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What is an acoustic pressure wave?

pr + (pu)y =
puUt + PUUE + Dy = 0
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What is an acoustic pressure wave?

Pt T+ (Pu)x =0
pPuUt + PUU "|_px =0

equilibrium state: p = po, p = p(po) = po
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What is an acoustic pressure wave?

Pt T+ (Pu)x =0
pPuUt + PUU "|_px =0

equilibrium state: p = po, p = p(po) = o
for small perturbations:

p—1po=c(p—po), c=+/P(py) = sound speed
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What is an acoustic pressure wave?

Pt T+ (Pu)x =0
pPuUt + PUU "|_px =0

equilibrium state: p = po, p = p(po) = o
for small perturbations:

p—1po=c(p—po), c=+/P(po) = sound speed
linearizing the previous equations

pt + poug = 0
pout + Py = 0
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What is an acoustic pressure wave?

Pt T+ (Pu)x =0
pPuUt + PUU "|_px =0

equilibrium state: p = po, p = p(po) = o
for small perturbations:

p—po=c(p—po), c=+/p(po) = sound speed

linearizing the previous equations

1
Dt + pOquO
C

pott + Pz =0
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What is an acoustic pressure wave?

Pt T+ (Pu)x =0
pPuUt + PUU "|_px =0

equilibrium state: p = po, p = p(po) = o
for small perturbations:

P —Po = 02(/0 p0), ¢ =+/p'(po) = sound speed
linearizing the previous equations

1
Dt + pOquO
C

pott + Pz =0

acoustic pressure wave

Ptt — CQPxxio
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Mach number and acoustic waves

Ptt — C2p:ca: =0
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Mach number and acoustic waves

Ptt — C2pCU£U =0

Mach number= =M [um| = typical fluid speed
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Mach number and acoustic waves

Ptt — CQPm: =0

|Um‘

Mach number= =M [um| = typical fluid speed

C

the acoustic wave contains both low and fast speed of propagation

| _
DPtt — me =0
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Mach number and acoustic waves

Ptt — CQPm: =0

|Um‘

Mach number= =M [um| = typical fluid speed

C

the acoustic wave contains both low and fast speed of propagation

| _
DPtt — me =0

M — 07
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Mach number and acoustic waves

Ptt — CQan: =0

|Um‘

Mach number= =M [um| = typical fluid speed

C

the acoustic wave contains both low and fast speed of propagation

| _
DPtt — me =0

M — 0 — fast pressure wave speed —
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Mach number and acoustic waves

Ptt — CQPm: =0

|Um‘

Mach number= =M [um| = typical fluid speed

C

the acoustic wave contains both low and fast speed of propagation

| _
DPtt — me =0

M — 0 — fast pressure wave speed — fast pressure equalization

—
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Mach number and acoustic waves

Ptt — CQPxx =0

|Um‘

Mach number= =M [um| = typical fluid speed

C

the acoustic wave contains both low and fast speed of propagation

| _
DPtt — me =0

M — 0 — fast pressure wave speed —> fast pressure equal-

ization = the pressure becomes nearly constant —
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Mach number and acoustic waves

Ptt — CQPxx =0

|Um‘

Mach number= =M [um| = typical fluid speed

C

the acoustic wave contains both low and fast speed of propagation

| _
DPtt — me =0

M — 0 — fast pressure wave speed —> fast pressure equaliza-
tion =— the pressure becomes nearly constant — the fluid cannot

generate density variations —-
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Mach number and acoustic waves

Ptt — CQPxx =0

|Um‘

Mach number= =M [um| = typical fluid speed

C

the acoustic wave contains both low and fast speed of propagation

| _
DPtt — me =0

M — 0 — fast pressure wave speed —> fast pressure equaliza-
tion =— the pressure becomes nearly constant — the fluid cannot

generate density variations = incompressible fluid
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Navier Stokes equations in an exterior domain

(O +u-Vu—Au+Vp =T,
divu = 0,

<u(O,-):u()(-), re, t>0
u(x,t) =0, x€d, t>0
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Navier Stokes equations in an exterior domain

