question of finite time blow-up/global regularity of such locally con-
structed solution is one of the most outstanding open problems in the math-
ematical fluid mechanics. For physical meaning and other significance of this
problem as well as many instructive examples of solutions we refer [10, 21].
For a mathematical or numerical test of the actual finite time blow-up of
a given solution, it is important to have a good blow-up criterion. In this
direction there is a celebrated result by Beale-Kato-Majda([2]), now called
the BKM criterion. This criterion is later refined in [19, 6, 9], using refined
versions of logarithmic Sobolev inequalities. As for another approach to the
blow-up criterion, there is a pioneering work on the geometric type of blow-
up criterion due to Constantin-Fefferman-Majda([13])(see also [10]), which
was initiated in [12], and the idea of which was used in the recent works
in [7, 15]. For different type of geometric approach to the blow-up prob-
lem(considering vortex tube initial data) we refer [14]. We also mention a
recent interesting result in [1] for rotating flows, where they discovered that
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rotation has some sense of regularization effect. In this paper we study the
regularity /blow-up problem, using the spectral dynamics of the deformation
tensor for the solution of the Euler equations. Previous spectral approaches
to the singularity problems in the nonlinear partial differential equations are
studied in [20], however their study is not for the real Euler equations, but for
its model equations, avoiding the difficulty of the nonlocality caused by the
Riesz transform appearing in the equations when the pressure is eliminated.
Moreover, their spectrum is for the matrices of the velocity gradient, not for
the deformation tensor, which is the symmetric part of the velocity gradient.
In the next section we derive an evolution equation, in the L? sense, of the
eigenvalues of the deformation tensor. From this equation we derive new a
priori estimates for the L? norm of vorticity. The inequality itself already
tells us interesting dynamical mechanism of compression and stretching of in-
finitesimal fluid volume elements leading to possible blow-up. The inequality
immediately leads to very simple and elegant sufficient condition of L? norm
control of vorticity of the 3D Euler equations. In the section 3 we consider
special classes of initial data. For such initial data we can have better esti-
mates exponential growth/decay of the L? norm of vorticity. We also deduce
decay estimates in time of a ratio of eigenvalues of the deformation tensor.

2 Dynamics of eigenvalues of the deformation
tensor

We use the following notations for matrix components.

_ Oy _ Vi + Vi

) Vi~ Vi
N 81'7;’ " 2 N

V;j 2 )

where ¢, 7 = 1,2, 3. Then, obviously we have V;; = S;; + A;;. For a given 3D
velocity field v(x,t), describing fluid motions, S;; is called the deformation
tensor, while A;; is related to the vorticity field w = curl v by

13
Aij = 2 E €ijkWk;
k=1

where €;5, the skewsymmetric tensor with the normalization €193 = 1. For
incompressible fluid we have Tr(S) = Z?:1 Sii = dive = 0. We now state
the theorem on the evolutions of the eigenvalues of the deformation tensor
associated with the solution of the Euler system (1.1)-(1.3).

Theorem 2.1 Let \i(z,t), Aoz, 1), A\3(x,t) be the eigenvalues of the defor-
mation tensor S = (Si;)3;_, associated to the classical solution v(z,t) of



(1.1)-(1.3). Then, the following equation holds.

d ()\2 + )\2 + )\Q)d 4/ )\1)\2)\3(11’. (21)
t ]

Proof. We take L? inner product (1.1) with Au, and integrate by part to
derive

ov; (%k ov;
L — Avdz = L= d
thHVUHL /(U Vv - Avdz = Z /Tg Dy, Ox; Ox; e

- Z / Sk] Zk‘/;]dx - Z / Skj ik + Azk)(sz] + Azj)d

z]k 1 1,7,k=1
= - Z / Skj ’LkAZ] + Sk]Sszzj)d
i,5,k=1
S Z / Skj [Z OkjWmWm — w]wk] dx — Z Skj SikSijdx
zyk 1 1,7,k=1
13
= Z Z / ]kw]wkdx — Z / Sk] stwdﬁ (22)
7,k= ,7,k=1
Next, we consider the vorticity equation for the 3D Euler equations,
0
a—;" (v Vw = (w- V), (2.3)

which is obtained from (1.1) by taking curl(-) operation. Taking L? inner
product (2.3) with w, we obtain, after integration by part,

