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Abstract

We study a semilinear ellptic system modelling the physical sys-
tem strings and antistrings in cosmology under the boundary condi-
tion of the symmetric vacuum(the nontopological type). We construct
solutions with the representation having precise informations on the
asymptotic behaviors near infinity for arbitray location of strings and
antitrings satisfying 1 < M — N < ﬁ, where M and N are the
total string number and the total antistring number respectively, and
G is the gravitational constant. The asymptotic properties, in par-
ticular, are completely different to the solutions under the boundary
condition of the asymmetric vacuum(the topological type) constructed
previously by Y. Yang[19]. We also compute the total magnetic flux,
total energy and the total Gaussian curvature of our solutions.



1 Introduction

We consider the following system for (v,n) in R?:

2eM(e’ — 1)
Av = o —47r§ d(z —pj) +47rz5z—q] (1.1)
L an = Al ey — Lol 42 Z(s Cp) 42 25 ),
5 AN = e 5V 7r z—p;) ﬁjlij
(1.2)

equipped with the boundary condition
e’ —=0 and €"—0 as |z] = oo, (1.3)

where we denoted z = 21 + izy € C = R?, and a = 87G with G > 0,
the gravitational constant. The system (1.1)-(1.2) represent an equilibrium
configuration of cosmic strings and antistrings in cosmology. More precisely,
we could start from a lagrangian of the Hilbert-Einstein action coupled with
O(3) model(sigma model) as a matter part, which represents cosmic strings
in the universe(See e.g. [16].) Then, under the assumption of translational
symmetry in the time and one spatial direction, we obtain the Bogomol'nyi
type of equations saturating the global minimization of the static energy,
which after the standard reduction procedure[8] we obtain (1.1)-(1.2). There
are many literature on the related physical models on the cosmic strings(See
e.g.[8,9, 16, 17] and references therein). With the Abelian Higgs model as the
matter part mathematically rigorous study of the static cosmic strings was
initiated in [7] for the radially symmetric case, and in [18, 21] in the general
multistring case. With the O(3) model as a matter part, as we are intersted
in this paper, we could have both strings and antistrings simultaneously. In
this case, Yang proved existence of general multistrings in [19, 20, 21]. All of
the previous mathematical studies are under the boundary condition of the
broken vacuum symmetry(topological boundary condition), namely e’ — 1
and e" — 0 as |z| — oo. In this paper, in the cosmic string-sntistring model
problem, we study the system under the boundary condition of the unbroken
vacuum symmetry(nontopological boundary condition), which is the prob-
lem 1.1-1.3. Our boundary condition of the unbroken vacuum symmetry
has similar feature to the nontopological boundary condition in the self-dual
Chern-Simons theories studied in R? by [13, 3, 4, 5, 2], and in the periodic
domain by [14, 12, 11]. We use the method developed and refined in [3, 4, 5]
to construct solutions of the problem (1.1)-(1.3). We find that the qualititive
properties of our solution is completely different to those obtained by Yang
n [19, 20, 21]. We note that the study of the Abelian Higgs strings in the
broken vacuum symmetry is recently done in [6].



Our main aim in this paper is to prove the following theorem.
Theorem 1.1 Suppose Q1 = {p;}}_, and Q2 = {q;}}., are given in R?
allowing multiplicities, and Q1 N Qs = F. Assume

1
1<M-N<—.. 1.4
< yo— (1.4)

Then, there exists a constant €1 > 0 such that for any € € (0,e;) there exists
a family of solutions to (P), (uy,us). Moreover, the solutions we constructed
have the following representations:

v(z) = In pgﬁg(z) + 2wy (e|z]) + 52u’{,€(sz), (1.5)
n(z) = In pgga(z) + 2wy (el z|) + 62u§75(52) (1.6)
with
g2M—2N+2 HM |z _ qj|2

I 7j=1
ph(z) = , (1.7)
> 1Y, |2 — p 21+ Jez + 02)<

42
17 _ _ ;
p(;’e(Z) = a(l n |82: n 6|2)2, 0= 51 + Z5Q < C, (18)

where and hereafter we denote
a = 8rG. (1.9)