(O +u-Vu—Au+Vp =T,
divu = 0,

<u((),~):u0(-), re, t>0
u(x,t) =0, €0, t>0

fluid flow outside a convex compact obstacle /&

-~

—~
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Motivations

river flow around stones
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Motivations

-
P 4
-

bubbles in ocean
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Motivations

rain drops falling within clouds

Dispersive estimates for acoustic waves — p.5/46



Motivations

modeling of aircrafts
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Motivations

space mission
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Motivations

Events leading to stroke

4 . - - 0 4 ks 4

-

blood flow aroun“d embolus
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Existence Leray ’34

® < satisfies the NS equation in the sense of distribution

T
/ / (Vu -V — uuj0ipj —u - 8_90) dxdt
0 JQ ot

T
- / (F, &) s dadt + /Q —
0

for all ¢ € C§°(2 x [0,T]), divey =0 and divu = 0 in
D'(Q2 x [0,T])
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Existence Leray ’34

® < satisfies the NS equation in the sense of distribution

T
/ / (Vu -V — uiu]'aigpj — 890) dxdt
0 JQ ot

T
— [ omagdsdt + [ wo- g,

0 Q

for all p € C3°(2 x [0,T7]), dive =0 and divu = 0 in D'(Q2 x [0, T7])
® the following energy inequality hold

/\uaj t) \Qd:z:+u// IVu(z,t)|*dzds

/ ‘Uolzdﬂf —|—/ <f U>H 1><H1d8 for all ¢ > 0.

0
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Artificial compressibility in ()

( 1
owu® + Vp© = pAu® — (u° - V)u® — §(div u”)u’

k&:8,5;05 +divu® =0
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Artificial compressibility in ()

( 1
owu® + Vp© = pAu® — (u° - V)u® — §(div u”)u’

kgﬁtpg +divu® =0
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Artificial compressibility in ()

( 1
owu® + Vp© = pAu® — (u° - V)u® — §(div u”)u’

k&:8,5;05 +divu® =0

e — 0

o+ Vp = pAu— (u-V)u
divu =0
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Artificial compressibility in ()

( 1
ou® + Vp© = pAu® — (u° - V)u" — §(div u® ) u’

keﬁtps +divu® =0

non increasing kinetic energy constraint

e — 0

o+ Vp = pAu— (u-V)u
divu = 0
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Artificial compressibility in ()

( 1
owu® + Vp© = pAu® — (u° - V)u® — §(div u”)u’

k&:8,5105 + div u=0

“linearized” compressibility constraint

e — 0

o+ Vp = pAu— (u-V)u
divu = 0
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Artificial compressibility in ()

( 1
owu® + Vp© = pAu® — (u° - V)u® — §(div u”)u’

\
k&:(9,5;05 +divu® =0
e—0
o+ Vp = pAu— (u-V)u
divu =0

The hyperbolicity of the approximation provides dispersive estimates

The convergence will be obtained via dispersion and not via

compactness
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Artificial compressibility approximation

( 1
Owu® + Vp© = pAu® — (u° - V)u" — §(div u® ) u’

\eatps +divut =0
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Artificial compressibility approximation

( 1
o + Vp~ = pAu” — (u° - V)u" — i(div u®)u’

\8875]?5 +divu® =0

Initial conditions:
ug(x,O) :ug(:v), pg(xvo) :pg(x)v

“Initial layer” phenomenon for the pressure initial datum

Dispersive estimates for acoustic waves — p.8/46



Artificial compressibility approximation

( 1
o + Vp~ = pAu” — (u° - V)u" — §(div u®)u’

\58tp5 +divu® =0

Initial conditions:
ug = u(-,0) — ug = u(-,0) strongly in L*()
Veps = Vep©(+,0) — 0 strongly in L?(Q).