3
§%Hw\|L2 = /T?)(w V) - wdr = Z /TB Sjpwjiwid. (2.4)
k=1

Since we have the equality,

/yw%zx:/ w|2dz, (2.5)
T3 T3

from (2.2) and (2.4) we obtain

3
32/ kijkd;p— Z / Sk] kSl]de'— Z/ kw]u)kdl‘
J,k=

i,j,k=1

Hence,
3

Z/ Sjkw]wkda: — = Z / Sk)j szz]dx (26)
T3

jh=17T? zyk 1
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We also have the following pointwise equality,

3 3
Vo> = D VieVie = > (Sik+ Ai) (Sjk + Aji)

J,k=1 J,k=1

3 1 3

= Z <Sjk8jk + Z Z Ejk:mgjknwmwn>

J,k=1 m,n

3

1 2

J,k=1

Integrating (2.7) over T3, and using (2.5), we obtain

3

J,k=1

We also observe,

3
D SSiwSi = A+ A3+ A] = 3A Ao, (2.9)

i,j,k=1
which follows from the following algebra, using A\; + Ay + A3 = 0,
0 = (M + X+ A)?
= A A F A F 3N (Mg + A3) +3A5(A1 + A3) + 3A3( A1+ A) + 6A AN
= AN AN =30+ A5+ AY) + 6M ).

Substituting (2.8) and (2.6), combined with (2.9), into (2.4), we have (2.1).
0

The following is a new a priori estimate for the L? norm of vorticity for
the 3D incompressible Euler equations.

Theorem 2.2 Let v(t) € C([0,T);H?), m > 5/2 be the local classical so-
lution of the 3D FEuler equations with initial data vy € H. Let A\(z,t) >
Ao(x,t) > A3(x,t) are the eigenvalues of the deformation tensor S;;(v) =
%(g—zzjtg%;). We denote Ay (z,t) = max{\a(x,1),0}, and A\, (z,t) = min{\y(z,t),0}.
Then, the following (a priori) estimates hold.

b1 _
Jeollzesp | [ (5 int A5(a.0) = sup 3 .01 ) ] < (0l

zeT3

t 1
< ||lwo|| 2 exp [/ (sup Ay (z,t) — = inf \)\Z(x,t)]) dt}
0 zeT3 2 €T3
(2.10)
for allt € (0,7).



Remark 2.1 The above estimate says, for example, that if we have the
following comparability conditions,

sup A (z,t) = inf Ay (2,1)] =~ g(¢)
z€T3 zeT3

for some time interval [0, 7], then

t
ol 0 (exw | [ateias|) e o
0
for some constant C.

Remark 2.2 We note that AJ (z,¢) > 0 implies we have stretching of in-
finitesimal fluid volume in two directions and compression in the other one
direction(planar stretching) at (z,t), while |A\;(x,t)| > 0 implies stretch-
ing in one direction and compressions in two directions(linear stretching).
The above estimate says that the dominance competition between planar
stretching and linear stretching is an important mechanism controlling the
growth/decay in time of the L? norm of vorticity.