In (1.5) and (1.6), the function € — &F is a continuous function in a neigh-
borhood of 0, and |§%| — 0 as € — 0. The radial functions wy,wy have the
following asymptotic properties.

wi(lz]) = —Ciln|z|+ O(1) as |z| — oo, (1.10)
wy(lz]) = —Cyln|z|+ O(1) as |z| — oo (1.11)

with C, Cy defined by

o = 16(a+1)(]\24—N)![1;a(M—N)], (1.12)
a? Hk:1+N—M (E + k)
16(a + 1)(M — N)[1 — a(M — N)]|
02 = B} 2 = CLCl . 1.13
aHk:l—i—N—M (5 + k) ( ) ( )

The functions uj ., us . satisfy

uy (e2)| + |us (2
- |ui (e2)] + [u3 (€2)] <o(l)  ase—0. (1.14)
2R In(e + |2[)




Given solution (v, n) of the system (1.1)-(1.2) we have the following formu-
lae for the flux density Fis, energy density H and the Gaussian curvature K of
the corresponding physical system of cosmic strings and antistrings(vortices
and the antivortices) on the conformally flat surface M? = (R? €";;)(See
Section 11.2 of [18]).

Fiy = _enifv—+—11) (1.15)
1 N M
e"H = A {ln(l +eb) — Ev} + 27r;(5(z —pj)+ 2#2(5(2 —qj)
j J (1.16)
K = —%An. (1.17)

Using these formula we evaluate the total magnetic flux, total energy and
the total curvature rather explicitly.

Theorem 1.2 Let (v,n) be solution constructed in Theorem 1.1. Then, we
have the following evaluations of the total magnetic fluz, total energy and the
total curvature of M? = (R?, e"d;5) .

1
/ Flgd.’ll' = 4dr |iM — N — 5:| +7T01€2 -+ 0(82), (118)
R2
Heldr = g [4 4 Coe® + o(e?)] (1.19)
R2
Kedr = 74+ Coe® + o(e?)] (1.20)
R2

as € — 0, where Cy,Cy are the constants in (1.10), (1.11) respectively.
Moreover, for all sufficiently small positive €, the conformally flat 2 surface
M? is complete(incomplete) if and only if a(M — N) < (>)1.

2 Proof of the Main Theorems

We first transform our system to more convenient form for our analysis.
Using (1.1) we compute,
e'Av  |Voul]2e”  |Vu|?e?

eV +1 e’ + 1 (ev +1)2

Aln(l+e") =

2 n+v(,v _ 1 2, v 2 2v M
e (e ) | IVu[fe”  [Vulfe —4#25(z—pj)
(ev +1)2 ev+1  (ev+1)2 ‘=



n+o(,v 2, v
2e"0(e? — 1) |Vul*e —4%25

(ev +1)2 (ev +1)2
2eM0(e? — 1)  Ae¥ —e"Av
= o T Ty 47rz 5(z (2.1)

Substituting (2.1) into (1.2), and then eliminating $Av inside [-] using (1.1),
we obtain the following system equivalent to (1.1)-(1.2):

2e(e? — 1)
Ap=22 "7 (e” —4%25,2—]9] +47T25z—qj (2.2)

e’ +1
2ae" (e’ — 1)? QaAe 2ae” Av
Anp=— - : 2.
7 @112 (@112 (@11p (2:3)
We consider the following ‘principal part’ of the system, (2.2)-(2.3).
N M
Avy = —2e™ —47?25(2—pj)+47r25(z—qj), (2.4)
j=1 j=1
Any = —2ae™. (2.5)

As a family of solution (2.5) we have

no(z) = In pglg(z) (2.6)

with pfZ(z) defined in (1.8). In order to solve (2.4) we rewrite it as

N M
(i Xl 03t o) < a2

j=1 j=1

where ¢g is an arbitrary positive constant. Comparing (2.7) with (2.5), we

find that

N M
avo+a21n|z—pj|2—aZlncO|z—qj|2:770+h(z) (2.8)

j=1 j=1

for a harmonic function, h(z). We choose h(z) = 0. Then, substituting 7o in
(2.6) into (2.8), and solving it for vy, and choosing the constant ¢, in as