“Initial layer” phenomenon for the pressure initial datum
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Artificial compressibility approximation

( 1
o + Vp~ = pAu” — (u° - V)u" — i(div u®)u’

\aﬁtpg +divu® =0

Boundary condition:
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Artificial compressibility approximation

( 1
o + Vp~ = pAu” — (u° - V)u" — i(div u®)u’

\aﬁtpg +divu® =0

Boundary condition:

ulon =0
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Artificial compressibility approximation

( 1
o + Vp~ = pAu” — (u° - V)u" — §(div u®)u’

\58tp5 +divut =0

Boundary condition:

u o =0

g/ot/gpg(x’ s)o(w, s)deds + /Ot/Q u (z, s)Vo(z, s)dzds
- /Olt/m(“6 -n)(z,s)p(x, s)dodt + 5/§2pg(x)¢(gjj 0)dz = 0.
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Artificial compressibility approximation

( 1
o + Vp~ = pAu® — (u” - V)u® — i(div u®)u’

\58tp5 +divu® =0

Boundary condition:

u o =0

S/Ot/ng(x,SM(x,s)dxds—F/Ot/Q u(x, s)Vo(x, s)dxds
_ /O t /8 (W), )0l s)dodt + ¢ /Q P (2)6(x, 0)dz = 0

p-(x,t) = py(x) a.e. in 0f)
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Artificial compressibility approximation

( 1
o + Vp~ = pAu® — (u” - V)u® — i(div u®)u’

\58tp5 +divu® =0

Initial conditions
ug = u(-,0) — ug = u(-,0) strongly in L*(Q)
Veps = /ep©(-,0) — 0 strongly in L*(€2).
“Initial layer” phenomenon for the pressure initial datum
Boundary conditions

u(z,t) =0 x €00, t>0
p(z,t) = py(w) x €00, t>0
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Notations

Nonhomogenous Sobolev Spaces:

WEP(Q) = (I — A)"2LP(Q) H*(©Q) = WF2(Q)
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Notations

Nonhomogenous Sobolev Spaces:

WEP(Q) = (I — A)"2LP(Q) H*(©Q) = WF2(Q)

LYLY = LP([0,T]; L9())  Lfw? = LP([0, T]; (<))
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Notations

Nonhomogenous Sobolev Spaces:

WEP(Q) = (I — A)"2LP(Q) H*(©Q) = WF2(Q)

LYLY = LP([0,T]; L9())  Lfw? = LP([0, T]; (<))

Leray Projectors
Q = VA]_Vl div  projection on gradient vector fields

P =1—() projection on divergence - free vector fields
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Main Theorem

Let (u®,p°) be a sequence of weak solution in €2 of the previous
system, then

(i) u® — u weakly in L%H%
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Main Theorem

Let (u®,p°) be a sequence of weak solution in €2 of the previous
system, then

(i) u® — u weakly in L%H%

ii) Qu® — 0 strongly in L?LE, for any p € [4,6
!
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Main Theorem

Let (u®,p°) be a sequence of weak solution in €2 of the previous
system, then

(i) u® — u weakly in L%H%

(ii) Qu® — 0 strongly in L?LL, for any p € [4,6)

2
locy

(iii) Pu® — Pu=u strongly in L?L
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Main Theorem

Let (u®,p°) be a sequence of weak solution in €2 of the previous
system, then

(i) u® — u weakly in L%H%

ii) Qu® — 0 strongly in L?LE, for any p € [4,6
!

2
locy

(iii) Pu® — Pu=u strongly in L?L

(iv) The sequence {p°} will converge in the sense of distribution to

p=A"1div ((u-V)u) = A_ltr((Du)z).
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(v) u = Pu is a Leray weak solution to the incompressible Navier
Stokes equation

PO — Au+ (u-V)u) =0 inD([0,T] x Q),

u(x,0) = up(x) ulgo =0
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(v) u = Pu is a Leray weak solution to the incompressible Navier
Stokes equation

PO — Au+ (u-V)u) =0 inD([0,T] x Q),

u(x,0) = up(x) ulgo =0

(vi) The following energy inequality holds

1 g 1
5 [ utentds s [ [ (VuoPdsd < 5 [ jute.0)Pd.
2 Jo 0 JO 2 Ja
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(v) u = Pu is a Leray weak solution to the incompressible Navier
Stokes equation

