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Llntro

Hyperbolic Systems of Conservation Laws in
one-space dimension:

{ U+ 0 F(U)=0 x€eR (1)
U(0, x) = Uy,

where U = U(t, x) € R" is the conserved quantity and

F:R" = R" smooth flux.

Admissible/Entropy weak solution: U(t, x) in BV.

Om(U) +0xq(U) <0  inD
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- Motivation

Examples: Isothermal Euler equations

Otp + Ox(pu) =0 2)
Or(pu) + Ox(pu? + K2p) =0

where p is the density and u is the velocity of the fluid.
Isentropic Euler equations

Orp+ Ox(pu) =0
Oe(pu) + Ox(pu®+ k?p7) =0 v>1

where v > 1 is the adiabatic exponent.

Relativistic Euler equations:
(p+pc?) v 2y U
8t( 2 a2 ptP + Oy (p+pc)c2_u2 =0
2 u 2 uw?
O (p+pc)m + Ox (p+pc)c2_u2+p =0,
(4)

where ¢ < oo is the speed of light.



LMotivation
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@ Question: As y — 1 and ¢ — oo, can we pass

from the isentropic to the isothermal

and from the relativistic to the classical?
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- Motivation

@ Question: As y — 1 and ¢ — oo, can we pass
from the isentropic to the isothermal

and from the relativistic to the classical?

@ In general, the Question is:

How do the admissible weak solutions depend
on the physical parameters?



On the Dependence of Euler Equations on Physical Parameters, Cleopatra Christoforou
LApproach

Systems of Conservation Laws in one-space dimension:

{ DWH(U) + 8, F*(U) =0 x€eR -
U(0, x) = Uy,

where W#, F# : R" — R" are smooth functions that depend on a
parameter vector ju = (u1, ..., pk), i € [0, pol, for i=1,... k.
and WO(U) = U.
Formulate an effective approach to establish L! estimates of the
type:

[UH(t) = U(t)[[n < CTV{Uo} - t- ] (6)

e U* is the entropy weak solution to (5) for u # 0 constructed by
the front tracking method.

e U(t) := S:Up, S is the Lipschitz Standard Riemann Semigroup
associated with (5) for u = 0.

e ||u]| is the magnitute of the parameter vector p.
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LApproach

Error estimate

Let S be a Lipschitz continuous semigroup:

S:D x[0,00) — D,

t

1Sew(0)— w(t)| 2 < L/ fiminf 1S = wr )l - g

o h—0+ h

where L is the Lipschitz constant of the semigroup and w(7) € D.
The above inequality appears extensively in the theory of front
tracking method: e.g.
(i) the entropy weak solution by front tracking coincides with the
trajectory of the semigroup S if the semigroup exists,
(i) uniqueness within the class of viscosity solutions, etc....

References: Bressan et al.
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LApproach

Front-Tracking Method

For § > 0, let U%* be the d-approximate solution to

oWH(U) 4+ 0xFH(U) =0 for pn+#0
U(0, x) = Uo,

(i) U§ piecewise constant, ||U§ — Upl|;x < 6.

(i) U%* are globally defined piecewice constant functions with
finite number of discontinuities.

(iii) The discontinuities are of three types:

e shock fronts,
e rarefaction fronts with strength less than ¢,
e non-physical fronts with total strength >_ |a| < 4.

(iv) U%* — UFin LL_as & — 0+.
References: Bressan, Dafermos, DiPerna, Holden—Risebro.
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LApproach
- Description

Approach

Apply the error estimate on w = U%*:

ISeUg = UPH(8) | < L/t i nf 150U2(0) = UM+ W)l
t~0 = 0 h—0+ h ’

The aim is to estimate
ISpUH(7) = UPH(7 + h) |12 (8)

which is equivalent to solving the Riemann problem of (5) when
=0 for 7 <t <7+ hwith data

Sh(r, x) x <X
(NTRS i g )

over each front of U%* at time 7, i.e. find Sy(UL, Ur). Then
compare it with the same front of U%#(7 4 h). We solve the
Riemann problem at all non-interaction times of U%*,
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LApproaCh
LDescription

If we can show:

X+a
[ [SpUH(7) = U (7 + h)| dx = O(L)h(||u]| |UL — Ug| + 6),

—a
(10)
then summing over all fronts of U%#(7),
IS U%(0) — Ué’“(t)HLl <
1 Xx+a 5 5
<L |ShU*H (1) — UH(T + h)| dx dT
0 X—a

fronts x= X(T)