1

a \z
Co = e2M-2N+2 (4_€2> 7
we find that
w(2) = In gl (2), (29)



with pjf_(2) defined in (1.7). We set

1 z 1 z
ghe(2) = 50k (5) b2 = 5ot (5.
and define p;(r), p2)r) by
r2M—2N ; 4 .
- - = i .
p(r) L3 )E et 95:(2), pa2(r) a1+ im g5:(2)

We make transforms from (v,7n) to (u1,us) as follows

£2)
£z) (2.10)

v(z2) = Inpj (2)+ e wi(ez) + e*u(
n(z) = Inpse(z) +e*walez) + e u(
where wy, wy are the radial functions, w;(z) = w;(|z]), j = 1,2 to be de-
termined below. Then, (2.2)-(2.3) can be transformed into the functional
equation, P = (P, P,) = 0, where

Pl(u17u2757 6) = Aul

291 (2) gL (z)es” (mtuztuwitws) _ 205(3) 2(uptwa) o iL(z)
95,5 gé,e £2 o 95,5 +Aw
e2g} (z)es" (v 1 £ "

PQ(U17U2,57 5) = AUQ

2
a u w: 2 u w
| B 2t (@)t —1 ] gy
[Ezgés(z)GEZ(ulerl) + 1]2 g2

208 [gh ()] dagl (2)gfh(2)e o
(295 (2)e e +1]° - [e2g] (z)e*tnrun) 417
2ast g ()= Ay + )

_ 2’[ — 3 +Aw2
[5 955(2)65 urtwi —{—1}

Now we introduce the functions spaces used in [3]. Let us fix v € (0, 3)
throughout this paper. Following [1], we introduce the Banach spaces X,
and Y, as

— (e L@ | [ (14 laP*)fu(o)Pds < oc)
R2
equipped with the norm [Ju|%, = [e(1+ ]:c|2+°‘)|u(:c)|2da:, and

2

Yo = {ue W22 | aul}, + | —

1+ |91:|1Jr L2(R?)

equipped with the norm |Jul|}, = [|Aul}, + | — We recall the

1+|x|l+7 ||122(R2
following propositions proved in [3].



Proposition 2.1 Let Y, be the function space introduced above. Then we
have the followings.

(i) If v €Y, is a harmonic function, then v = constant.
(ii) There exists a constant Cy > 0 such that for all v € Y,
lv(z)| < Ciljvlly, In(e + |z]),  Va € R

Proposition 2.2 Let a € (0,3), and let us set

L=A+p:Y,— X,,

where p = ﬁ. We have
KerL = Span{g0+,g0_,g00}, (211>
where we denoted
roo 1—1?
g0+:mcos€, SO_Zl—i—ﬂsme’ gpozm.
Moreover, we have
ImL:{fEXa|/ for =0} (2.12)
R2

We can check easily that P is a well defined continuous mapping from B,, C
(Y,)? x C x Ry into (X,)?, where B., = {|lu1lly, + |[ually, + 0] <& < &0}
for sufficiently small g9. In order to have g§_(z) — 0 as |z| — 0 we impose

2a(M — N) < 1,

which is equivalent to (1.4).

We now extend continuously P(0,0,0,¢) to e = 0 by imposing the condi-
tion that lim. o P(0,0,0,¢) = 0. In order to compute the limit lim._.o P(0,0,0, )
we note the elementary facts,

1

1+z

1

—1=—z+0(2?), (e

—1=—-22+0(z? (2.13)

as x — 0. Using this we compute
hH(l) Pl((), O, 0, 8) = —4p1p2 + 2p2U)2 + Awl,
E—

and
lin% P5(0,0,0,¢) = —4dap1p2 + 2apawy + 2aAp; + Aws.
E—>

Hence, the condition lim. . P(0,0,0,¢) = 0 implies the following linear sys-
tem for wy (r), wo(r).

Awl + 2p2’LU2 - 4p1p2 = O, (214)
Awsy + 2apawy — dapips + 2aAp; = 0. (2.15)



We establish the following lemma about asymptotic behaviors of solutions
wy, Wo € Y,.