PO — Au+ (u-V)u) =0 inD([0,T] x Q),

u(x,0) = up(x) ulgo =0

(vi) The following energy inequality holds

1 g 1
5 [ utentds s [ [ (VuoPdsd < 5 [ jute.0)Pd.
2 Jo 0 JO 2 Ja

(") For u® the trace operator commutes with the limit, this is not
true for p°.
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Energy estimates

( 1
Oyu® + Vp© = pAu’ — (u° - V) u® — §(div u)u’

\E‘fatpa +divu® =0

B0 - | (;u%x,tw + §\p€<az,t>|2) s
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Energy estimates

( 1
Oyu® + Vp© = pAu’ — (u° - V) u® — §(div u)u’

\5@]95 +divu® =0

B0 - | (;u%x,tw + §\p€<az,t>|2) s

E(t) +/0/Q IVu® (x, s)[*dzds = E(0)

Dispersive estimates for acoustic waves — p.13/46



Energy estimates

( 1
Oyu® + Vp© = pAu’ — (u° - V) u® — §(div u)u’

keatpa +divu® =0

B(t) = / (1|u .t + 5\p€<az,t>|2) s

/ / |vu s)|*dzds = E(0)
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Energy estimates

\Eatpg +divu® =0

)
o+ Vp = pAu” — (u° - V)u® —

1
—(div u®)u’

B(t) = / (1|u (.t + ﬂps(a:,t)F) I

0 [feee

Vep©  bd. in LY°L?,
Vu© bd. in L7,

(u*-V)u' bd. in L2LL N LLLY?

?

s)|*dzds = F(0)

ep;  relatively compact in Ht_x1

u®  bd. in L°L2 N LALY,

in L2LL N L113/?

(divu®)u®  bd.
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Estimates on Qu° - Part 1

Qu° = VA]_Vl div u®
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Estimates on Qu° - Part 1

f = —divu©
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Estimates on Qu° - Part 1

f = —divu©

Qu° = VAV Oip°
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Pressure wave equation

Differentiate in ¢ the “pressure equation”

881515]?8 +divosu® =0
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Pressure wave equation

Differentiate in ¢ the “pressure equation”
681515]?8 +divosu® =0

taking the divergence of the first equation

1
cOup” — Ap® = —Adivu® + div ((zf V) u® + §(div ug)u‘€>

Dispersive estimates for acoustic waves — p.15/46



Pressure wave equation

Differentiate in ¢ the “pressure equation”
881515]?5 +divosu® =0

taking the divergence of the first equation
1
cOup” — Ap® = —Adivu® + div ((u‘g V) u® + §(div ug)u€>

changing the time scale: t = \/c7

w(x,7) =u(z,veT), plx,7)=7p" (x,V/T)

1
Orrp — Ap= — Adivu 4 div ((ﬂ V) u+ §(div @)@)

Dispersive estimates for acoustic waves — p.15/46



Pressure wave equation

Differentiate in ¢ the “pressure equation”
881515]?8 +divosu® =0

taking the divergence of the first equation
1
cOup” — Ap® = —Adivu® + div ((zf V) u® + §(div ug)u‘S)

changing the time scale: t = /cT

w(x,7) =u(z,veT), plx,7)=7p" (x,V/T)

N~

L%,w \ _/

1
Orrp — Ap = —Adiv 4, — div ((@Z -V)u+ §(div ﬂ)ﬁ)

L1132
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'\

/

wtt—Aw:F

Strichartz Estimates

(z,t) € R? x [0, T
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'\

sup
t€(0,T]

Strichartz Estimates

T
(ol gy + hwtllzz) < 170y + lglze + | 1P lzads
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Strichartz Estimates

A
S
—~
=
~—

T
sup (il + wellz) < WLy + lgllz + | 1Flzzds.
t€[0,T] 0

we would like to have

lwllpery < WAy + gl g + 1N g e v small
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Strichartz Estimates

A
S
—~
=
~—

T
sup (il + wellz) < WLy + lgllz + | 1Flzzds.
t€[0,T] 0

we would like to have
lwllpery < WAy + gl g + 1N g e v small
Strichartz (1977) proved that

lwlizs, = 1Al g + gl gz + 1 s
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Idea of the proof

Strichartz realized that these estimates are related to the restriction

theorem for the Fourier transform.
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Idea of the proof

Strichartz realized that these estimates are related to the restriction
theorem for the Fourier transform.