(11)
(12)
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LApproaCh
LDescription

If we can show:

X+a
/ [SpUH(r) = U (7 + h)| dx = O(1)h(||u]| |UL — Ug| +6),

N (10)
then summing over all fronts of U%#(7),
IS:U**(0) — UJ’M(t)HLl <
1 X+a
<1 / / Sy UM(7) — UM (r + )| dx d
0 X—a

fronts x=x(7)

=0(1) (||u|| /0 TVUSH (1) dT + 6 t)
(11)
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LApproaCh
LDescription

If we can show:

X+a
/ [SpUH(r) = U (7 + h)| dx = O(1)h(||u]| |UL — Ug| +6),

N (10)
then summing over all fronts of U%#(7),
IS:U**(0) — UJ’M(t)HLl <
1 X+a
<1 / / Sy UM(7) — UM (r + )| dx d
0 x—

fronts x=x(7)

=0(1) (||u||/0 TVU%H(7) d7+5t)
= O(L)(lull TV{Uo} +6) -t (11)
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LApproach
- Description

If we can show:

X+a
[ [SpUH(r) = U (7 + h)| dx = O(1)h(||u]| |UL — Ug| +6),

—a

(10)
then summing over all fronts of U%#(7),
1S U%(0) — Ua’“( t)|lp <
<L > / |SpUSH(7) — UPH(7 + h)| dx dT
0 fronts x=x(7)
=0(1) (Hu! / TVUSH (1) dT + 6 t>
0
= O0()(lull TV{Uo} +0) -t (11)
As 6 — 0+, we obtain
[U(t) = UF(t)|lx = O(1) TV{Uo} - t[|pll (12)

where U := S;Uj is the entropy weak solution to (5) for p = 0.
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LApproach
- Description

Remarks

Note that U := S; Uy is unique within the class of viscosity
solutions. (Bressan et al). Thus, as 4 — 0

U* — S U in L.

e Temple: existence using that the nonlinear functional in Glimm's
scheme depends on the properties of the equations at = 0.

e Bianchini and Colombo: consider SF, S and show SF is
Lipschitz w.r.t. the C°—norm of DF.
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LApplications: Isothermal Euler equations

Isothermal Euler equations:

Oep + Ox(pu) =0
Oe(pu) + Ox(pu® + K%p) =0

where p is the density and u is the velocity of the fluid.

e Nishida [1968]: Existence of entropy solution for large initial data
via the Glimm's scheme.
e Colombo-Risebro [1998]: Construction of the Standard
Riemann Semigroup for large initial data. Existence, stability and
uniqueness within viscosity solutions.

(13)

* Let S be the Lipschitz Standard Riemann Semigroup generated
by Isothermal Euler Equations (13).
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LApplications: Isothermal Euler equations

LIsentropic — Isothermal Euler equations
1. Isentropic Euler Equations:

Otp+ Ox(pu) =0
Oe(pu)+ Ox(pu? + p(p)) =0

of a perfect polytropic fluid

(14)

p(p) = K2p7, where v > 1 is the adiabatic exponent.

Existence results: when (v — 1) TV{Up} < N
(i) Nishida-Smoller by Glimm's scheme, [1973]
(ii) Asakura by the front tracking method [2005].
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LAppIications: Isothermal Euler equations

LIsentropic — Isothermal Euler equations
1. Isentropic Euler Equations:

Otp+ Ox(pu) =0
Oe(pu)+ Ox(pu? + p(p)) =0

of a perfect polytropic fluid

(14)

p(p) = K2p7, where v > 1 is the adiabatic exponent.

Existence results: when (v — 1) TV{Up} < N
(i) Nishida-Smoller by Glimm'’s scheme, [1973]
(ii) Asakura by the front tracking method [2005].

Theorem (G.-Q. Chen, Christoforou, Y. Zhang)

Suppose that 0 < p < po(x) < p < oo and (y —1) TV{Up} < N.
Let p = 75% and UM be the entropy weak solution to (14)
obtained by the front tracking method, then for every t > 0,

18:Uo — UF(t)[l.r = O(1) TV{lo} - t (v — 1) (15)
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LApplications: Isothermal Euler equations

LIsentropic — Isothermal Euler equations

Case 1: Shock Front of strength o = PR and p=3(y-1)
PL
RN 11
RN Ba
i a . h
Ur UR
UL v Ur

fr=a+01)a—-1](y—-1) B2 =1+0Q1)|a—1](y—1).
I: |UL — Ug| = |UL — Ug| length of | = O(1) h

lI: |U* — Ug| = O(1)|UL — Ug| p length of I = O(1) h
I |U(€) — Ug| = O(1)|UL — Ur| e length of Il = O(1) h|Up — Ug|p