Lemma 2.1 There ezist radial solutions wy(|z)), ws(|2]) of (2.14)-(2.15), be-
longing to Y,, satisfying the estimate (1.10) and the asymptotic formula in
(1.11) respectively.

Proof: From (2.14)xa—(2.15) we obtain
A(awy —wqy — 2apy) = 0.

We seek wy,wy with aw; — wy — 2ap; € Y,. Then, it follows that aw; —
wy — ap; =constant by Proposition 2.1. We choose this constant= 0. Then,
pPawy = apswy — 2ap1pz. Substituting this into (2.14) we obtain the following
reduced system for wq, ws.

Awy + 2apow; = 4(a + 1)p1p2, (2.16)
wo = awy — 2ap1. (2.17)

Let us set f(r) = 4(a + 1)p1p2. Then, it is found in [1, 3] that the ordinary
differential equation(with respect to r), (2.16) has a solution w;(r) € Y,

given by

wi(r) = ¢o(r) {/0 (bf((sl)__g’;(l)dw d)lf(_l):} (2.18)
with ox 2 )

o= (175 ) S [ atonsoar

where ¢7(1) and w(1) are defined as limits of ¢¢(r) and wy(r) as r — 1.
From the formula (2.18) we find that

142\ 1
wilr) = ¢o(r) /2 (1 i_ 22) %ds + (bounded function of r)  (2.19)

as r — oo, where

I(s) = /OS wo(r) f(r)rdr.

Since po(r) — —1 as r — oo, (1.10) follows if we show I = I(c0) = Cf.
Indeed, substituting 72 = ¢ in the integrand of I, we evaluate the integral as
follows.

I = 4(a+1) / " o) (r)pa(rrr
B 16(a+1) [~ (1- r2)r2M*2N
a a /o (1+7r2)3+a

~ 8(a+1) /°° (1- t)tM*th
a o (14t)3*e

rdr

8



8 1 i [ele] tM_N o0 tM—N-Fl
_ 8a+]) / dt — / b a
a Joo (141t)°a o (L+1¢)y°ta

8(a+1) (M — N)! (M — N +1)!

a _Hi:?-ﬁ-N—M (2 +k) - Hi:H—N—M (2 +k)
B+ H(M-N)! T2 o B
o Hi:l-&-N—M (% + k) L PN A 1)}

_ 16(a+1)(M — N)![1 —a(M — N)] _c.. (2.20)
a? Hi:HN—M (% + k)

This completes the proof of (1.10). The proof follows immediately from (1.10)
combined with (2.17). This completes the proof of Lemma 2.1. O

Now we compute the linearized operator of P. By direct computation we
have

o 99 4 i %)) 4

c0 851 a/p]-gp*F? c—0 8(52 a/plgO*?
=0 =0

y dgit(z)| A i dgst(2)| A

Jm 96, . = P2, IR 96, » = Tap2p—.

Let us set P, ,,5(0,0,0,0) = A. Then, using the above preliminary compu-

u
tations, we obtain

Ao, v2, 8] = Avy + 2pav;

1
+8 [2(1 + —)p1p2 — pawa | (P41 + o_Ba),

a
and
Aszlvr,v2, 8] = Avy + 2apav;

+8 [2(1 + a)p1p2 — apaws] (151 + @)
—8Ap1(¢4+51 + p-B2)].

For the linearized operator A[-| we will establish the following key lemma.

Lemma 2.2 The operator A : Y2 x R? — X2 defined above is onto. More-
over, kernel of A is given by

KerA = Span{(1,0): (=5, 02): (2, 00)} x (0,00}, (221)

Thus, if we decompose Y2 x R? = U, ® KerA, where we set U, = (Ker A)*,
then A is an isomorphism from U, onto X2.