Fourier transform: f(é):/ e~ % dy
Rd

Restriction mapping: Rf = f|5 S ¢ R? hypersurface
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Idea of the proof

Strichartz realized that these estimates are related to the restriction
theorem for the Fourier transform.

Fourier transform:  f(¢) :/ e~ % dy
Rd
Restriction mapping: Rf = f|5 S ¢ R? hypersurface

S has the (p, 2) restriction property if

IR f [ r2(s) < I fll Lo ey
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Idea of the proof

Strichartz realized that these estimates are related to the restriction
theorem for the Fourier transform.

Fourier transform:  f(&) = / e~ % dy
Rd
Restriction mapping: Rf = f]g S ¢ R? hypersurface
S has the (p, 2) restriction property if

IR f [ r2(s) < I fll Lo ey

If S = sphere C R3, then1<p<

O~
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lwllizory < 111l

then if 3 is a cutoff function (localizing in frequencies)
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lwllizory < 111l

then if 3 is a cutoff function (localizing in frequencies)

w(t, x) = /R el 3(e) f(e)de = T (1, 7)
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lwllizory < 111l

then if 3 is a cutoff function (localizing in frequencies)

w(t, x) = /R el 3(e) f(e)de = T (1, 7)

lwilzary < 1 flle <= T fllpory < [1fllze (+)
T:L}— LI, =T LIL) — [} <= TT*: L{ L} — LIL]

T™* is the adjoint operator of T, (¢',r’) are the dual exponent of (¢, )
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lwllizory < 111l

then if 3 is a cutoff function (localizing in frequencies)

w(t, x) = /R el 3(e) f(e)de = T (1, 7)

lwilzary < 1 flle <= T fllpory < [1fllze (+)
T:L}— LI, =T LIL) — [} <= TT*: L{ L} — LIL]

*

T™* is the adjoint operator of T, (¢, ") are the dual exponent of (g, r)

T'f(a) = [ FO e de TFEO = FO(€l.) = Ri(©
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lwllizory < 111l

then if 3 is a cutoff function (localizing in frequencies)

w(t, x) = /R el 3(e) f(e)de = T (1, 7)

lwilzary < 1 flle <= T fllpory < [1fllze (+)
T:L}— LI, =T LIL) — [} <= TT*: L{ L} — LIL]

*

T™* is the adjoint operator of T, (¢, ") are the dual exponent of (g, r)

T'f(a) = [ FO e de TFEO = FO(€l.) = Ri(©

A={(r,6) | 7= €| > 0}=light cone  [|[T*f||r> = |Rf| L2(n)
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lwllizory < 111l

then if 3 is a cutoff function (localizing in frequencies)

w(t, x) = /R el 3(e) f(e)de = T (1, 7)

lwilzary < 1 flle <= T fllpory < [1fllze (+)
T:L}— LI, =T LIL) — [} <= TT*: L{ L} — LIL]

*

T™* is the adjoint operator of T, (¢, ") are the dual exponent of (g, r)

T'f(a) = [ FO e de TFEO = FO(€l.) = Ri(©

A=A{(,8) | 7= [¢] > 0}=light cone  [|T"f|[12 = ||[Rf | 12(n)
(%) is equivalent to R : Lfng — L?(A) is bounded for suitable (q,r)
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao(’98))

wy —Aw=F w(0,)=Ff 0w(0,)=g, (z,t)eRx]0,T]
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao(’98))

wy —Aw=F w(0,)=Ff 0w(0,)=g, (z,t)eRx]0,T]