Proof of Theorem 2.2 Since A\; + Xy + A3 = 0, and \; > Ay > A3, we have

)\1 > O,)\g < O, and
|/\2| < min{\, |- (2.11)

We first observe that from (2.8),

lw|?dr = 2/ (AF 4+ A2+ A\3)dz

o,
o

We estimate the ‘vortex stretching term’ as

—4/ /\1)\2)\3d$ = —4/ )\ )\3de— / )\2_)\1/\3dl’
T3 T3 T3

= 4/ )\ )\1 )\1 + )\2)d$ - / ’)\5‘()\2 + )\3))\3d1‘
IR 3

TS

=
C/J

+MA2 + A)dr (A3 = —A1 — o)

=
QO

)\2
A3+ XAz +A3)de (M= - —X3)  (2.12)

=
OJ

_ 4/ A;(A§+A1A2)dx—2/ 05[22 + 2X2)da
T3 T3

< 4sup M\ (z,t) / (AT + Ao + \3)dw
3

z€T3

—2 inf |5 (z,1)] / (A2 + Xods + A3)dw
z€T3 T3



= 4dsup A\ (z,t) / (AT + Mo + A3)de
T3

zeT3

—2 inf |)\2(x,t)|/ (AT + Mg + A)da, (2.13)
zeT3 T3

where we used (2.11) and (2.12). This, combined with (2.1) and (2.12), yields

dt

zeT3

|w(x t)| de < {2 sup A§ (z,t) — inf \)\Q(x,t)\] / |w(a:',t)\2dx.
€T3 T3

(2.14)
Applying the Gronwall lemma, we have the second inequality of (2.10). In

order to prove the first inequality of (2.10) we estimate from below starting
from equality part of (2.13)

T3 T3 T3
— 2/ A;(2A§+2A1A2)dx—4/ A5 (A3 + A3)dx
s T3
> 2/ AFO2Z + Mg + A2)dz — 4/ A5 [(OA2 + Aods + A2)da
3 T3

> 2 inf Aj(, t)/ (AT + Mg + A9)dx
T3

zeT3

—4sup | Ay (7, )| [ (A3 + Aads + A3)dw, (2.15)

zeT3 T3
where we used (2.11) again. Similarly to the above, combining this with (2.1)
and (2.12), yields
[ ot e > {mf (@, t) — 2 sup g (2, 4)] }/ () dz,

z€eT3
(2.16)
and, applying the Gronwall lemma we finish the first inequality of (2.10). O

dt

Corollary 2.1 Let vg € HI* be given, and A\ (z,t), Aao(x, 1), A\3(x,t) are as in
Theorem 2.2. Suppose

lim sup [ (t)]]z2 = o (2.17)
t—T%
Then, necessarily
T
/ |AS ()| dt = o0. (2.18)
0

Proof. We just observe that from (2.10), we have immediately

t
ol < oz exp ([ 16}l
0
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This implies the corollary. [

Remark 2.3 The above corollary says that if singularity happens in the L?
norm of vorticity, then it should be caused by the uncontrollable intensifica-
tion of planar stretching.

Remark 2.4 In the 3D Navier-Stokes equations the L? norm singularity of
vorticity is equivalent to the that of any high norms in Sobolev space(see e.g.
(23, 11]). Hence, the above corollary says that the regularity/singularity of
the 3D Navier-Stokes equations are controlled by the integral, fot | A3 (s)||ds.

Remark 2.5 In [16] the author also investigated another sufficient condition
for the singularity of L? norm of vorticity of the 3D Euler equations, using
simultaneously the eigenvector and eigenvalues of the deformation tensor and
the hessian of the pressure. Our condition is completely different from it, and
has direct physical interpretation.

3 Applications for some classes of initial data

In order to state our theorem in this section we introduce some defini-
tions. Given a differentiable vector field f = (f1, f2, f3) on T3, we de-
note by the scalar field \;(f), i=1,2,3, the eigenvalues of the deformation
tensor associated with f. Below we always assume the ordering, \(f) >
Xa(f) = A3(f). We also fix m > 5/2 below. We recall that if f € H?, then
M (f) + X2 (f) + As(f) = 0, which is another representation of div f = 0.

Let us begin with introduction of admissible classes A defined by
A = {f €FT)| inf No(f)(x) > 0},

and

A= {f e H}(T%)| Sup Ao (f)(x) <0}
Physically A, consists of solenoidal vector fields with planar stretching(see
Remark 2.2) everywhere, while A_ consists of everywhere linear stretching
vector fields. Although they do not represent real physical flows, they might
be useful in the study of searching initial data leading to finite time singu-
larity for the 3D Euler equations.

