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Motivation: NLS

4 The nonlinear Schradinger (NLS) equation

2

! _, E _

I1& 5tW8(X,t) = —?vzl//g +V(X)W€ +ﬂ ‘ Wg ‘2 Wg
— t:time & X (e R"): spatial coordinate
— w(X,t) : complex-valued wave function
-V (X) : real-valued external potential
- ¢(0< &0 1) :scaled Planck constant

- B (=0,£1)  :interaction constant
« =0:linear; =1:repulsive interaction
 =-1: attractive interaction




Z |n quantum physics & nonlinear optics:

— Interaction between particles with quantum effect
— Bose-Einstein condensation (BEC): bosons at low temperature
— Superfluids: liquid Helium,

— Propagation of laser beams, .......

& |n plasma physics; quantum chemistry; particle physics;
biology; materials science; ....

# Conservation laws
N )=l = [l o[ dx= [ x.0dx= |

R RY R4

wg(z,t)\“}d X = E(y;)

v v dx=N@Es) (=1,

£ = [ | S1vw o[ +v ol (o] +2

Rd
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Semiclassical limits

& Suppose Initial data chosen as
p(%,0):=p5 (%) = AT (X)€" =y (X, 1) = A (R, D& 40"
& Semiclassical limits: € >0
_ Density: p° =|y’| > 227
— Current:  J¢:= p°V° 5 ??? V°:=VS® 5727?
— Other observable:

1F

& Analysis: dispersive limits o8}

0.6

— WKB method vs Winger transform

& Efficient computation
— Highly oscillatory wave in space & time o oz o4 o8 o8 1
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For ground & excited states

& For special initial data:
A (X)=¢°(X) & S5 (X)=0=p"(X,t) =¢°(X)e™ "
& Time-independent NLS:nonlinear eigenvalue problem
u ¢ (%) = —g—;vzqf R+ Bl P, o] = j
— Eigenvalue (or chemical potential)
= u(pt) = | {g—;\vwi)\z HV (0]g7 ()| +ﬂ\¢g(i)\4} d X

" " Rd
— Elgenfunctions are
e Orthogonal in linear case & Superposition is valid for dynamics!!

« Not orthogonal in nonlinear case !'!! No superposition for dynamics!!!

¢ ()| dx=1
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For ground & excited states

& Ground state: minimizer of the nonconvex minimization problem

=E(¢;)=minE("),  S={gl¢]=1E(®) <]

— Existence: >0 & lim V(X)=o

[X|—>0

— Positive solution is unigue
& EXclted states: eigenfunctions with higher energy
G Py By =E(@)), p = ug))
& Semiclassical limits & — 0
¢gg — 777 Eg‘9 — 777 ,ug‘9 = ,u(¢g) — 777 ¢Jg — 777 Ejg — 777 ,u]-g — 777

& & & & & & & &
E, <E <E, < <Bj <= pu <py <py <<y <2770
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For ground state: Box Potential in 1D

_ V() = 0, 0<x<] d-1 _1

E': The pOteﬂt|a| (X)_ 00, otherwise. - 'B_
# The nonlinear eigenvalue problem (sao Limzhang,Bull. Inst. Math., 05)

K P (X) = —8—22(¢8)"(x)+ [ 0F g7 (0, 0<x<1

FO-FO-0  witr  [|§FRfx-1
& Leading order approximation, i.. drop the diffusionterm 0 <& 1

wF HF =10 (P 47 (X, 0<x<1, = 9 (0=\Juy
U MP(x)F dx =1

) ~d, ()=1 pe~p =1  Ej~E] = 1

— Boundary condition is NOT satisfiéd, i.e.
— Boundary layer near the boundary

¢y (0)=¢; (1)=1=0
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For ground state: Box Potential in 1D

(RS
4___,_,_,—;-—’—,

& Matched asymptotic approximation

— Consider near x=0, rescale x- ﬂx § () = Juz D)
— We get S
@(X):-%@”(X)mf()o, 0<X <o;  ®0)=0, limd(X)=1

— The inner solution
d(X)=tanh(X), 0<X <w = ¢, (X) z\//Tgtanh(\//79 X), 0<x=0(1)

— Matched asymptotic approximation for ground state

# ()~ () = [ | tanh(X2— %)+ tanh(YE9— 1 - x)) ~tanh(X2 ) |, 0<x <1
& E &

1
1=J‘| ¢, (X) fdx = gl o~y =1+ 261+ + 262 = py +2el+e? +26%, 0<el 1.
0
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For ground state: Box Potential in 1D

— Approximate energy wr

E, ~ ES"A :%+%5\/1+ g® +2¢&° = e |
A ¢ ratios: fim—2 =2

— Asymptotic ratios; 1Im w2

— Width of the boundary layer: O(e) S
¥ Semiclassical limits & — 0
1 O<x<l1 1

g_)OX: Eg_)_ g_)l
% = 4 ) {o x=01 ¢ 2 %%
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For excited states: Box Potential in 1D

