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Abstract

We propose a class of simple and efficient numerical schemes for incompressible
fluid equations with coordinate symmetry. With the introduction of a generalized
vorticity-stream formulation, explicit treatment of the nonlinear terms and local vor-
ticity boundary condition, the divergence free constraints are automatically satisfied
and the Navier Stokes (MHD, respectivley) equation essentially decouples into 2 (4, re-
spectivly) scalar equation and thus the scheme is very efficient. Moreover, with proper
discretization of the nonlinear terms, the scheme preserves both energy and helicity
identities numerically. This is achieved by recasting the nonlinear terms (convection,
vorticity stretching, geometric source, Lorentz force and electro-motive force) in terms
of Jacobians. This conservative property even holds true in the presence of the pole
singularity for axisymmetric flows. The exact conservation of energy and helicity has
effectively eliminated excessive numerical viscosity. Numerical examples have demon-
strated both efficiency and accuracy of the scheme. In addition, local mesh refinement
near the physical boundary can also be easily incorporated into the scheme without

extra cost.



1 Introduction

In the numerical simulation of these flows, it is desirable to have exact numerical conservation
of physically conserved quantities such as the energy and the helicity. The conservation of
physical quantities not only provides a diagnostic check for physically relevant numerical
solutions, it also guarantees that the numerical scheme is nonlinearly stable and free from
excessive numerical viscosity. This is essential for large time direct numerical simulations as
well as the numerical search for possible flow singularities.

Preserving energy numerically for incompressible Navier Stokes equation has been quite
common in many numerical methods. For examples, a well known trick to obtain the con-
servation of energy is by averaging a conservative and a non-conservative discretization of
the nonlinear convection term. However, satisfying numerically two or more physical con-
servation laws is usually difficult. The classical Arakawa scheme preserves both energy and
enstrophy (mean square of the vorticity) for 2D incompressible Euler equation. This result
was generalized recently to a high order discontinuous Galerkin method [17]. A strong con-
vergence result is also obtained for this scheme [20] when the initial value of the vorticity is
merely square-integrable. Some important flows such as vortex patches belong to this class.

For general three dimensional flows, enstrophy is no longer a conserved quantity. Instead,
there is a conservation law for the helicity. Although the discovery of this conservation law
(by Moreau in 1961 [24]) is only a recent event, it has played an important role in modern
research on vortex dynamics for fluids and plasma. The helicity has an interesting topological
interpretation in terms of total circulations and Gauss linking number of two interlocking
vortex filaments. A comprehensive review of this subject can be found in Moffatt [22].
Although there is at present no numerical method preserving both helicity and energy, the
conservation of the energy and cross helicity for three dimensional MHD has already been
obtained in a recent work by the authors [19]. On a set of dual staggered grids, the classic
MAC scheme for Navier Stokes equation and Yee’s scheme for Maxwell equation is combined
with particular care on discretization of the nonlinear terms. The divergence free condition
for both the velocity field and magnetic field are maintained in the MAC-Yee scheme.

In this paper, we will first focus on three dimensional flows with coordinate symmetry.

Pipe flows and axisymmetric flows are two typical examples. For such symmetric flows, it



is possible to introduce a generalized vorticity-stream formulation, thus the divergence free
constraint for the fluid velocity is trivially satisfied. Under this vorticity-stream formulation,
all the nonlinear terms (convection, vorticity stretching, geometric source, Lorentz force and
electro-motive force) for the Navier Stokes and MHD equation can be recast as Jacobians.
Associated with these Jacobians we then introduce a trilinear form equipped with a set of
permutation identities which leads naturally to the conservation of energy and helicities as
well as all the first moments for both the Navier Stokes and MHD equation. We then device
a recipe of preserving the permutation identities numerically and hence the energy and he-
licities. As an illustration, we implement a simple 2nd order finite difference scheme based
on centered difference in space and high order Runge Kutta in time. The scheme is very
efficient, since the nonlinears term are treated explicitly and a local vorticity boundary con-
dition, namely Thom’s formula [27, 7] is applied for time integration, the system essentially
decouples into several scalar equations. On the other hand, since the energy and helicities
are preserved exactly, there is no excess numerical viscosity introduced thus the scheme is
also very accurate. Another advantage of the scheme is the flexibility of choosing coordinate
system since our formulation is relatively coordinate-independent. Mesh refinement near the
boundary can thus be built into the equation by stretching the coordinate with essentially
no extra cost. Our treatment of the nonlinear terms can be generalized to higher order finite
difference, finite element and spectral methods in a similar fashion.

In practical implementations of the scheme, there is another difficulty that needs to be
resolved. The most natural coordinate systems associated with these symmetric flows often
exhibits coordinate singularities such as the symmetry axis in cylindrical coordinate systems
and the origin in polar coordinates. Usually these coordinate singularities are treated with
artificial pole conditions to insure the stability of the scheme and the smoothness of the
solution. Here we overcome this difficulty by shifting the grid points half grid length away
from the singularity. Remarkably, the permutation identities and therefore the energy and
helicity identities remain valid even in the presence of the pole singularity for axisymmetric
flows. The validity of the permutation idenetities gives more than just the conservation of
energy and helicities. We give a very simple and elementary error estimate based on the
permutation idenetities and local truncation error analysis.

The rest of this paper is organized as follows: In section 2, we recall the energy and



helicity identities first for general 3D flows. In section 3, we introduce the generalized
vorticity-stream formulation for symmetric flows and derive the expression of the nonlinear
trems as Jacobians. In section 4, we introduce the permutation identities for the Jacobian and
rederive the energy and helicity identities for Navier Stokes and MHD from these permutation
identities. In section 5, we devise our numerical scheme by decretizing the nonlinear terms
in such a way that the permutation identities are preserved numerically. We also show how
to handle the pole singularity and how to impose the physical boundary conditions that
preserve the energy and helicity identities. Finally we give some numerical examples in

section 6 and the error analysis in the Appendix.

2 Energy and Helicity Conservation Laws for 3D Flows

For D C R? with boundary 9D, the incompressible Navier-Stokes equation can be written

as:
w+wxu+Vp = —vV xw (momentum)

Veu = 0 (incompressibility) (2.0.1)
ulopp = 0 (no-slip B.C.)

where p = p + |u|?/2 is the total pressure.

In this form, (2.0.1) involves only elementary grad, div, curl and the cross product of
vector fields. Thus (2.0.1) is intrinsic and suitable to work with in any curvilinear orthogonal
coordinate system. This gives us the freedom to choose a convenient coordinate system that
fits the computational domain if necessary.

The energy identity follows easily from integration by parts the inner product of uw with

(2.0.1):
d1 9 9
- - _ w 2.0.2

It is also interesting to examine the time evolution of the quantity |, p - w, known as the
helicity. This quantity has an intrinsic topological interpretation of the flow. For example,
when the flow pattern is two knotted vortex tubes or vortex filaments, the helicity is then
equal to +2n®,®d,, where ®; and ®5 are the circulation in the cross section of the vortex
tubes respectively, and n is the Gauss linking number [22]. For inviscid flow, this quantity is

invariant in time. Indeed, we take the curl on both sides of the momentum equation (2.0.1),

w;+ VX (wxu)=—-1vVXxVXuw, (2.0.3)



or equivalently
(h+u-Vw=(w-V)u—-—vVxVxuw. (2.0.4)

The first term in the right hand side is the vorticity stretching term and is well believed to
be the source of possible singularity formation in the flows. A simple computation leads to

the following equation
O +u-V)(u-w)+V-[p-|uf)w] =v(w-  Au+u- Aw).