Given vy € H”, let T, (vy) be the maximal time of unique existence of
solution in H?* for the system (1.1)-(1.3). Let S; : H — H" be the solution
operator, mapping from initial data to the solution v(t). Given f € A, , we
define the first zero touching time of A\y(f) as

T(f) =inf{t € (0,T,(vo))| Iz € T? such that \o(S;f)(z) < 0}.
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Similarly for f € A_, we define
T(f) = inf{t € (0,T.(vg)) | Iz € T? such that A\y(S.f)(x) > 0}.

The following theorem is actually an immediate corollary of Theorem 2.2,
combined with the above definition of Ay and T'(f). We just observe that
for vg € A (resp. A_) we have Ay = 0, A\ = Ay(resp. A\j = 0,\; = \3) on
T3 x (0, T(vg)).

Theorem 3.1 Let vy € Ax be given. We set \i(z,t) > a(x,t) > Ag(z,t) as
the eigenvalues of the deformation tensor associated with v(z,t) = (Syvo)(x)
defined t € (0,T(vg)). Then, for all t € (0,T(vy)) we have the following
estimates:

(i) If vg € AL, then

1 [t t 2 ¢
e (3 [ int ot sis ) < B <o ([ sup g s)ias).
2 Jy zetms l|lwol| 2 0 zeT3 (3.1)
3.1

(i) If vg € A_, then
t t 1 t
exp (—/ sup |>\2(x,s)|ds> < lleot®) ]|z < exp (——/ inf [Az(z, s)|ds) :
0 z€T3 l|lwol| 2 2 Jy zeT
(3.2)

Remark 3.1 If we have the comparability conditions,

inf ol )] = sup ol t)] = gt) V€ (0,T(w),

zeT3

which is the case for sufficiently small box T3, then we have

t
Hw<t)||L exp (/ g(S)dS) if Vo € .A+
2 0
—2 ~ ¢
llwollz exp (_/ g(s)ds) if € A
0

for t € (0,7(vp)). In particular, if we could find vy € A, such that

1
inf |Ao(x,t)| = O 3.3
it ate 0120 () (3.3)
for time interval near t,, then such data would lead to singularity at t,.
Below we have some decay in time estimates for some ratio of eigenvalues.

Theorem 3.2 Letvy € Ay be given, and we set \j(x,t) > Ao(z,t) > A3(x, 1)
as in Theorem 3.1. We define
_ (0]

wt) = S Ve € T3 % (0, T(p)), (3.4)



where we set

—)\3($,t) Zf Vg € A_.

Then, there ezists a constant C' = C|(vg, |Q?]), with || denoting the volume
of the box Q = T3, such that

/\(q,‘7t) _ { )\1(1‘,0 Zf Vo € .A+

, C
(175)61%3&(0’2&)5(% s) < 7i vt € (0,7 (vg)). (3.5)
Remark 3.2 Regarding the problem of searching a finite time blowing up
solution, again, the proof of the above theorem, in particular, the estimate
(3.10) below, combined with Remark 2.3, suggests the following, :
Given § > 0, let us suppose we could find vy € A, such that for the associated
solution v(z,t) = (Sivp)(x) the estimate

in 5(:(:,5)2,0( ! ) (3.6)

(2,5)€T3 % (0,¢) t3+9

holds true, for sufficiently large time ¢. Then such vy will lead to the finite
time singularity. In order to check the behavior (3.6) for a given solution we
need a sharper and/or localized version of the equation (2.1) for the dynam-
ics of eigenvalues of the deformation tensor.

Proof of Theorem 3.2 We divide the proof the into two separate cases.