& Matched asymptotic approximation for excited states
#00) = 4 (x) = ™ [“’i’ﬂaﬂh(r »+[ftanh( ML U Ctanh(ﬁ)]

j+1
— ApprOX|mate chemlcal potent|al & enerav

1 zﬂj —1+2(j+l)5\/l+(j+l) g +2(j+1)7°s?

|
Y =%+§(j+1)g\/l+(j+l) g2 +2(j+1)%&%, V \ T
— Boundary & interior layersO(e) | \ A
% Semiclassical limits € — 0 R =t
1 x=1/()+1) 1
- E:—>— 1
¢ ¢ ( ) { _ I /(J +1) J 2 ’UJ

& & & & & & & &
E, <E <E; << Ej <oy < gy <y <<l <
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Extension & numerical computatio
| ] b

& Extension
— High dimension
— Nonzero external potential
# Numerical method & results
— Normalized gradient flow
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For dynamics: Formal limits

& WKB analysis 2
- AT g & ‘v & & &
e O (X,t)=—7V2l// VX + By w

v (X,0) =y, (X)= meisg(z)/g

— Formally assume
We _ pg eng/E’ Ve = vsg’ j'a _ pg\—ig
— Geometrical Optics: Transport + Hamilton-Jacobi

0, p°+Ve(p°VS®)=0,

2
2+Vd(>'<’)+,6’,o‘9=g2 \/%A\/;
Jo,

atsui\vsg
2
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For dynamics: Formal limits

— Quantum Hydrodynamics (QHD): Euler +3 dispersion

0, p°+Ve(p°V)=0 P(p)=pp°12

Je Je 2
) @) )+VP(,08)+,0€VV=%V(p5A|np8)

8t(j‘g)"‘v’(

— Formal Limits
0, p°+Ve(p°V°)=0 P(p)=pBp*12
J'®J°

0

. N " g p .
% Mathematical jUStIfICatIOﬂI G. B. Whitman, E. Madelung, E. Wigner,

P.L. Lious, P. A. Markowich, F.-H. Lin, P. Degond, C. D. Levermore, D. W. McLaughlin,
E. Grenier, F. Poupaud, C. Ringhofer, N. J. Mauser, P. Gerand, R. Carles, P. Zhang,
P. Marcati, J. Jungel, C. Gardner, S. Kerranni, H.L. Li, C.-K. Lin, C. Sparber, .....

— Linear case
— NLS before caustics

&

Gt(j°)+V0( )+ VP(p°)+ p°VV =0



e 2

Efficient Computation

& Solve the limiting QHD system with multi-values
— Level set method: S. Osher, S. Jin, H.L. Liu, L.T. Cheng, ....
— K-branch method: L. Goss, P.A. Markowich, .....

# Solve the Liouville equation (obtained by Wigner transform: . Jin,
X. Wen, ........

& Directly solve NLS: J.c. Bronksi, D.w. McLaughlin, P.A. Markowich, P.

Pietra, C. Pohl, P.D. Miller, S. Kamuvissis, H.D. Ceniceros, F.R. Tian, W. Bao, S. Jin, P.
Degond, N. J. Mauser, H. P. Stimming, .......

— & i1ssmall but finite, e.g. 0.01 to 0.1 in typical BEC setups
— Provide benchmark results for other approaches
— Hints for analysis after caustics and/or with vacuum
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)/NLS and its properties

le 0.y (X, t)——ng VX)) +Bly [ w

w* (X,0) =5 (X) = Ay ()& "
& Time reversible
& Time transverse invariant (gauge invariant)
VX)) >VX)+a=ypf > pfe s
4 Mass (wave energy) conservation
N, (t) = HW (%, t)\ dx=N,(0):= HW (%, 0)\ dx= .Hl//O(X)‘ dx, t>0

& Energy ( or am|Iton|an) conservatlon
E, (t) _j \vw (X, t)\ V()| (%, t)\ +4we (%, t)\ }d X=E,(0), t>0

Ed

= |w*®| unchanged

& Dispersion relation without external potential
v (x,t) =ae' ™ (plane wave solution) = o = %kz +fal
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~® Numerical diffculies

i

& Explicit vs Implicit (or computation cost)
& Spatial/temporal accuracy

& Stability

& Keep the properties of NLS In the discretized level

— Time reversible & time transverse invariant
— Mass & energy conservation
— Dispersion conservation

& Resolution in the semiclassical regime: 0<e0 1
w® =A°e*'¢  (solution has wavelength of O(¢))
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Time-splitting spectral method (TSSP)