HUJHL;?L;; + HathLgW;l”" S Hf”H; ™ HQHJL'I;Z‘1 ™ HF”L?’LQ’
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Strichartz Estimates (Ginibre-Velo ('95), Keel-Tao(’98))

wy —Aw=F w(0,)=Ff 0w(0,)=g, (z,t)eRx]0,T]

HwHLng; + HathL;JW;“ S Hf”H;Z ™ ”9HH2‘1 ™ HFHL?’L?;’

(7). (4,7) are wave admissible pairs if
1/q]
1/2 ((d-3)/2(d-2),1/2)
q7 /r? g? /f: Z 2
2<(d-1)(3-7)
;<=1 (-3)
lpd_d_y=-L 142

1/2 1r
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- Strichartz d=3

1/2

q,r,q,T = 2
i<z
1S3 7
é+%:%—’72%—|—%—2

1/2 Ur

||w||L§Lg + Hatw”l;fwgl” N Hf”H; T HQHELZ‘1 ™ ”F”L,‘?’Lg’
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1/ o

/qﬂ Strichartz d=3

1/2
q,7,q,T > 2
1 1 1
g3 77

S 11_1

§>27F
1 3 3 1 3
54‘;—5—’}/—?4—7—2

1/2 >1/I’

||w||L§Lg + HathLgW;lf N Hf”H; T HQHELZ‘1 ™ ”F”Lf’Lg’

wllzs, + 10wl s S 1o + gl goore + 1 Fl o
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1/ .

/qﬂ Strichartz d=3

1/2
Q7T7g77:22
1 1 1
g3 77

N 1-1_1

qi—=2" 7
1 3 3 _ 1 3
54‘;—5—’}/—?4—7—2

1/2 >1/I’

lwllpery + 110wl poy 1 S NF gy + gl g + 1M o o

wllzs, + 100wl s S 1o + gl gmore + 1Pl o

ifd=3,(¢,7)=1(1,3/2), then v =1/2 and (q,7) = (4,4)
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1/ .

/qﬂ Strichartz d=3

1/2
Q7/r7qv7/f:22
1 1 1
g3 77

N 11 1

g2 F
1 3 3 1 3
54‘;—5—’}/—?4—7—2

1/2 >1/I’

lwllpery + 110wl poy 1 S NF gy + gl g + 1M o o

wllzs, + 190l gy e S 1] e + gl oo + 1F Lo
if d=3, (¢,7)=(1,3/2), then vy =1/2 and (¢,r) = (4,4)

lwlles, + 10wl payy 1o S e + gl e + Iy o
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1/ .

/qﬂ Strichartz d=3

1/2
Q7/r7qv7/f:22
1 1 1
g3 77

N 1-1_1

g2 F
1 3 3 1 3
54‘;—5—’}/—?4—7—2

1/2 >1/I’

lwllpery + 110wl poy 1 S NF gy + gl g + 1M o o

wllzs, + 190l gy e S 1] e + gl oo + 1F Lo
if d=3, (¢,7)=(1,3/2), then vy =1/2 and (¢,r) = (4,4)

lwlles, + 10wl payy 1o S e + gl e + Iy o

lwllrs, + 0wl Ly aSIFI e + gl e + 1 2z
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Strichartz estimates on exterior domain ¢
(Smith, Sogge, Metcalf, Burq)

(82 A) w(t,z) = F(t,z), (t,r) € Ry x
w(0,) = f(z) € H),

Orw(0,2) = g(x) € Hz)_l
\w(t,x) =0, x € 0f1,

/"

”w”Lng + Hatw”ngglf N Hf”Hg + ”guflg‘l - ”F”Lf'Lg’
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Strichartz estimates on exterior domain ¢
(Smith, Sogge, Metcalf, Burq)

(82 A) w(t,z) = F(t,z), (t,r) € Ry x
w(0,) = f(z) € H),

Brw(0,z) = g(z) € H];l
\w(t,x) =0, xr € 0f),

'\

”w”Lng + Hatw”ngglf N Hf”Hg + HQHHg‘l - ”F”Lf'Lg’