1 X+a
h / [ShUP(r)=U(7+h)| dx = O(1)  |UM (7, 3=) = U™ (r, %+)|
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|—Applications: Isothermal Euler equations
Llsentropic — Isothermal Euler equations
Case 2: Rarefaction Front
;

a>

N
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LApplications: Isothermal Euler equations
Llsentropic — Isothermal Euler equations
Case 2: Rarefaction Front

UL

T Un
Case 3: Non-Physical Front

B
h

UL

Ur
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LApplications: Isothermal Euler equations

LRelativistic — Isothermal Euler equations

2. Relativistic Euler Equations for conservation of

momentum:
(p+pc?) v 2y U
8t< 2 a2 tP + O (p+pc)c2_u2 =0
2 u N
81_- (p+pC )m +8X (p+pC )C2_u2+p :07
(16)
of a perfect polytropic fluid
p(p) = %7,

where v > 1 is the adiabatic exponent and c is the speed of light.

Parameter vector: pw=(y-1, ﬁ)
Existence results: by Glimm’'s scheme

(i) Smoller-Temple (y = 1), for TV{Up} large, [1993]
(i) J. Chen when (v —1) TV{Up} < N, [1995]
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LApplications: Isothermal Euler equations

LRelativistic — Isothermal Euler equations

Theorem (G.-Q. Chen, Christoforou, Y. Zhang)

Suppose that 0 < p < po(x) < p < oo and (y —1) TV{Up} < N.
Let U be the entropy weak solution to Relativistic Euler
Equations for conservation of momentum (16) for v > 1 and

c > ¢ constructed by the front tracking method, then for every
t>0,

1506 - UH(e)lus = O TV{Ue} ¢ (- D+ ) (47

fOf/,L: (7_ 17 (}2)

Proof.

1. Establish the front tracking method for v > 1 and ¢y < ¢ < o0.
2. Due to the Lorenz invariance, employ the techniques of the
previous theorem and solve the Riemann problem for each one of
the three cases. [
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LAppIications: Isothermal Euler equations

LRelativistic — Isothermal Euler equations

3. Isentropic Relativistic Euler Equations of conservation laws
of baryon number and momentum in special relativity:

o (Yo () <o
(\/1—U22/C2)+ <\/1—U22/C22) (18)
o (Bl 1o, (lezell, )

1—u?/c? 1—u?/c?

For isentropic fluids, the proper number density of baryons n is

P ds
n = n(p) = no exp(/ 7,,(5))- (19)
1 s+ v

Theorem (G.-Q. Chen, Christoforou, Y. Zhang)

I5:Uh ~ VOl = 0@ TViUe} ¢ (0 -1)+ %) (0
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LApplications: Isothermal Euler equations

LNon-Isentropic — Isothermal Euler equations

4. Non-lIsentropic Euler equations

Otp+ Ox(pu) =0
de(pu) +ox(pu? +p) =0 (21)
Oe(p(Au? +e)) +ox(pu(v® + )+ pu)=0.

p — density, u — velocity, p — pressure and e — internal energy.
T — temperature, S — entropy and v = 1/p — specific volume.
Law of thermodynamics:

TdS =de+ pdv.
Entropy condition:

(pS)e + (puS)x = 0.
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LApplications: Isothermal Euler equations

LNon-lsentropic — Isothermal Euler equations

For a polytropic gas, i.e. e =~ —1 > 0, then

p= I{Z eS/c\,pw

-S/R\ ~°
st ((47) )

Existence results: when (y — 1) TV{Up} < N
(i) T.-P. Liu [1977] and Temple [1981] by Glimm's scheme.
G.-Q. Chen-Wagner [2003]

(ii) Asakura by the front tracking method, preprint [2006]
Thus, as e — 0,

and

. S
eO(P; 5) = gan;Be(prvg) - Inp+ E
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LApplications: Isothermal Euler equations

LNon-Isentlropic — Isothermal Euler equations

As £ — 0+, non-isentropic Euler equations

Otp+ Ox(pu) =0
Oe(pu) + 0x(pu?+p) =0 (22)
Oe(p(3u +e)) +ox(pu(3u® +e)+pu)=0.