If 9D(t) is any closed surface moving with the fluid on which the condition v - w|sp) = 0

is satisfied, we have the following conservation laws,

d

— u-wzu/ (w-Au+u-Aw). (2.0.5)
dt Jpe D()

When D(t) is taken as D, the no-slip boundary condition insures v - w|sp = 0, and hence

we have the following global helicity conservation law

%%/Du.w:_y/[)w.(va)_ (2.0.6)

3 Reformulation of Navier Stokes Equation for 3D Sym-
metric Flows

This paper is motivated by the work of R. Grauer and T. Sideris [12] in the numerical
search of possible singularities for the axisymmetric solutions of the Euler equation. For

axisymmetric flows, the velocity and the vorticity can be written as
u=(0,0,u)+V x(0,0,v), w=(0,0,w)+V x(0,0,u), (3.0.1)

and the Euler equation reduces to
Oy + (e Oy + 1, 0p)u + “2u = 0,
Ow + (uz0p + 1,0, )w — Yrw = 20, (u?) (3.0.2)
AV r%@b =w.

There is a geometric singularity at » = 0 (the pole singularity). Handling this geometric

singularity is essential in the numerical search for possible singularities in axisymmetric solu-

tions of Navier Stokes equation. We will address the issue of numerical difficulties associated



with the pole singularity in section 4. In [12], the authors observed the similarity between
(3.0.2) and the 2D Boussinesq equation and conducted a numerical simulation of the 2D
Boussinesq equation. This work has stimulate research interest in the numerical simulation

of 2D Boussinesq equation [8, 2].

3.1 Generalized Vorticity-Stream Formulation for Symmetric Flows

The formulation (3.0.1,3.0.2) can be generalized to three dimensional flows with coordinate
symmetry.

Let X = (x1, z9, x3) be the Cartesian coordinate system and Y = (y1, y2, y3) a curvilinear
orthogonal coordinate system with unit vectors (ej, ez, e3). Denote by h;, i = 1,2,3, the

local stretching factors given by dX = ) ;hjdyje;. The 3 basic differential operators are

given by
1 1 1
Vf= <h_161f’ h_262f’ h_ga?’f) (3.1.1)
1
Vf - (al(h2h3fl) + a2(h1h?>fz) + 83(h1h2f3)) (3.1.2)
hihahs
1 h1€1 h262 h3€3

V x f = 81 82 63 (313)
hifi hafa hsfs

By symmetry, we mean that the physical domain is of the form D = QxR or D = Qx S?,
that h; = h;(y1,y2), i = 1,2,3 and that the solutions are invariant under translation in the

y3 direction. For a symmetric incompressible velocity field u = w(y1, y2)

1
"~ hihohs

V-u (81(h2h3u1) + 32(h3h1u2)) =0 (314)

with u-v|sn = 0, we can always introduce a potential ¢, the component of the stream vector

in the symmetry direction, such that
0y (h3¢) = hahsuy, O (h?ﬂ/J) = —hghyus, (3-1-5)
and we can write

w— (LM _iw,u) —(0,0,u) + V x (0,0,1). (3.1.6)



Here u = ug is the velocity component in the symmetry direction. For axisymmetric flows,

u is known as the swirling velocity. Direct computation leads to

V x V x (0,0,8) = (0,0, 1))

where
1 h2 hl
= — h h 3.1.7
Ly hoih (31 (h1h381< 32/1)) + 0s <h2h362( 3¢)>) ( )
Denote by w = — L1, the vorticity component in the symmetry direction, it follows similarly
that
w=(0,0,w)+V x(0,0,u). (3.1.8)

We next introduce the following identity:
—Lip =AY+ Vi (3.1.9)

where A is the standard Laplacian in §2:

1 hghg hlh?)
ANp=—(0 | —0 0 0 =V- 3.1.10
v hihahs ( 1< hy W) " 2( ha W)) veve ( )
and V' is the geometric source term
-1 hs hy 1
=—— 10| —01h ) Osh = h3/A\(— 3.1.11
Vv Ioih ( 1 <h1h3 1 3) + 02 <h2h3 2 3)) 3 (hg) ( )

We remark here that the identity (3.1.9) plays an important role in the treatment of the pole
singularity in conjunction with our spatial discretization (5.2.3) below. In the axisymmetric
case, hs = 0 on the axis of symmetry which poses difficulties in discretizing £. This difficulty
disappears with the equivalent operator A —V provided r = 0 is not a grid point. See section
5 for details.

Our next crucial observation is to write the nonlinear terms as Jacobians:

€1 €2 €3
- L 82(h3u) _L al(hgu)
wXuU=| 30" p, hs I w
1 0O2(hsy) 1 O1(hst) u
h3 ha hs hi1

_ (woi(hsy)  w Oi1(hsu) w O2(h3yy)  w O2(hau) L(32(h3w) O1(hsu)  Oa(hs)) 32(h3u))
- h3 h1 hs3 h1 ' hs ho h3 ho ) h% ho h1 h1 ho '



(w X U)3 = h—%ﬁj (hgu, h3w>, (3112)
and
(V x (wxu)),
I O Oy
" hiha | woi(hse) | udi(hsw) wds(hsy)  uds(hsu)
hs hs3 h3 h3

S A Gl ) IR o CACT R G EXCRO RN EA Y ()

1 1
= Jh — h
Pl ( 3‘”) hlhz‘](hg 3“)

Thus, we have the (1, u,w) formulation of the Navier Stokes equation for the three dimen-

sional symmetric flow:
U + %ﬁj (h3u, hgl/J) = V(A — V)u
it ( hs%/)) V(A =V)w+ ( h3u) , (3.1.13)

—(A=V)y,
Next, we come to the no-slip boundary condition u|r = 0. Clearly, the outer normal v is

orthogonal to e3. Let us define 7 = v X e3 and we have
u-v=20,(hs)=0, w-7=0,(hstp) =0, u-e3=u=0
When the cross section €2 is simply connected, the no-slip boundary condition takes the form:
u=0, =0, 0,(h3p)=0 on 0NQ. (3.1.14)
4 Permutation identities and Conservation Laws Re-
visited

The Jacobian J(a,b) = Va - V+b satisfies some nice identities. We can rewrite the Jacobian
as

1
Va-V+b = 3 {Va-V'b+ V- (aV*'b)+ V" (bVa)} (4.0.1)



We define the trilinear form:

T(a,b, c) = % /Q (c(Va - Vb + a(Vb- VEe) + b(Ve - VEa)] (4.0.2)
the following permutation identities

T(a,b,c) =T(b,c,a) =T(c,a,b), T(a,b,c) = =T(b,a,c), (4.0.3)

leads naturally to the conservation laws for energy and helicity, see section 5 below. From

(4.0.1) and (4.0.2), it follows that

/Q cJ(a,b) = T(a, b, c) — / c(adb— bd.a) . (4.0.4)

o0N

Proposition 1 Assume a,b, ¢ are sufficient smooth and c¢(ad.b—>bd.a) = 0 on the boundary.

Then
/ cJ(a,b) =T(a,b,c). (4.0.5)

The assumption in Proposition 1 is valid on the physical boundary provided at least one
of a, b or c is either ¥ or u. It is also valid on the axis of rotation for axisymmetric flows as
all dependent variables are the swirling components of axisymmetric vector fields and satisfy
odd extension across the axis of rotation. See also (5.2.4).