B€CPRY, B(z)=1on{z| <R}

11 = 185 e + 11 = B)F ey A flo =0, 25 <y
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Strichartz estimates on exterior domain ¢
(Smith, Sogge, Metcalf, Burq)

(07 — A)w(t,z) = F(t,z), (t,x) € Ry xQ
w(0,-) = f(x) € HJ,
orw(0,x) = g(x) € Hz)_l

w(t,z) =0, x € 0f),

'\

”w”LELg + Hatw”ngglf N Hf”Hg + HQHHg‘l - ”F”L;?"Lg’

5 e CFRY), Blz)=10n{|z] < R}
11 = 185 e + 11 = B)F ey A flo =0, 25 <y

(2 is nontrapping, there is L, such that non geodesic of lenght Lg

is completely contained in {|z| < R} NQ

ve estimates for acoustic waves — p.21/46



Sketch of the proof

#® Smith and Sogge (1995) proved local Strichartz estimates
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Sketch of the proof

#® Smith and Sogge (1995) proved local Strichartz estimates

# Smith and Sogge (2000) proved global Strichartz estimates in
odd space dimension
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Sketch of the proof

® Smith and Sogge (1995) proved local Strichartz estimates

® Smith and Sogge (2000) proved global Strichartz estimates in
odd space dimension

» exponential decay of the local energy of solutions of the
wave equation with compactly supported initial data

|8ul| gy, ) 1180wl fri1 gy < Ce™ M| £l 7,0 Hl gl 22 ()
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Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates in
odd space dimension

» exponential decay of the local energy of solutions of the
wave equation with compactly supported initial data

|8ul| gy, ) 1180wl fri1 gy < Ce™ M| £l 7,0 Hl gl 22 ()

Burg (2004), Metcalfe (2003) proved global Strichartz
estimates in even space dimension
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°

Sketch of the proof

Smith and Sogge (1995) proved local Strichartz estimates

Smith and Sogge (2000) proved global Strichartz estimates in
odd space dimension

» exponential decay of the local energy of solutions of the
wave equation with compactly supported initial data

|8ul| gy, ) 1180wl fri1 gy < Ce™ M| £l 7,0 Hl gl 22 ()

Burg (2004), Metcalfe (2003) proved global Strichartz
estimates in even space dimension

» Local energy decay

1Bl (o) BOul| g1y < C|t|_d/Q(||fHHg(Q)+||9HHg(Q))

Dispersive estimates for acoustic waves — p.22/46



Pressure wave equation

(07— AP = —Adivii+div (@ - V)@ + & (diva)a)
p(z,0) = py(=),

0-p(x,0) = e~ 1/2 div ug (),

D(,1)|oa = po(x)]an

for fixed ¢ smoothing of initial data
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Pressure wave equation

(07— AP = —Adivii+div (@ - V)@ + & (diva)a)
p(z,0) = py(=),

0-p(x,0) = e~ 1/2 div ug (),

D(,1)|oa = po(x)]an

for fixed ¢ smoothing of initial data

we need homogenous boundary conditions:
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Pressure wave equation

(07— AP = —Adivii+div (@ - V)@ + & (diva)a)
p(z,0) = py(=),

0-p(x,0) = e~ 1/2 div ug (),

D(,1)|oa = po(x)]an

for fixed ¢ smoothing of initial data
we need homogenous boundary conditions:

— E

P =D —Dg
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Pressure wave equation

(07— AP = —Adivii+div (@ - V)@ + & (diva)a)
p(z,0) = py(=),

0-p(x,0) = e~ 1/2 div ug (),

D(,1)|oa = po(x)]an

for fixed ¢ smoothing of initial data
we need homogenous boundary conditions:

— E

P =D —Dg

(Orrp — AP = —Adiva + div Vpg + div (@ - V) @ + &(div @)i)
p(z,0) = d-p(z,0) =0
Blan = 0.