Orp+ Ox(pu) =0
Fe(pu) + Ox(pu® + K% p) =0 (23)
Oe(p(3u? + ) + Ox(pu(3u® + &) + K2 pu) =0,
with
(pS)e + (puS)x = 0. (24)
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LApplications: Isothermal Euler equations

LNon-Isentlropic — Isothermal Euler equations

Non-Isentropic Euler equations

Otp+ Ox(pu) =0
Oe(pu) + Ox(pu?+p) =0 (25)
Oe(p(Au? +e)) +ox(pu(v® +e)+pu)=0.

l

Isothermal Euler equations

Otp+ Ox(pu) =0

Ot(pu) + Ox(p u? + K% p) = 0, (26)

with

(b5 + 0 p))e + (pu(507 +inp) + 2pu)e <O (20)
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LApplications: Isothermal Euler equations

LNon-lsentropic — Isothermal Euler equations

Theorem (G.-Q. Chen, Christoforou, Y. Zhang)

Suppose that 0 < p < po(x) < p < oo and (y —1) TV{Up} < N.
Let U* = (pe, pe te, p-(5u? + e:)) T be the entropy weak solution
to Non-Isentropic Euler Equations (21) for € > 0 constructed by
the front-tracking method. Then, for every t > 0,

lp() = p=(B)l| 2+ lu(t) = ue(8)l[ 2 = O(1) TV{Uo} t (v —1), (28)

where (p(t), u(t)) is the solution to Isothermal Euler Equations
(26) generated by S.
Ase — 0, for every t > 0,

pe(t) = p(t), () = u(t) in L.
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LApplications: Isothermal Euler equations

LNon-Isentlropic — Isothermal Euler equations

Remarks:

@ For ¢ = 0: The Standard Riemann Semigroup associated with
the 3 x 3 limiting system: Colombo—Risebro for the Isothermal
Euler equations.

Ortp+ Ox(pu) =0
Fe(pu) + Ox(pu® + K% p) =0
Oe(p(3u? + ) + Ox(pu(3u® + &) + K2 pu) =0,
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LApplications: Isothermal Euler equations

LNon-Isentlropic — Isothermal Euler equations

Remarks:

@ For ¢ = 0: The Standard Riemann Semigroup associated with
the 3 x 3 limiting system: Colombo—Risebro for the Isothermal
Euler equations.

@ For £ > 0: The front tracking method: Use Asakura’s result.
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LApplications: Isothermal Euler equations

LNon-lsentropic — Isothermal Euler equations

Remarks:

@ For ¢ = 0: The Standard Riemann Semigroup associated with
the 3 x 3 limiting system: Colombo—Risebro for the Isothermal
Euler equations.

@ For £ > 0: The front tracking method: Use Asakura’s result.

o Cases: Shock fronts, Rarefaction fronts, Non-Physical fronts
and also 2- contact discontinuity fronts!!!
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|—Applications: Isothermal Euler equations
LNon-Isentropic — Isothermal Euler equations
Case: Contact Discontinuity
U, /Ur
K 7 Us(9)
I I/ Il I/ I Il
T+h -
Up,
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LZero Mach Limit to Compressible Euler

5*. Compressible Euler Eqs with Mach Number

Otp + Ox(pu) =0

O:(pu) + Ox(pu? + ﬁp) =0 m >0
9(pE) + Ox((pE + p)u) =0
with energy
2
p 2U
E + v —
(v—=1)p 2
and initial data in BV/(R):
plt=0 = po + szgo)(x), po > 0 constant
plt=o = po + M2p£0)(x), po > 0 constant

li=o = i ()

Denote the solution to (29)—(30) by (p™, pM, uM).
References: Majda, Klainerman-Majda, Metivier, Schochet.

(29)

(30)
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LZero Mach Limit to Compressible Euler

(oM, pM, uM) has an asymptotic expansion:

PM(t,x) = po + P py' (£, x) + O(L)w’,
pM(t, x) = po + m2p)(t, x) + O(1)m3,
uM(t,x) = muM(t, x) + O(1)m2,

where (oM, p), uM) satisfy the linear acoustic system:

Orp2 + @axul =0
M
Bepr + P29y = 0
M
1
Oruy + —0xp2 =0
MO0

with the initial data

(0) (0)

p2 =p ' (x) P =p (x) w = U

t=0 t=0 t=0

(31)

(32)

- (33)
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LZero Mach Limit to Compressible Euler

Theorem (G.-Q. Chen, Christoforou, Y. Zhang: Arch. Rat.

Mech. An.)