Next we express the energy and helicity identity in terms of u and w. We first define the

weighted L? and H' inner products

<¢17¢2> :/h1h2h3¢1(y1,y2)¢2(y1,y2) dydys , (4-0-6)
Q

and
1 1 1 1
(0", ¢°) = (010", —016%) + (=020, 1=020%) + (8", V&) (4.0.7)
1 1 2 2
It is useful to point out here that (¢!, (—=A + V)¢?) = [¢', $*] provided either ¢! = 0 or
0,¢* = 0 on 99,

Since u and h; are independent of ys, it suffice to consider the energy and helicity identities

on the cross section 2:

0 0 0 0
/ lu|*hihohsdyidy, = ([ O | +V x| 0 |, [ 0 |+Vx]| 0]
“ u (G u (8

10



Similarly,

/ u - Whlhghgdyldyg = < ( ) +V x
Q

0

0

0 0
<() ,(o)wx

Since u© = 0 on the physical boundary, we can integrate by parts the second term to get

(3 (0w () () () 6)

Therefore

L oo € oo
<
X €
R
S OO
v

/ u - Whlhghgdyldyg = 2<u,w>
Q

and

0 0 0 0
/w-(wa) = (( 0 )—i-Vx ( 0 ) : ( 0 )+VX( 0 )} = [u,w]—(w, (A=V)u)
D w U —(A—V)u w

We conclude with the energy and helicity identity in terms of u and w:

75 (W u) + [, 0]) + v([u, u] + {w,w)) = 0. (4.0.8)
and p
£<u,w) + v([u,w] — (w, Dau)) = 0. (4.0.9)

Here we give an alternative derivation of (4.0.8, 4.0.9). We take the weighted inner

product of the first equation in (2.0.1) with v, the second with ¢ to get
(v, Opu) + T'(hu, hap, v/hs) = v{v, (A = V)u)

[p, Oup] + T(w/hs, hatp, hap) = v(p, (A& = V)w) + T(u/hs, hau, hsp) (4.0.10)

(& w) =16 Y]

11



In view of (4.0.10), the conservation laws (4.0.8, 4.0.9) follow easily from the permutation
identities (4.0.3) by taking (v, ) = (u,v) and (w,u) respectively. We will derive a discrete
analogue of the permutation identities (4.0.3) with a proper discretization of the nonlinear
terms and implementation of boundary conditions. The discrete analogue of (4.0.8, 4.0.9)

then follows as a direct consequence. See (5.1.15, 5.1.16, 5.1.17).

4.1 3D MHD Equations

The 3D dimensional MHD equation

wt+wxu+Vp=—-—1vVxw+arxb
V-u=0

by=-—1nV x3+V x(uxb) (4.1.1)
w=Vxu, 3=VXxb,
with the no-slip and perfectly conducting wall conditions
u=0, gxv=0 ondD (4.1.2)

shares some similarity with the Navier Stokes equation in the structure of the nonlinear
terms. Here u is the fluid velocity, w is the vorticity, p is the total pressure, b is the
magnetic field and 7 is the electric current density. The parameters v~', n~! and a~'/? are
usually referred to as the fluid Reynolds number, the magnetic Reynolds number and the
Alfven number respectively.

The conservation of energy and cross helicity follows easily from elementary calculations:

/’u,-[ut+wxu+Vp]:/u-[—Vwa+a]xb] (4.1.3)
Q Q
a/b-bt:a/b~[—an3—|—Vx(uxb)] (4.1.4)
0 Q
and the energy identity follows:
d1 2 2 2 2
=5 [ (ul"+albl®) = —v [ |w[*—an [ |4] (4.1.5)
Similarly,
/b-[uﬁ—w><u+Vp]:/b~[—1/V><w+aj><b] (4.1.6)
0 Q

12



/Qu~bt:/9u~[—nV><J+V><(u><b)] (4.1.7)

and there follows the conservation of cross helicity:

d
— u-b—i—/ pb-V:—z//b-(wa)—n/w-g (4.1.8)
dt Jo o0 Q Q

The conservation of magnetic helicity involves the vector potential. By rewriting the
Faraday equation as

Ob+Vxe=0, e=n)—uxb, (4.1.9)

it is clear that the Faraday equation admits a potential formulation given by
a;=—e+Vy, ali—o=ay, V Xxay=by (4.1.10)
with an arbitrary gauge function y. Therefore
H(b—-Vxa)=0, or b=Vxa (4.1.11)

If we further restrict x|sn = 0, then the magnetic helicity M = % fQ a - b is gauge invariant

and
d 1 1
—44:—/m,b+ahg=—/uﬂﬂwayb—axvx@y (4.1.12)
dt 2 Jq 2 Jq
After integration by parts using the boundary conditions x = 0 and e x v = 0, we have
1
—/[(—e+Vx)~b—a,-(V><e)]:—/e‘b (4.1.13)
2 Q Q
Thus the conservation of magnetic helicity follows
d
—M:—/(bxu—l—ng)-b:—n/b-] (4.1.14)
dt Q Q

For symmetric MHD, we can similarly write

u = (0,0,u)+V x(0,0,7)

w = (0,0,w)+V x(0,0,u), w=—-(A=V)N

b = (0,0,b)+V x (0,0,a) (4.1.15)
7 = (0,0,7)+V x(0,0,0), 7=—(A—=V)a

13



and reformulate all the nonlinear terms as Jacobians:
(w X U)g = h2 h h2 J (h3u7 h3¢)

(9% b)s = 5z (hsb, hsa) (4.1.16)
(wxb)s = jzmmd (hsth, hsa)

(Vx(xu), = ( hgzp) —_ (h%,hgu)
(Vx(gxb)); = h11h2J (%,hg@) - h11h2J (h%,’h?’b) (4.1.17)

(Vx (wx b))y = s (i hsa) = o (& hav)

and the 3D symmetric MHD takes the form:
Oyu + h2 i (hsu, hap) = (A = Vyu+ & A L—J (hsb, hsa)

oot T (2 ha) = s T (b)) = (A~ Vw8 (2 haa) — i (& hab)
—(A=V)y

ata = n(A V)CL + h2 hihs h (hSwv hg(l)

O = (D = VIb+ b (5, hsa) = b (3, hatt)

—(A=V)a
(4.1.18)

where we have chosen the zero gauge y = 0 for convenience.

On a simply connected €2, the perfectly conducting wall conditions 3 x v = 0 is given by
7=0, 0,(hsb)=0 on 90 (4.1.19)

Since a is a computational variables, it is convenient to take the alternative form of 3 = 0 in
terms of a, namely d,a = 0 which follows easily from the no-slip condition and the Faraday

equation. Therefore we have the boundary condition for the symmetric MHD:
u=0, =0, 0,(h3)=0, Ga=0, 3J,(hsb)=0 on 0N (4.1.20)

This is also consistent with the boundary constraint 0,(b-v) = 0 which is a direct consequence

of the Faraday equation.

14



We can similarly express the conservation laws for symmetric MHD (4.1.5, 4.1.8, 4.1.14)

in terms of the computational variables by

%%““’ u) + [, ¢] + (b, b) + ala, a]) + v([u,u] + (w,w)) +na((y, 5]+ (b,0) =0 (4.1.21)
7 ((u,b) + (w, a))
= v((b, (A =V)u) + {a, (A = V)w)) + an ([u, b] + (w, (A = V)u)) (4.1.2)
+%/8Q(b 0-(hsa) — abd-(hsb)) ds
and
i<a, b) + nla, b] = 0. (4.1.23)

dt

5 Finite Difference Scheme and Axisymmetric Flows

5.1 Finite Difference Method, Discrete Permutation Identities,
and Energy and Helicity Conservation Laws

With the standards notation:

(1 + Ay /2,y2) — d(y1 — Ayi/2,92) .

Di19(y1,y2) = A (5.1.1)
ad + A ) - - A )
Doy, um) = oy + Ay yz;A Oy — Ayr ge) (5.12)
Y1
= _( D =1 _ ( =Dy
(8). si-()
the finite difference approximation of /A and the Jacobians are given by
1 h2h3 hlh?)
VAVRTES D D D D 5.1.4
hY hlhzhg( 1( I 1¢)+ 2( Iy 2¢)> ( )
and
1 (= . . . . .
In(fr9) = 3 {Vhf : Vﬁg + Vi, - (fvﬁg) + V}f : (gvhf)} (5.1.5)
Altogether, we have our finite difference approximation of Navier Stokes equation:
8tu + %ﬁjh (hgu, hgl/)) = I/(Ah — V)u
O+ i (12, hav) = V(B = Viw + i (5 hou) (5.1.6)

w=(=Lp+ V)Y

15



With the discretization given by (5.1.4, 5.1.5), we can easily recover the permutation identi-
ties (4.0.3) and hence preserve the energy and helicity identities numerically. To see this, let

us first look at the quasi-2D flow with = R? or T2?. We begin with the following identity:

N-1 N-1
Y filgm—gi) ==Y (firn— fi1) g+ fnoagn + fvgn 1 — fogr — fige (5.1.7)
=1 =1

When there is no boundary contribution, we can simply write (5.1.7) as

J

Z i (g1 = gi—1) = = > (fis1 = fi-1) 9; (5.1.8)

and hence
Ay Ays Z Z eV, - (a@ﬁb) = — Ay Ay Z aVje - ?ﬁb (5.1.9)
P i
AyiAy Y Y eVir - (WVha) = —Ap Ay Y bVje- Via (5.1.10)
} J ,J
Therefore

Zc”Jh a,b); SZ(tha Vb + aVab - Vie + bVpe Vha) = Ti(a,b,c).