(i) The case vy € A, :

We parameterize the eigenvalues of the deformation tensor of the solution
v(x,t) of (1.1)-(1.3) by
Az, t) = ANz, t) > 0, Ay = e(x, ) A\(z,t) > 0, A\3(x,t) = —(1+e(z, t))A(z,t) < 0.
for all (z,t) € T3 x (0, 7). We observe that
0<e(z,t)<1 Y(x,t) €T x[0,T(vg)). (3.7)
The equation (2.1) can be written as
% , N(e? +e+ 1)de = Q/TS N(e? +e)dr V€ (0,T(vp)). (3.8)
From the estimate
Etet])

/TS)\2(82+€+1)CI:U—/ )\2(82+€)§(

e (€2 +¢)i

< [/qrs/\3(a2+6)dx]§ MB%@F

< % Mw—idxF UTBA?’(sMs)dx],
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where we used (3.7), we have

2 1 B
N(e? +e)dr > — [/ —dx}
/T:a ( ) V27 [ s et
which, combined with (3.8), yields

CZ N(e*+e+1)dx \;i_ UTg 6—4dx]_

Setting

2
{/ )\2(52+5+1)dx] dz,
T3

SIS

UT N2 gt 1)dm} . (39)

o=

2

y(t) = Uw )\2(€2+5+1)d4 :

dy 2 1 I
<> = —d .
dt—\/ﬁurss‘* } Y

Solving the differential inequality, we have

we have

D=

Yo
- Qﬂ fo UTd al4dx} 5

Since y*(t) = 3|lw(t)||7., we have just derived

\/_||Wo||L2
\/‘ 2Hwo||L2 fo UT3

y(t) >

lw (@)l z2 =

T vt € [0,T(vg))-
L dx} 2 ds

54

Since the denominator should be positive for all ¢ € [0, T'(vg)], we obtain that

1
2lwollze [ {/ 1 } 2
—dx ds < V2.
V27 0 T3 gt

Estimating from below the left hand side, we are lead to the inequality

t 1 1°? _ V2T
t  inf )52(x,s)g|9|é/ U —da:] gs < YU (3.10)
0 T

(2,5)ET3 % (0,t 3 €4 \/_HWOHLQ

which implies (3.5) for the case vy € A,.

(ii) The case vy € A_:

In this case parameterize the eigenvalues as

Mz, t) = (14 e(x, t)A(z,t) >0, A= —c(x,t)\(z,t) >0
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As(x,t) = —A(z,t) >0,
where as previously we have 0 < e(z,t) < 1 for all (z,t) € T x (0,T(v)).
The equation (2.1) can now be written as
d
dt

Similarly to the above, we obtain

>\2(5 +e+1)dr = 2/ N(e? + e)da. (3.11)
T3

1

d 2 2
/\2 Ddr < ——— d M (g? 1)d
pr (e +e+1)dx < \/2_7[/@64 x] UTJ (e +e+1)dx

[ V][V

(3.12)

Hence, by similar procedure to the previous case, we have
Jo(®)llze < WJTMWI — 313)

\/_ L fO [fT3 €4dl'} *ds

Now we recall the helicity conservatlon(see e.g. [21]),

H(t) = / v(x,t) - w(x, t)de = / vo(z) - wo(x)dx = Hy,
T3 T3
which implies
Hy < o)l zllw(®)llzz = llvollzllw(®) |2 = V2Eo[lw(®)]|z2,  (3.14)
where we used the energy conservation
1 1
B(t) = 3ol = 5l = B
Combining (3.13) with (3.14), we have
Hy < \/_||W0||L2
V 2||woll 2
2B = Vo B [0 [

from which we derive

/Ot [/T E—dx} éds<\/_<‘f;0° ﬂ\lioHLz)' (3.15)

Estimating from below the left hand side of (3.15), we deduce

vV E, 1
t inf e(x,s) < V27|02 3.16
(z,5)E€T3 x[0,5] ( ) 7l ’ ( Hy \/§||W0||L2 ( )

for all t € (0,7(vp)). This finishes the proof of (3.5) for vy € A_. O

1 )
514 dm} 2 ds
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