& For [t ,t ] ,apply time-splitting technique

— Step 1. Discretize by spectral method & integrate in phase space exactly
2

: _ E A
le O’ (X, t) = —7V2w
— Step 2: solve the nonlinear ODE analytically
ie oy (X)) =VX)y (X)+Bly (X[ w(X1)
Vol (RO F) = 0=y (XD Hyw  (X.t,)]
ie oy (X ) =VX)y (X )+ By (Xt) [ v (X1)
=y (X,t) = ol (t=t)IV ()+Blw* (X.t,)F 1/ & v (X,t)

% Use 29 order Strang splitting (or 4™ order time-splitting)



D
morithm in 1D for NLS

4 Choose time step: k = At ; Set t,=nk,n=01-
& Choose mesh size n-a="-2; St x;=a+jh&y] ~p(xt,)

& The algorithm (10 lines code in Matlab!!!) (Bao,Jin,Markowich, JCP,02))
M _a —ik[V (x;)+Bw 1126~

Vi Vi
(2) 1 Sh —ng /2 '\(1) gy (X;—a) .
‘—Z uI2 G gt 201, M -1
M 5
n-+1 —|k[V(x-)+,b’|z//(2)| 1126 (2)
W..* —e j ] 7
— with
I T ~1) _ (1) —i gy (X;-a) M M M
= e = ——+1.,—-1
“ - V! Z‘” 2777 2
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Properties of the method

& Explicit & computational cost per time step: O(M InM)

& Time reversible: yes
n+len & yi ow

n+1

i = scheme unchanged!!

& Time transverse invariant. yes

V(X) >V(X)+a (0<jsM)=y! >y e’ |y’ | unchanged!!!
& Mass conservation: yes
) ::hh:Z_;W}‘ F=lw°|. =lwsl. :=h“:§_;|%(xj)|2, n=0,1--- forany h&Kk

& Stability: yes

wn
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Properties of the method

& Dispersion relation without potential: yes
p)=ae " (0<j<M)=yl=ae™" ™" (0<j<M&n=0)

2

with a):%k2+ﬁ|a|2 if M >k

— Exact for plane wave solution

& Energy conservation (o, jin & arkowich, cp, 02): =

— cannot prove analytically

Ely

— Conserved very well in computation
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Properties of the method

& Accuracy

— Spatial: spectral order
— Temporal: 2" or 4" order

# Resolution in semiclassical regime (gzo, Jin & Markowich, cP, 02)
— Linearcase: p=0

h=0(¢) & k-—independentof &
— Weakly nonlinear case: 8 =0(¢)
h=0(¢) & k-—independentof ¢
— Strongly repulsive case: 0 < S =0(1)
h=0(s) & k=0(¢)
& Error estimate: not available yet!! o

1.5¢
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Numerical Results

4 Example 1. Linear Schrodinger equation

£ =0,V (x) =10, A, (X) = e—25(x—0.5)2 | So (X) = _% In[es(x_o.5) + e—5(x—0.5)]

s 2
15}
4_
"I L
3 7 0.5r
Ll | 0
—0.5¢
.l ]
k/—\J —1r
° 1.5}
L L L L _2 . L L L
o} 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1

Density at t=0.54 Current at t=0.54
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Crank-Nicolson finite difference method

3.5 - T z |

al I I 1 sl |

26} I : | 1 ' I

| ! 0.6} !

=1 I i - ol

1.6} : : o , I
o :' s I
L | = 1 1 i
8 ' - L |

a 0.2 0.4 0.8 0.8 1 g oz o4 0.6 o8 1

Crank-Nicolson spectral method
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Numerical Results

4 Example 2. NLS with defocusing nonlinearity

1-|1 x| |xk1l

S, (X)=—=In[e* +e7*
0  otherwise o(X) [ ]

ﬂ=1,V(X)=0n%(X)={

£=0.0025

jpg(x,s)ds



0.4

——— T

:__.ﬁ.‘. -— - w=0 04

QAar

O3

Q2r

Q1r

1.3 ' i-'1 1 .
Before caustics After caustics

& Observations
— Before caustics: converge strongly & converge to QHD

— After caustics: converge weakly but the location of discontinuity is
different to QHD!!
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Numerical Results

# Example 2. NLS with focusing nonlinearity (ao,JinMarkowich, SISC,03)

B=-&NV(X)=0,A(x) =€ S(x)=0

£=0.0025 . . 18

Indefinits Integral




Before caustics After caustics

& Observations

— Before caustics: converge strongly & converge to QHD

— After caustics: converge weakly but the location of discontinuity is
different to QHD!!
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Initial data with vacuum

#Vacuum at a point




=LV (x)=0,A(X) =

}.
]

}.
]

01

0.08

0.08

0.04

0.02

01

0.08

0.06

0.04

0.02

t=0
-+ - =002
c— - —- =001
— — —e=0.001
e = 0.0001
-2 0 2 4
space x
t=5
seeee-- 2 =002
------ = 0.01
— — —e=0.001
e =0.,0001
-2 4

space x

x*(1—x)?