7j

Zhj
(5.1.11)
and the discrete analogue of the permutation identity (4.0.3) follows.
As to the viscous terms, we define the weighted inner products by
(¢, ) = Z(hlhzhsqw)z’,j Ay1Ays (5.1.12)
i3
hohs
EXUIESY N (D19)(D13)) Ay Ay,
i 1 i—1/2,5
hih 5.1.13
+Z ( 2 (Dy0) Dﬂﬁ)) Ay1Ay, ( )
ij—1/2
+<¢7 Vw>h
It is easy to see that
(@, Dpp)n = —[¢, Yln (5.1.14)

when there is no boundary terms involved.

16



Upon taking the weighted inner product of the first equation in (5.1.6) with v, the second
with ¢, it follows that

(v, 0wy, + Th(hsu, hap,v/hs) = v{v, (A — V)uy,

[, 0]n + Th(w/hs, hato, hsp) = v{p, (Ap — V)w)n + Th(u/hs, hau, hsp) (5.1.15)

<§7 Cd)h = [57 ¢]h
and we get the discrete energy identity
O G [, 00a) + ([ (0, 0) = 0 (5.1.16)

by taking v = u, ¢ =1 in (5.1.15). Also the discrete helicity identity
d
£(u,w)h + v([u,wlp — (w, (A — V)u)p) =0 (5.1.17)

follows by taking v = w, ¢ = w.

Remark 1 (a) In the 2D case, the approximation Jy(a,b) is equivalent to the classical

Arakawa scheme [1].

(b) A straight forward generalization to finite element and spectral Galerkin method is to
define the discrete approximation of the nonlinear term Jy,(a,b) through its pairing (the

weighted inner product) with the test function ¢ by
<Ca Jh(a7 b)> = T(a7 b7 C)

The permutation identities are preserved and hence the energy and helicities. The

details will be reported elsewhere.

In the next subsection, we proceed with the treatment of the pole singularity in axisym-

metric flow.

5.2 Polar Coordinate System and the Pole Singularity

For axisymmetric flows, the cylindrical coordinate system (yy,vo,v3) = (z,7,0) with r? =

y*+ 2? and 0 = arctan(z/y) is a natural one. In this case, we have (hy, he, h3) = (1,1,7) and
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the Navier Stokes equation can be written as
u + 5 J (ru,r) = v(A — Hu,
wt—f—J(%,T@b) :y(A—T%)w—i—J(%,Tu) , (5.2.1)
w=(=A+ ),

In [3], it is shown that the only possible singularity for axisymmetric flow of Navier Stokes
equation is on the axis. Therefore it is desirable to have local mesh refinement near the axis.

This is achievable by a simple stretching of coordinate system. For example, take

(yb Y2, 1/3) = (.fl?, S, 9)
with s = r1/2 = (32 4 22)'/%. The stretching factor now becomes (hy, ho, h3) = (1, 2s, s?) and
the Navier Stokes equation reads

w + 55 J (s*u, %) = v(A — S,

@ |

ot A5 (5,5%0) = (A~ o + 5 (B,5%) (5:22)
w=(=D+ L),

In either (5.2.1) or (5.2.2), the Navier Stokes equation has pole singularity 1/r (1/s,
respectively) at the axis of rotation, a simple and effective treatment for finite difference
scheme is to shift the grids half grid size off the axis to avoid placing the grid point on the
pole.

()= G~ )0, =012, (5.2.3)

That is, r; = (j — %)Ar, j=0,1,2,--- in (x,7,0) coordinates and s; = (j — %)As, j =
0,1,2,--- in (z, s,0) coordinates.
Since u, ¥, w are the swirling components of u, 1, w, they satisfy the reflection boundary

condition, namely, odd extension across the axis of rotation:
u(i,0) = —u(i, 1), ¥(i,0) = —=(i,1), w(i,0)=—w(i,1), (5.2.4)

and
h1<0,j) = h1(17j>7 hQ(Oaj) = h2(1>j)7 h3(07]) = h3(1vj)> (525)
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for the local stretching factors.
If we denote by j the index in the direction parallel to the axis, it follows from (5.1.7)
that

Zf] gj+1 — G5— 1 Zgj fjJrl f] 1) (f()gl +gOf1>- (5'2'6)

When we repeat the procedure outlined in (5.1.8-5.1.11), we will encounter the boundary
contribution at the pole: Y .(fio09i1 + giofia), with f =cand g = b[)xa — af)mb. In view of
the reflection boundary condition (5.2.4)

fio=—fi1, Gip = gi1 (5.2.7)

The boundary contribution at the pole drops out automatically and consequently the per-
mutation identities is valid even in the presence of the pole singularity. Since r 1=51 = 0,

it follows that (5.1.14) remains valid for axisymmetric flow in view of following identity

Z fi(giv12 — Gi-1/2) Z/ — fi-1)gj-1/72 — —(fl + fo)gu2 (5.2.8)

Jj=1 Jj=1

where

N | —

IEEIDS
j=1 j=1  j=2

As a consequence, the discrete energy and helicity identity (5.1.16, 5.1.17) remain valid

for axisymmetric flow in the whole space.

5.3 Treatment of Physical Boundary Conditions

In order to preserve the conservation laws for the energy and helicity in the presence of the
physical boundary, the no-slip boundary condition needs to be realized in a proper way. We
consider the flow confined in a cylinder {Z,,in, < < Tpaz, 0 < 7 < Tpas}, and let i be the

index in the axial direction. From (5.1.7)

M- M—1
S filgin—gi) == (fisr = fim1) gi + far—agu + fugni—1 — fogr — figo,  (5.3.1)
i=1 i=1

it follows that if we place the physical boundary in the middle of grid points

= Tmin, *** 7xM_% = Tmaz> Tn_— 1 = Tmax (532)

(NI
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a second order approximation for two of the no-slip boundary condition

V=0, =0
is realized by simply imposing
Yo =1; =0, Yy—1; = Yu; =0, Yin—1=Yin =0 (5.3.3)
Together with
ug; +ur; = 0, up—1,; + un; =0, uiN—1+un =0 (5.3.4)

as a second order approximation of the third no slip condition u = 0.
It is also easy to see that the boundary contributions in the permutation identity drops

out. Indeed, by introducing the convolution operator

(f * g)i—% = %(fi—lgi + figi-1)

we can write (5.3.1) as

Z fi(Giv1 — 9ic1) = — Z (fix1 — fic1) gi +2(f = g)M_% —2(f = g)% (5.3.5)

therefore

AwAry” Ai:l (cf)x(af)rb)> |

Z7j

M-1
= —AArY Y (D)D) + Ar (Z(c ko aDyb)y 1 s — (e aDrb)%J)
j =1 I

J

(5.3.6)
where *, denotes convolution in z direction. Similarly,
N-1
AZL‘ATZ Z (cDr(aDzb)> N
i g=1 Z’J
N—-1 ) ) ) )
= —AxArZ Z <a(Drc)(Dxb)>ij + Az (Z(c . anb)i7N_% — (c*, aDzb)ié)
i j=1 ’ i
(5.3.7)
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From (5.3.6) and (5.3.7) it follows that