9



In order to prove the above lemma we need the following:

Proposition 2.3 Let wy € Y, solve (2.14)-(2.15), then
I = /IR2 2(1 + a)p1p2 — apows) 7 dx
- [ Appsds 0. 22
Proof: Integrating by part, we obtain
I. = { (1 + a)p1p2 — awapa] pl@iASpi} dx
= /RQ[(ZLCL +2)p1p2 — awaps)pide, (2.23)

where we used (2.21 Apy = —2apsp+. (Note that L = A+ 2ap,.) Below we
list useful formulas, which can be checked by elementary computations.

1 cos?#
2 [ —
pLp2 = 16L2P2 { sin? } ; (2.24)
1 cos? 0
2 _ + 2
Yt = 461,7’ P2 { sin29 } ) (225>
Apy = 2a(2r* — 1) p3, (2.26)

Also, from (2.15), we have
Lwy = 4apips — 2aApy. (2.27)

Using (2.24)-(2.27), and integrating by parts, we transform the integral suc-
cessively as follows.

o 2w cos? 6
I, = (4a + 2)p1 2’ dr — 6 wa(Lops) <in? 0 dOrdr
B a(da+2) 5, cos? 6
= / / { r p1Ps — 16(Lw2)p2}{ sin2 0 dfrdr

a(4da + 2)
= { r2p1p2 - E(élaplpg - QaApl)pg} rdr
> (a(4a +2) a? a?
= ﬂ/ { ), nps = s+ —mApz} rdr
0 8
> (a(4a +2) a? a’
= W/ { 7‘ p1p; — 1 —pps+ 1(2?"2 - 1)mp§} rdr
0
/°° 4a+2 a2+a3r2 a’ d
= -t — rar
™ ; 4 5 4 [ PrP2



a_|_17r/°° [(2a + 2)r? —a]p1p27“dr
Hat m /OO [(2a+2)r ]T2M72N+1 dr (Setting 72 = t)
(1+r2)at
2(a+ 1)m [ ] (2a+2) tM N+l atM=N
/0 (1+8)32+ (1+t)3+4]
2+ 1)1 | (2a+2)(M — N + 1)! a(M — N)!
a [Ti- pin-nr (5 +F) sz sn—ar (3 +F)

fg{;&f@fg l(2a—|— (M —N+1)—a (g +2+N— M)]
2(a+1)(3a+2)7(M — N)! - (M — N)

aHk 2+ N— M( +k>

> 0. (2.28)

This completes the proof of Proposition 2.3. .

We are now ready to prove Lemma 3.1.

Proof of Lemma 2.2: Given (fi, fo) € X2, we want first to show that there
exists (v,7) € Y2, f = (61, B) € R? such that

A(vi,ve, 8) = (f1, f2), (2.29)
which can be rewritten as
Avy + 2povs
+8 |2(1+ 1)/)1/)2 paws | (151 + p-Ba) = fi, (2.30)

Avy + 2apyvs 4+ 8 [2(1 + a)p1p2 — apaws] (451 + p—F2)
—8A[p1(p151 + o)) = fo. (2.31)

Let us set
1
=— d d 2.32
b ST, o fopide, B2 = ] f290 Ty (2.32)
where I. > 0 is defined in (2.22). We introduce f by
fa=f2— By — Bap-. (2.33)
Using the fact fozw o p_df =0, we find easily
foprdr = 0. (2.34)

R2

11



Hence, by (2.12) there exists vy € Y, such that Avy + 2apsve = fg. Thus we
have found (vq, 81, 32) € Y, x R? satisfying (2.31). Given such (vy, 81, 32),
in order to construct v; € Y, satisfying (2.30), we consider the following
equation, obtained by (2.30) x a — (2.31),

A(CLUl — Uy + 8,01g0+ﬁ1 + 8,01g0_ﬁ2) = le1 — fg. (235)
Obviously, for any harmonic function p(x) the function

(@) = — [ Wz —y)lafi - fl(w)dy

2ma R2

+é(v2 — 8p1p4 1 — 8prp_a) + () (2.36)

satisfies (2.30). The requirement v; € Y,, implies p(z) =constant, thanks to
Proposition 2.1(i). We have just finished the proof that A : Y? x R* — X2
is onto.