0

O<xx<l
otherwise

o1+ | =002
-—-— =00

.08t — — —e=0.001

£ =0.0001
— 006 1
0.04 1
0.02 1

0 e
-2 0 2 4
space x
=10
[ £=0.02 1
''''' =001

0.08 — — —e=0001 |[]

£ =0.0001
o 006 1
0.04 1
002 . 1

L o
-2 2 4

space x

So(X)

D

0



time t

time t

e=0.02

=20

0
space x
e=0.001

20

40

=20

]
space x

20

40

time t

time t

10

E_

e=0.01
-40 =20 0 20 40
space x
e = 0.0001
=40 =20 0 20 40

space x




/ X X <0 P

L =LV (x)=0,A(X)=+ 0 0<x<1,S,(x)=0

(X -1)2e DT xS

t=0 t=1
0.8 0.8
0.7 | T e=0a 0.7 |
——— =005
0.6 1 0.8+
0.5 1 0.5
= o4l S o4t
0.3 | 1 0.3
0.2 | 1 0.2
0.1 f 1 0.1}
o . 0 '
-5 o 5 -5 0 5
space x space x
t=5 t =20
0.8 0.8
a7l R A 07| ------ =041
— =005 ——— = =0.05
0.6 | 1 0.6
0.5}
= < oaf
0.3}
0.2}
0.1}
ﬂ I I I I I
—40 -20 0 20 40

space x



e=0.1 e=0.058 >
0.mz T T . .

0.01} 0.02¢
-
0.008 | 00151
2 n.oos} g
0.004 |
0.005 |
0.002
0 : 0
-1 0 1 2 -1 0 1 2
space x space x
£ =0.01 ¢ = 0.006
0.12 . . 0.15 :
0.1
0.08 0.1t
g 0.06 £
0.04 0.05}
0.02
0 : . 0
-1 0 1 2 -1 0 1 2
space x space x

& Observations

— For fixed & : the location of vacuum moves and interact

— When & — 0 : compare the motion of vacuum with Euler system,
compressible Navier-Stokes equations (with Z.P. Xin & H.L. Li,ongoing)
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Difficulties In rotating frame

& GPE In a rotational fragne

oSyt () =[-S-VE 4V (R -2 QL + v Pl
— Angular momentum rotation
L, =xp, - yp, =—i(x0, - yo,) =-id,, L=%XxP, P=-iV

— Formal WKB analysis

o, p°+Ve(p° \7‘€)+QI:Z p° =0, I:Z =(x0,-Yy0,)=0,
e j6®jg & & BT e 82 & &
0,(J°)+Ve( —)+VP(p°)+p°VV, +QL,J" +QAJ =7V(p Aln p?)
2 ET; & Gé 0 1
P(p)=p°12, Jo=p°V°, A= 1 o

— Analysis & critical threshhold: E. Tadmor, H.L Liu, C. Sparber, ....
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~ Difficulties In rotational frame

5

& Efficient computation for rotating GPE

— Polar (2D) & cylindrical (3D) coordinates (Bao,Du,zZhang,
— ADI techniques (Bao, Wang, JCP, 06')

— Generalized Laguerre-Fourier-Hermite function (sao, Shen,08)

& Typical initial data: vacuum+two-scale in phase

W, (X, y) ar (X+i y) e—(X2+y2)/2 e—iSO(X,y)/g — Wg()—(’t) _ Ag ()_(,t) eisg(i,t)lg’ Ag —a‘ +ib¢

& Grenier's approach (Grenier, 98; Carles, CMP, 07’ -
OA +VS VA’ +%A8Asg -QLA = I?‘9AA’€

TRV (R) +| A —QL,S" =0

0,5° +1\v38
2

k) L - (4] [22]
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Difficulties in system

& Couple GPE system

2

{ Efg & & N & £ & £ £
lg O (x,t)=—7V21// V@) +[B Iy [ +01¢ [y + 49

2

is 0,4°(X,1) = —%vzqf V(R g +[S v P +5,14° Pl + Ay

& Analysis
— Formal WKB doesn't work!!!! No techniques are needed!
— For linear case, Wigner transform can be applied; for nonlinear case???
— V(x) is periodic and dependson &
& Efficient computation for coupled GPE:
— Numerical method (Bao, MMS, 04"; Bao, Li, Zhang, Physica D, 07))
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Conclusions

& For time-independent NLS
— Matched asymptotic approximation
— Boundary/interior layers
— Semiclassical limits of ground and excited states

& For dynamics of NLS

— Formal WKB analysis

— Time-splitting spectral method (TSSP) for computation

— Semiclassical limits: convergence, caustics, QHD, vacuum

— Difficulties in rotational frame and system

— Analysis and efficient computation are two important tools