AxAr Z ¢V, - (aVib) = —AzAr Z aVie-Vib — Ay, Z <c sk, (aDTb)) (5.3.8)

1,J 4,J Ty

AxAr Z Vi - (bVya) = —AzAr Z bVic- Via+ Ay, Z (c sy, (bDTa)> (5.3.9)
0]

i,j I
where for brevity, we have used %, to denote the convolution in the normal direction and ¥,
the variable in the tangential direction.
We have the discrete analogue of (4.0.4):
Zth(a, b)AzAr = Z(C@ha Vit 4+ aVyb - Ve +bVje - Viia) Az Ar

.3 1]
-I—%Z <c *, (aDTb — bf)m)) Ay, (5.3.10)
I8

For the discrete energy identity (5.1.16), the boundary contribution from the 3 nonlinear

terms

%; <c %, (Db — b[?Ta)) (5.3.11)

corresponds to (a,b,c) = (hsu, hstp,u/hs), (w/hs, hs, hg) and (u/hg, hsu, h3)) respec-
tively. From (5.3.3), the convolutions involving ¥ drop out automatically. For the same
reason, the only boundary contribution from the nonlinear terms in the derivation of the
discrete helicity identity corresponds to (a, b, ¢) = (u/hs, hsu, hgu). This term is also identi-

cally zero since on r = r,,,,, we have
(aD.b—bD,a) = (uDgu —uDyu) =0 onj=N—1N
while on = x,,,;, and * = T4z,

(c %, (aD7b> =r (u kg (u/rﬁﬂru)) =0
and

(c %, (bf)Ta)) =r (u g TUDT(U/T‘))> =0
from (5.3.4).

In the mean time, we have the following Lemma concerning the boundary contributions

for the viscous term
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Lemma 1 If either ¢ satisfies the homogeneous Dirichlet boundary condition

¢(1),j + Qﬁ,j =0, ¢}w—1,j + ¢}\4,j =0, ¢3,N—1 + sz'l,N =0

or ¢? satisfies the homogeneous Neumann boundary condition

Poj = P1j> Sh1; = o iNo1= DN
at the physical boundary, then
(@' (Dn = V)¢*)n = —[8", ¢ (5.3.12)

The proof follows straight forward from the following identity

M-1
1 1
Z fi(git1/2 — 9i—1/2) Z, — fic1)Gi—1/2 §(fM_1 + fm)gm-1/2 — E(fl + f0)g1/2
=1
(5.3.13)
with

1

SEEINDIWEDS

i=1 i=1 =M

N | —

From the analysis above, we see that the energy and helicity identities (5.1.16) and
(5.1.17) remains valid with the physical boundary condition (5.3.3, 5.3.4).

In the case of MHD equation, boundary contribution (5.3.11) does not drop out auto-
matically. A simple remedy is to add a correction term to the Jacobians at points (1,7),
(M —1,j) and (i, N —1). Since these points are O(Azx) and O(Ar) from the boundary, this
correction is of O(Az? + Ar?) and the resulting scheme is still second order consistent with
the equation. However, this approach is quite artificial and we do not favor it so we omit
the details.

We are unable to find a simple and local numerical boundary condition that preserves
the MHD energy and helicity identities in the presence of physical boundaries.

In practice, a more convenient way of realizing (4.1.20) is to place the grid points on the
physical boundary as is usually done. In other words, we put © = Z,,;, on i = 0, T = Tz
oni= M and r = 1y, on j = N (The pole r = 0 is still located at j = %) The u =1 =0
condition are given by

Yo =Y = Yin =0, (5.3.14)
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Uoj = upry = ui,n =0, (5.3.15)

The boundary condition 0, (h3y) = 0, or equivalently d,1 = 0 since ¢» = 0 on the boundary,

can be realized as

Vo1 =Py, Vs = Y-, Vi Ny1 = Vi N—1 (5.3.16)

Similarly
Orao; =0,  Oan; =0,  OGrajn =0 (5.3.17)

(hsb)—1; = (hsb)1,, (h3b)arg1,; = (hsb)ar—1,5, (h3b)int1 = (hsb)in—1  (5.3.18)
The boundary conditions (5.3.16, 5.3.18) uniquely determines the values of i) and b on the

ghost points (—1,7), (M + 1,7) and (¢, N + 1). The vorticity boundary condition can be

easily derived from (5.3.16), known as Thom’s formula:

24
(Az)*’

(5.3.19)

wo,j; =

In this setting, the active computational variables are u, w and a at interior points and b at
interior and boundary points.
Notice that the vorticity boundary condition for (5.3.2) and (5.3.3) corresponds to

Ua,
(Az)*’

(5.3.20)

w17] -

(5.3.20) differs from Thom’s formula by a factor of 2, also known as Fromm'’s formula. If
the grid points were placed right on the boundary, Fromm’s formula reduces to a first order
scheme, see [25]. It is indeed a second order scheme when the boundary is placed between
the grid points (5.3.2). The numerical results are shown in Table 1 and a convergence proof
for this vorticity boundary condition will be given in a forthcoming paper.

When there is no physical boundary involved (the whole space problem), we can derive

the following estimate
|u = up| + | Va(® — tn)|l1 < C(Ax* + Ar®y/|log Ar|) in @, 7,60 coordinates

and

lu —up | + [[Va( — ¥n)|l1 < C(Ax* + As®) in 2, 5,6 coordinates
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where || f||?2 = (f, f)» and || f||? = [f, f]r. This is done by a standard but somewhat lengthy
truncation error analysis together with a clever use of the permutation identity. See the

Appendix for detail.

Remark 2 [t is worth noting that this numerical conservation property is very similar to

the classical Zabusky-Kruskal scheme for the KdV equation [16]:
U + Uy + OUpyy = 0 (5.3.21)

in which the convection term s discretized as :

Uj—1 +Uj +Uj+1D w
3 “

1 2
(utty)p = —uDyu + =D, (u?/2) =

5.3.22
3 3 (5.3.22)

and 1t gives local conservation for both u; and u]2

Remark 3 The reformulation of nonlinear terms as Jacobian is also valid for nonorthogonal
21 and zo coordinates in the (yi,y2) plane, as long as they are both orthogonal to ys. The
Jacobian remains the same and the factor 1/(hahs) is replaced by %. It is therefore
straight forward to generalize our scheme to non-orthogonal coordinate system and can be
applied to simulate flows in non-reqular domain or combined with the moving mesh method.

This topic is currently under investigation.

6 Numerical Examples

Example 1: Accuracy check
We first check the accuracy of our scheme for axisymmetric Navier Stokes equation. We

setup the problem in a cylinder {0 < z < 7,0 < r < 7} with v = 0.001 and exact solution
(w7, t) = cos(t) sin(r) cos(r/2) sin(x)?, wu(x,r,t) = cos(t)sin(r) sin(x)

The result at t = 3 is given in Table 1. Clear second order accuracy is verified.