Now it is easy to check that the restricted operator(denoted by the same
symbol), A : U, — X2, where U, is the space introduced in Lemma 2.2 is
one to one. This completes the proof of the lemma.[]

We are now ready to prove our main theorem.

Proof of Theorem 1.1: Lemma 2.2 shows that P(/v,f,ﬁ)([)?O’O’ 0) : Uy —
X, x X, is an isomorphism for a € (0, %) Then, the standard implicit func-
tion theorem(See e.g. [22]), applied to the functional P : U, X (—&¢,&0) —
X, X X,, implies that there exists a constant £; € (0,g9) and a continuous
function € +— 7 1= (vi _,v5_,07) from (0, &;) into a neighborhood of 0 in U,
such that

P(uj ., uy,,0%,¢) = (0,0), forallee(0,e1).

This completes the proof of Theorem 1.1. The representation of solutions
U1, Uy, and the explicit form of pgﬁg (2), pg&;(z), , together with the asymp-
totic behaviors of wy, wy described in Lemma 2.1, the fact that uj ., u5 . € Yy,
combined with Proposition 2.1, implies that the solutions satisfy the bound-
ary condition in (P). Now, from Proposition 2.1 we obtain that for each
J=12

0 (2)] < Ol (" fo] + 1) < Ol (0" o] +1). (237
This implies then
6 ()] < Ol (i [e] + 1) < Clliell, (n* Ja] + 1),

From the continuity of the function € — 1. from (0, &) into U, and the fact
Y = 0 we have
[Yellv, =0 ase—0. (2.38)

12



The proof of (1.11) follows from (2.37) combined with (2.38). This completes
the proof of Theorem 1.1[]

Proof of Theorem 1.2: Combining (1.1) and (1.15), using the Gauss the-
orem, we deduce

1
/ Fiodxr = —= lim a—als +27(M — N), (2.39)
R2 R—oo Sk 87"

where we set Sgp = {x € R?| |z| = R}. For our solution, v(z) = v.(z) given
by (2.24), we compute

v, Ol f P
ds — ol d ThEn)
O ﬂéR Pz ds J{R or e or

= Il + 6212 + €213. (240)

Following the similar procedure as in [3]( pp. 135-138) we easily compute

I = —Ax (Z\/[ N — 2) +0 (;) (2.41)

o 1
IQ = —871'(@ + ].) / (potplpgdt + O <E>
0
= —27nC} (2.42)

and using (2.16)

as R — oo, where we used the result of the computation in the proof of
Lemma 2.1, and finally

supli| < | [ Auj.ds
R>0 R2 ’
3 d 3
< A *x |2 1 24« d / x
< (/\ w1+ Jaf >w) (Rz—lﬂx,m
< COllut.llv, < Cltllon — 0 (2.43)

as ¢ — 0 due to the continuity of ¢ — ¢ in U, on (—¢1,¢1) as in the
proof of Theorem 1.1. Combining (2.41)-(2.43) with (2.40)) we obtain (1.18).
Comparing (1.2) with (1.16), and following similar argument we compute

1
"dr = A de = —— 1
R2 Tretde 2@ e = 2a RHoof 8

L. 0

= —%1%1_120 8r lnp -ds
2 9 2

& lim j{ Mds— < Auj (ex)dx

2a R—oo [, Or 2a Jge ’

= L+ hh+ek. (2.44)

13



Similarly to the case of the flux above we easily compute

47
J = — 2.45
1 a J ( )

C!
Jp = 2, (2.46)

a

Similarly to I3 above we have

|[Js| < Cllug.llv. < CllYpZllu, — 0 (2.47)

as € — 0. We thus obtain (1.19). In order to prove (1.20) we just observe
1
Ke = —§A77 = aHe",

and use the result (1.19). In order to obtain the completeness criterion of
the metric g, = €"0;;, in R? we recall the result in Section 10.5 of [21] that
(R?,€"0,,) is complete if and only if

1
e2dxr = oo.
RZ

According to the representation formula (1.6), this, in turn, is equivalent to
(o]
0

We note, however, from (1.13) that Cy > 0(< 0) if a(M — N) < (>)1. This
completes the proof of Theorem 1.2.[]
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