Suppose that pg ), pgo)’ ugo) € BV(RY).
Then, there exists a constant my > 0 such that for m € (0, m), for
every t > 0,

10M(£) = po — ¥ ()|| = 1) TV{(P, ul®, p)} - £ - w2,
16M(2) — po — w2pM (1) = O@) V(P i@ o)} - £ 3
1uM(t) = ()] 2 = O) TV, o, o)} -t 02,

where (,09/’7 pé\/’, u{w) is the unique weak solution to the linear
acoustic system.
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|—Zero Mach Limit to Compressible Euler

Remarks:

e 0 <m< Mg — small data to compressible Euler
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|—Zero Mach Limit to Compressible Euler

Remarks:

e 0 <wm<m — small data to compressible Euler — SM exists.
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LZero Mach Limit to Compressible Euler

Remarks:
e 0 <m<m — small data to compressible Euler — SM exists.

e Define metric: for any V = (p,p,u), V = (5, p, 0)
du(V, V) =lp=pllp +Ilp = Bl +wmllu =0l (34)
so that the error formula becomes

d|\/|(5,'>/I w(T), w(T + h))

t
M < .
dm(S;"w(0), w(t)) < L/O I;m(l)rlf b dr
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LZero Mach Limit to Compressible Euler

Remarks:
e 0 <m<mp — small data to compressible Euler — SM exists.
e Define metric: for any V = (p,p,u), V = (5, p, 0)

du(V, V)= llp—pllex +llp — Pl +wl|u— @] 2 (34)
so that the error formula becomes

dr

t dm(SM , h
cha (S (0),w(t)) < L [ o D w7 D)
o h—0+ h
e Do not need to employ the front tracking method! Approximate
the solution to the linear acoustic limit by piecewise constant

. . M M,n  M,n M,n M M M M
functions: W™ = (p30 ", py 2" uy ") = WM = (p3', p3', uy").
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LZero Mach Limit to Compressible Euler

Remarks:
e 0 <m<mp — small data to compressible Euler — SM exists.
e Define metric: for any V = (p,p,u), V = (5, p, 0)

du(V, V)= llp—pllex +llp — Pl +wl|u— @] 2 (34)
so that the error formula becomes

dr

dM(S,':/' w(T), w(T + h))
h

t
M .
du (S w(0), w(t)) < L/0 Ikrl(l)rjrf

e Do not need to employ the front tracking method! Approximate
the solution to the linear acoustic limit by piecewise constant
functions: WM™ = (p}", ph " inh M) — WM = (oM, pM, ul).

e Apply the error formula on

M M M
UM (8, x) = (po + W2 pd"(£,%), po + 23" (£, x), w2, X))
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LZero Mach Limit to Compressible Euler

Case of 1-shock: U}"" = (pg + u p2 i po 4 M p2 " MU?ALn) and
M, M M,n M, M,

W/_n_(PgLnaPZL, 1L i) = W = We = 0(1)[ur]-

UM UM

;“’\'T\ M
| Ui U
I 9 I \e\ I -
t
UM UM
(a) z (b) z

Length of interval L =0O(1)uh, hL=0(1)%h

Difference: in pis O(L)[ui]v®h  O(1)[uf]m*h
inpis O)[uf]v®h  O()[uf]n* h
inuis O(1)[uf]mh O(1)[uz]m® h

v (SY'UM(7), UM(r + ) = O(1) h TVAWM (7)o,



On the Dependence of Euler Equations on Physical Parameters, Cleopatra Christoforou
LZero Mach Limit to Compressible Euler

We show

v (SY'UM(7), UM(r + ) = O(1) h TVAWM (7)o,
and by the error estimate we get

du(SMUM(0), UMA(2)) = O(1) v TV{(pS,

i, )}t
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LZero Mach Limit to Compressible Euler

We show

v (SY'UM(7), UM(r + ) = O(1) h TVAWM (7)o,
and by the error estimate we get

(S} UM(0), UM(2) = O(1)w? TV{(pS”, uf”, i)} ¢

As n — oo,

du(SMU(0), UM(2)) = 0(1)w® TV{(RSY, o, p)}t  (35)

where

S U(0) = (pM(t,x), PM(t,x), u™(t, X))
uM = (pO + szgﬂ(t,x),po + M2p£\/l(t7 ) Muq (t X))
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Nonlinear Flux Functions,

Indiana University Mathematics Journal, 56 (2007), (5)
2535-2568.

e G.-Q. Chen, C. Christoforou and Y. Zhang, L estimates of
entropy solutions to the Euler equations with respect to the
adiabatic exponent and Mach number,

Archive for Rational Mechanics and Analysis, to appear.
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