Example 2: Orszag-Tang Vortex

In this example, we repeat the calculation done by Cordoba and Marliani in [6] for ideal
2D MHD equation (b = u = 0 in (4.1.18) ) using local mesh refinement technique. The

underlying scheme is the second order upwind scheme combined with projection method on
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H mesh H L? error ‘ order H L error ‘ order ‘
100 x 128 3.0929E-4 | — 5.8085E-4 | —
200 x 256 7.8090E-5 | 1.995 || 1.3717E-4 | 1.995
400 x 512 1.9597E-5 | 1.997 || 3.9290E-5 | 1.998
800 x 1024 || 4.9066E-6 | 1.999 || 1.0497E-5 | 1.999

1600 x 2048 || 1.2274E-6 | 1.999 || 2.7118E-6 | 1.999
100 x 128 6.1831E-5 | — 4.9415E-4 | —
200 x 256 1.5371E-5 | 2.008 || 1.2108E-4 | 2.029
400 x 512 3.8393E-6 | 2.001 || 3.0150E-5 | 2.006
800 x 1024 || 9.5976E-7 | 2.000 || 7.5111E-6 | 2.005
1600 x 2048 || 2.3995E-7 | 2.000 || 1.8774E-6 | 2.000
100 x 128 3.0929E-4 | — 5.8085E-4 | —
200 x 256 7.8090E-5 | 1.986 || 1.3717E-4 | 2.082
400 x 512 1.9597E-5 | 1.995 || 3.9290E-5 | 1.804
800 x 1024 | 4.9066E-6 | 1.998 || 1.0497E-5 | 1.904
1600 x 2048 || 1.2274E-6 | 1.999 || 2.7118E-6 | 1.953

Table 1: Errors and orders of accuracy for example 1.

the primitive variable for the fluids part and potential formulation for the magnetic part. The
initial data is given by a(x,y) = cos(x+1.4)+cos(y+2.0), 1(z,y) = 3[cos(2z+2.3)+cos(y+
6.2)] on a 27 periodic box. This configuration typically develops singularity-like structure
known as current sheets where the current density is observed to grow exponentially in
time and thickness shrinks at exponential rate as well. This problem is a good test on
the performance of the scheme by monitoring the growth of the maximum of the current
sheet as excessive numerical viscosity can easily smear out the current sheet. In [6], the
initial resolution is 2562 and adaptively refined on regions where the solution develops large
variation. At t = 2.7, the finest mesh corresponds to the resolution of 40962 grids.

As a comparison, we repeat the same calculation with fixed resolution 10242. The contour
plot of the current density y at t = 2.7 is shown in Fig 1, which agree well with the calculation
done in [6]. Fig 2 is a local close up view of the same plot and we see the strong current
sheet is well resolved with only 7-8 grid points across the sheet.

In addition, we plot the history of time evolution of the current sheet maximum against
the simulated result j7;(¢) reported in [6]. Compared with the same plot ([6], Fig 8) of the

fixed resolution calculation done there, we can see that our scheme is much less dissipative.

Overall, we can achieve the same resolution with about half the number of grids in each
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space direction. (NOTE to referees: relevant pages of [6] attached)
For 2D MHD, the magnetic helicity is identically zero and [ a* emerges as an additional
conserved quantity. This quantity is also preserved numerically by our scheme.
Example 3: Axisymmetric Flow in a Cylinder
We setup another test problem on a cylindrical domain 0 < z < 3, 0 < r < 3, with initial
data:
P(x,r) =0, u(x,r)= 2i (1 — tanh (100 ((r — 1)* + (z — 1.5)> — 1/4)))

r

and the no-slip condition. The initial configuration corresponds to a tube of flow in a circular
cross section region with uniform angular momentum and the flow outside is at rest. This
flow configuration induces a strong vortex sheet at the boundary of the circular region (see
Figh). At t > 0, the flow closer to the axis is thus driven towards outside and generates
complicated flow patterns at later time. This situation is very similar to a rising bubble in
2D Boussinesq flow. The simulation is done with 15362 grids. We should mention here that
we can afford high resolution simulation on an ordinary desktop because of the combined
effect of the vorticity-stream formulation, explicit time integration of the nonlinear terms,
and the local boundary condition that effectively decouples the Navier Stokes equation into
2 scalar evolution equations.

Several contour plots of u are given in Fig 4 through Fig 9. The details of the complicated

flow structure is well captured.

7 Conclusions

For 3D symmetric flow, we reformulated all the nonlinear terms in Navier Stokes equation
and MHD in terms of Jacobian. The physical conservation laws for energy, helicity, etc.,
follow directly from the permutation identities associated with the Jacobian.

We designed a numerical scheme that preserves the permutation identities and hence
the energy and helicity numerically. This scheme is nonlinearly stable and free from excess
numerical viscosity, and hence is suitable for long time integration. This scheme also gives
a clean way of handling geometric singularities such as the rotation axis in axisymmetric

flows.
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The procedure is quite general. Any type of spatial discretization such as finite difference,
finite element, and spectral methods can be treated similarly by numerically realizing the
permutation identity (4.0.3). Local mesh refinement near the physical boundary can also
be incorporated into the scheme by stretching the coordinate accordingly at no extra cost.

Numerical evidence has demonstrated both efficiency and accuracy of the scheme.
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8 Appendix: Error Analysis for the (z,r,6) Coordinate
System

Here we give a detail derivation of the truncation error analysis and error estimate of our
scheme for axisymmetric flows. For simplicity, we will only consider the whole space case in
(x,r,0) coordinates with exact solution decaying at infinity. The proof for (x,s,#) is quite
similar so we omit it.

The proof makes use of the discrete permutation identities for the nonlinear terms of
the error equation. In the presence of physical boundaries, extra care needs to be taken to
handle the boundary contributions for the permutation identities. This technique, known as
the Strang expansion, has been applied to the analysis of 2D flow, see Hou and Wetton [15],
Liu and Wang [18] for details.

For local truncation error analysis near the pole, it is necessary to identify smooth func-

tions in this coordinate system.

Proposition 2 The swirling component u of a smooth, azxisymmetric vector field w admits

the following expansion for r small:

u(z,r) = Cy(x)r + Cs(x)r + Cs(x)r® + O(r%) (A.1)
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Proof: Since

U(xay%?/?)) - U0<Iay27ys) = _UQ(xvaJy?)) sin ¢ + u3(ac,y2,y3) COSG?

we can expand uy and ug as Taylor series in y, = rcosf and y3 = rsin 6 to get

6
up (T, Yo, Y3) = Zrkflpk(ilﬁ cos 6, sin 0) + O(r°)

k=1
where Py is a homogeneous polynomial of cosé and sin 6 with degree k. For axisymmetric
flows wg(z, 7 cosd,rsinf) is independent of 6. It follows that Py is a constant in 6. An easy

analysis shows that P, = P3 = P; = 0.

Lemma 2 Let (¢, u,w) be an exact solution of the axisymmetric Navier Stokes equation

(5.2.1) that decays sufficiently fast at infinity, then
= (=L + V) + AL 4+ 1A
o + %Jhw? r0) = v(Ap — Vi + FA22 + 11 Ar?
Ow + J, <%, r¢> =v(Ap = V)w+ Jy (— Tu) + Az + N
where ™ = O(r™) for r small and decays sufficiently fast at infinity.

Proof: We analyze the truncation error term by term. For the Laplacian operator, we have
Apthiy = (sz + D} + 57) Vi
= A ; +TAZ? + OO Ar? + O(%afz/zArQ) (A.2)
= A+ PAR2 47 IAP?
It is easy to verify that (A.2) is valid up to j =1, or r = r; = Ar/2.

Next we analyze the nonlinear terms, for simplicity we omit the spatial index (i, j) from

here on. _
mn(ru,m) = 5 ( Dx( ) D, (rip) = Dy(r ) D,.(r)
+ Da(ruD,(r)) — Dy(ruDs(r))) (A.3)
+ Dy(rDy(ru)) = Dy(r:Dy(ru)) )
For the first two terms, we have
Dy (ru) = 9,(ru) + r2Aa? (A.4)
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and
- A =
Dr(r)i = On(rip)ij + { OO((AQ)’, i = ;, 3,0 (4-5)

where we have used the local expansion (A.1) in (A.4) and (A.5). It follows that
Bty = (s + I

A similar estimate holds for D,(ru) and D,(r1) and we have

5 Dulru)Dy(re) = %&U(ru)@r(rﬂ)) + AL 4 AP (A.6)

The degeneracy at 7 = 1 in (A.5) is a result of the even extension for the stretching factor
hs(r) = r with hs(ro) = hs(r1) = Ar/2. One might suspect that this extension introduces
a kink at » = 0 and produces extra truncation error near the pole. In fact, it is easy to see
that D,(rv)) = 0,(r¢) + rOAr? for all j had we chosen the odd extension for r: ry = —ry.
However, the local truncation error in (A.5) is no worse than that of 2Aj, as shown in (A.2).
Moreover, it is also comparable to those of D, (ruD,(r¢)) and D, (r¢D,(ru)) regardless of

the extension of r. Indeed, we have

D, (ruD,(r))
= D, (rudy(rip) + O(rud?(ry) Az?))

= 0, (rud,(rv)) + rAr? + Az

and similarly

D, (ripDy(rw)) = 8, (rp8y(ru)) + FAF? + r3 Az’

The remaining terms in (A.3) can be easily estimated by

D, (ruD,(r)) = D, (ru (0, (rp) + TAr?)) = 0, (rud, (r¢)) + FAr* + r3 Az’ (A7)

and
Dy (riD,(ru)) = 8,(rpd, (ru)) + FAr? + r3 Az (A.8)
In summary, we have
L ~ 1y FAZ? + 1 1A A9
= h(ru,mﬂ)—ﬁ (ru, ) + FAz* + r—1Ar (A.9)
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Similarly, we can estimate Jj, (%, rw) as follows:

Ju(2.00) = D (%) Di(r)) = Dy (£) Da(r)
+ D, (4D,(r0)) - D, (£Du(re))
+ Dy (reDu()) = Da (ruDu(2))
For the first term in (A.10), we have

D.(2)-0.(2) + s
Dy (r)) = 8,(r)) + 7L Ar?,

therefore

Do (2) Do) = (00 (2) +1080%) (0.(rw) + 771 Ar2)

— 0, (2) 0,(ry) + PAZ + 1 AP
Similarly, the second term can be estimated as

5r (f) =0, (%) + r=3Ar?

,
Dy(r) = 0,(rip) + r2Aa?
and
B (£) i) - oo (2) 7 s P

The remaining terms in (A.10) follow similarly:

D, (2D,(r0)) = Dy (2 (0:rw) +r1r?))

— (D, + A?DP) (war(w) v FlM)

= 0: ($0:(r)) +me2 AR
D, (2Dur0)) = Dilwost+rAa®)
= 0, (wi,) + TAZ? + r-1Ar?
B, (reDu(®)) = B, ((re (2.2)) + Pas?)
= 0, (rO(0,2)) + FAL + 1A
D, (roD(2)) = DB, (v (8,2) + 7 1a02)
= 0, (00, (2)) + FAS 4 A
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(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)



In Summary, we have

Jn <C;—),rw> =J (%,r@b) +PAZ? 4 r1AS

The same argument also leads to

Jh (Eﬂ“u> =J (E,Tu) + A2 + 1A
T T

This completes the proof of Lemma 2.

(A.21)

(A.22)

To perform the energy estimate for the error, we first recall the weighted inner products

(5.1.12) and (5.1.13) in (z, 7, 8) coordinate:

(0,00 =D _(re)i; AzAr

,J

(A.23)

[0, ¥]n = Z (T(Dmﬁb)(Daﬂvb))i_yQ,j AzAr + Z (T(Drﬁb)(Dﬂ/)))i,j_l/Q AzAr + (¢, Vio)n

Z7j

and the corresponding norms

,J

1o = (&, O, NPl = [0, Dl = [IVasll® + (&, Vio)n
where
1 1
(Dg:(b)pr%,j = A—x<¢i+1,j - ¢i7j), (D7¢)i,j+% = x

and V,¢ = (Dy¢, Dy o).

Lemma 3 For any T > 0, we have

sup ||u — up|| + [|Va(® — ) |l1 < C(Az* + Ar®y/|log Ar|) in x,7,0 coordinates

[0,7]

where C' = C (Y, u,v,T)

(¢i,j+1 - ¢i,j)

(A.24)

Proof: We denote by 7;; the local truncation error. The numerical solution ¥y, us, wp

satisfies

whp = (=L + V)i,

1
6tuh -+ ﬁJh(uh,mph) = V(Ah - V)uh

Oywy, + Ji, (w

r

h,rwh> =v(Ap = V)wp + Jp (
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while the exact solution v, u, w satisfies
w = (—Ah—f—V)dJ—FT

1
Oru + ﬁJh(u,rw) =v(Ap—V)u+T

Oww + Jp, (%,r@b) =v(Ap = V)w+ Jy (%,ru) +7T

therefore
(W—wp) =(=Ln+ V)W =)+ T (A.25)
0w — un) + 5 (u(ru,r) = Tn(run, rn) = WD~ V) —u) 4T (A.26)
Oc(w — wn) + (Ju (2,79) = Ju (2, 7¢n))
= w(Dh = V) —wn) + (T (1) — Ty (2, ruy)) + T (A.27)
We take the weighted inner product of u — uy, with (A.26) to get
sOlu = un|® + (u = un, 75 (Ju(ru, 1) = Jn(run, 7n))n
(A.28)

= 1/<u — Up, (Ah — V)(u — uh)>h + <U — uh,’T)h

For the nonlinear terms, we have
(= 5 (T, ri6) = (o, i)
= (g (Tl ), ) i, (6 — )
= (u—un, % (Jn(r(u —un), 1) + Jp(r(un = w), 7( = ¢n)) + Jn(ru, v — ¢n))))n
= I+11+1I1
From the reflection boundary condition (5.2.4), we have

(II) = T <

The first and the third term can be estimated as follows:

U — Up

= 0,0 ) )

r

Jn(r(u —up), r)
= PDy(r(u — up)) + 72D, (r(u — up))

— 7 ((Zﬂ)ﬁg{;(u —up) + (Dor) Ay (u — uh)> 412 ((Avrr)f)r(u —un) + (D) A — uh))

— 2 (m(u — )| + u— uh\)
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where we have used the identity

D(fg) = AfDg+ AgDf

with
~ 1 ~ 1
(Acf)ij = §(fi+1,j + fi—1), (Arf)ij = §<fi,j+1 + fij-1)-
Therefore
(1) = (u—up, zIn(r(u—un),r¥))n
(U — up, TO(| Vi (u — up)| + [u — unl))n
= ¥ — ) + Ol — (4:29)
< €| Vilu = up)|]? + O()lu — up®

We have used the identity
6h = (AwDaraArDr)7

(Auf)is = 5+ Fiors) (Aefdis =5

together with the Cauchy Schwartz inequality in (A.29).

fi,j+% + fi,j—%)

Similarly, we have

(I11) = {u—wn, 5 Ju(ru,r(® — )}
= (u—up, TV — ¥n)| + 10 — Pu|)n (A.30)
= O(1) (l[u— unll? + o = a1

For the viscosity term, we have
vi{u —up, (Dp — V) (u—up))p = —v[u — up, v —uplp = —vl|u — up? (A.31)
For the truncation error term,
(w—up, Thn < |Ju—upl* + | T|? < |lu — uall® + O(Az* 4 | log Ar|Ar?)

Therefore, we have

$Olu = wnl? + T (=22, 7 (up — w), (0 — ) + 5l — w3

(A.32)
< Ol = ullf + llu — unl?) + O(Az? + [log Ar|Art)
Similarly, we have from (A.27) that
5Ol — Unllf + (= Uy Jn(2,70) — Ju (2, rhp) )0 + (0 — 0, 0T — Ty,
(A.33)

= v —n, (Br = V)W —wr))n + (¥ = n, (5, ru) — Ja(5E, run))n
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For the nonlinear terms, we have

(= s (%, 70) = TS )

= v (520 ) o (= ) ) 4 (= )

= IV+V+VI

Again from the reflection BC, we have

(wh — w)

wv=n(mw—wm JW—¢H>=O (A.34)

also
(w — wn)

(b = Won, Tn (=2 v = ( Tn(rd, (3 — ) (A.35)

Then we proceed as before to get

(w—wp)

(IV) = { Tn(r, (% — Y))n < (o — wal, P01 — ] + [Va(e — 9n))n

< ellw —wnll? + O(- )Y = vnlly

Direct calculation gives

I (Zor( = n)) < PO = ] + FIVA( = )]
Similarly

(V) = {6 =y Ju (2,7 = ) ) < (I = 6l FIVA( = )| + 721 = )

<OM)|[y — vall?
(Y — Y, Jh(gﬂ“u) — Jh(%aruh»h
r r
= (¢ —Yp, I (u_uh,ru> + J (uh _u,r(u—uh)> + J <— r(u—uh)>>h
r r
= VII+VIII+IX
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Again from the reflection BC, we have

(VIII) =T, (r(w — ), (“"r_ w) Jr(u — uh)) (A.36)

U — Up

(VII) = (r(s — tn), Ju( )y < {10 — nl, 7Ofu — up] + IV — ) )
< e[Vl = un) [ + O — il + O(1) u — o
Similarly
(IX) = (¢ — o, Jh(%»r(u —up)))n < (1 — n], O — wp| + FIV i (u = un)|)n

1
< el Valu = wn)[* + Ol = dalli + O Jw = unl®
For the viscosity term, we sum by part twice to get
v{(t =), (Bn = V)(w —wi))n = v{(Bnp = V)(¥ = ¥n), w — wh)n
1
= —vllw = wnl? + v(w = wn, T < =5llw = will” + O() (Ax" + |log Ar|Ar)
and finally
() = ¥n, T — T)a| = || — ¥ull* + O(Az* + |log Ar|Ar?)

In summary, we have

1 v

11 L Uil + ol = wal®

(up — u)

<7, (rw ),

+C|¢p — nlT + €[ Valu — up) || + Cllu — up|?

1w — uh)) + O(Az* + Art|log Ar|)

Let

H(t) = 5 (llu—unll* + [l = ¥nll})

DN | —

with suitably chosen ¢, we have

dH

4 Ll — il + o — anlP) < CH+O(Ax* + Ar'|log Ar])

(NN

It follows from Gronwall’s inequality that

T
sup H(t) + %/ (lu = wnllf + llw — wal*)dt < C(Az® + Ar¥[log Ar])
0

(0,77

35



References

1]

[9]

[10]

[11]

A. Arakawa, Computational design for long-term numerical integration of the equations
of flurtd motion: two dimensional incompressible flow. Part I, J. Compute. Phys. 1

(1966) 119-143.

H. Ceniceros and T. Y. Hou, An Efficient Dynamically Adaptive Mesh for Potentially
Singular Solutions in J. Comput. Phys., 172, 1-31 2001.

L. Caffarelli, R. Kohn and L. Nirenberg, Partial regularity of suitable weak solutions of
the Navier-Stokes equations, Comm. Pure Appl. Math. 35 (1982) 771-831.

R. Caflisch, I. Klapper and G. Steele, Remarks on singularities, dimension and energy

dissipation for idea hydrodynamics and MHD, Comm. Math. Phys. 184 (1997), 443-455.

A.J. Chorin, Numerical solution of the Navier-Stokes equations, Math. Comp. 22 (1968)
745-762.

D. Cordoba and C. Marliani Fvolution of current sheets and reqularity of ideal incom-

pressible magnetic fluids in 2D, Comm. Pure and Appl. Math. 53 (2000), 512-524

W. E and J.-G. Liu, Vorticity boundary condition and related issues for finite difference
schemes, J. Comput. Phys., 124 (1996) 368-382.

W. E and C.-W. Shu, Small-scale structures in Boussinesq convection. Phys. Fluids 6
(1994), no. 1, 49-58

B. Fornberg, A Practical Guide to Pseudo-spectral Methods, Cambridge University
Press, New York, 1998.

R. Grauer and C. Marliani, Geometry of singular structures in magneto-hydrodynamics

flows, Physics of Plasma 5 (1998), 2544

R. Grauer and C. Marliani, Current-sheet formation in 3D ideal incompressible magneto-

hydrodynamics, Physical Review Letters 84 (2000), 4850-4853.

36



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

R. Grauer and T.C. Sideris, Numerical computation of 3D incompressible ideal fluids

with Swirl, Physical Review Letters 67 (1991) 3511-3514.

P.M. Gresho, Incompressible fluid dynamics: some fundamental formulation issues, Rev.

Fluid Mech. 23 (1991) 413-453.

F.H. Harlow and J.E. Welch, Numerical calculation of time-dependent viscous incom-

pressible flow of fluid with free surface, Phys. Fluids 8 (1965) 2182-2189.

Thomas. Y. Hou and T.R. Wetton, Convergence of a finite difference scheme for the
Navier-Stokes equations using vorticity boundary conditions. STAM J. Numer. Anal. 29

(1992), no. 3, 615-639.

C.D. Levermore and J.-G. Liu, Large oscillations arising from a dispersive numerical

scheme, Physica D, 99 (1996) 191-216.

J.-G. Liu and C.-W. Shu, A high order discontinuous Galerkin method for incompressible
flows, J. Comput. Phys., 160 (2000) 577-596.

J.-G. Liu and C. Wang, Analysis of finite difference schemes for unsteady Navier-Stokes
equations in vorticity formulation, Numer. Math., 91 (2002), 543-576.

J.-G. Liu and W.C. Wang, An energy preserving MAC-Yee scheme for the incompressible
MHD equation, J. Comput. Phys., 174 (2001) 12-37.

J.-G. Liu and Z. Xin, Convergence of a Galerkin method for 2-D discontinuous Fuler
flows, Comm. Pure Appl. Math., 53 (2000) 786-798.

H.K. Moffatt, The degree of knotedness of tangled vortex lines, J. Fluid Mech. 35, (1969)
117-129.

H.K. Moffatt and A. Tsinober, Helicity in laminar and turbulent flow, Ann. Rev. Fluid
Mech. 24, (1992) 281-312.

K. Mohseni and T. Colonius, Numerical treatment of polar coordinate singularities, J.

Comput. Phys., 157, 787 (2000).

37



[24] J.J. Moreau, Constantes d’un iot tourbillionnaire en fluide parfait barotrope, C.R. Acad.
Sci. Paris, 252, (1961) 2810-2812.

[25] S.A. Orszag and M. Israeli, Numerical simulation of viscous incompressible flows, Ann.

Rev. Fluid Mech. 6 (1974), 281-318.

[26] S.A. Orszag and C. Tang, Small-scale structure of two-dimensional magneto-

hydrodynamic turbulence, J. Fluid Mech. 90 (1979), 129.

[27) A. Thom, The flow past circular cylinders at low speeds, Proc. R. Soc. London A 141
(1933) 651-669.

28] K. Yee, Numerical solution of initial boundary value problems involving Mazwell s equa-
tions in isotropic media, IEEE Trans. Antennas and Propagation, AP-16 (1966), 302-
307.

[29] N.J. Zabusky and M.D. Kruskal, Interaction of “solitons” in a collisionless plasma and

the recurrence of initial states, Phys. Rev. Lett. 15 (1965) 240-243.

38



Figure 1: Example 2, contour plot of the current density j at t = 2.7
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Figure 2: Example 2, close up of Figure 1. The current sheet is resolved with about 8 grid
points.
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Figure 3: Example 2, 3D plot of Figure 1
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Figure 4: Example 2, time evolution history of maximum current sheet with different reso-
lutions. j;i: data computed in [6] using equivalence of 4096 resolution
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Figure 5: Example 3, contour plot of u at ¢ = 0. horizontal axis: z, vertical axis: r
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Figure 6: Example 3, contour plot of u at t = 2
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Figure 7: Example 3, contour plot of u at t = 2.5
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Figure 8: Example 3, contour plot of u at t = 3.0
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Figure 9: Example 3, contour plot of u at t = 3.5
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Figure 10: Example 3, close up of Figure 9
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