/"

Dispersive estimates for acoustic waves — p.23/46



Pressure wave equation

(07— AP = —Adivii+div (@ - V)@ + & (diva)a)
p(z,0) = py(=),

0-p(x,0) = e~ 1/2 div ug (),

D(,1)|oa = po(x)]an

for fixed ¢ smoothing of initial data
we need homogenous boundary conditions:

— E

p =D — Do
( 1
Orrp— Ap = —Adivu+divV py +div((a-V)u+ =(diva)u)
N~ < 9
L7, L2 h N ’
< | m LiL:”

p(x,0) = 0-p(x,0) =0
\ﬁ‘gg = 0.

Dispersive estimates for acoustic waves — p.23/46



p = p1 + p2 where p1 and ps solve the following wave equations:
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/"

p = p1 + p2 where p1 and po solve the following wave equations:

(Op; = —Adiva + div Vg Ope = div ((@- V)@ + 5(diva)a)
0) =

p1(z,0) = 0rp1(z,0) =0 p2(x,0) = Orpa(z,

O [\Dli—L

\]51‘8&2 =0, [52‘3@ — 0.
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/"

p = p1 + p2 where p1 and po solve the following wave equations:

(Op; = —Adiva + div Vg Ope =div ((@- V) a+ %(dlv w)i)
pi(x,0) = 0rp1(z,0) = 0 p2(z,0) = 0rp2(z,0) = 0
\151‘8&2 =0, ﬁz‘(fm — 0.

we apply

lwlizs, + 10wl pay o S N F gz + gl v + 1F 2y 22

to w = A_lﬁl

VT . T

Hp1”L4W_24 T H(‘?Tlem N 1—/4H diva| p2rz + 1/2HpO”L2
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p = p1 + p2 where p1 and ps solve the following wave equations:

(0p; = —Adiva + div Vg Ope = div ((@- V) a+ %(dlv w)i)
0)=0

p1(z,0) = 0;p1(x,0) =0 p2(x,0) = O-pa(x,
\]51‘89 = 0, p2lon = 0.
we apply

fullzg, + Worollgere S 1 e + gl o + 1F
to w = A_l/QﬁQ

15all pagyrt + 10D a2 S (@ V) @+ 1/2(div @)l e
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Estimate for the pressure

Finally we have the following estimate on p°

S payyza + /2100 | gy S Tloglles + VT div s | 2z

1
+ H (ug . V) u” + §(d1V UE)UEHL%L2/2
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Estimates on Qu° - Part 2

Qu° = VA]_Vl div u®
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Estimates on Qu° - Part 2

f = —divu©
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Estimates on Qu° - Part 2

ng = VAMWE = —divu©

Qu° = VA O = /8T8 pe
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Estimates on Qu° - Part 2

Qu&? _ EVA]—Vlatp&? _ 61/887/8075296

4 _374
LiW;
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Young-type estimates

JECE(Q), 5 >0, [oide =1, jo(z) = a9 (£).
Then the following Young type inequality hold

1 1

1f # dallzeg) < Co® %G| flly-eoq),

for anyp7qe [1700]1 quv 8201 OCE (071)
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Young-type estimates

JECE(Q), 5 >0, [oide =1, jo(z) = a9 (£).
Then the following Young type inequality hold

1f # Jallzege) < Ca® G| flly—u

for any p,q € [1,00], ¢ <p, s >0, a € (0,1).
Moreover for any f € H' (), one has

|f = f*Jallze@) < Cpa' IV fll 2y

where

1 1
pE|2,00) ifd=2, pel2,6] ifd=3 and a:d(§—]—?).
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|Qu [ z2re < [|Qu” * Jallp2re + [|Qu” — Qu” * jal[z2re = J1 + Ja,

Dispersive estimates for acoustic waves — p.28/46



|Qu [ z2rp < [|Qu” * jallp2re + [|Qu™ — Qu” * jal[r2re = J1 + Ja,
to estimate .J; we use
: —d(i=1 :
1/ * jall gy < Co*~G5) | flly-vaqay, with s =2 and g = 4
to get

J1 < 81/8HVA]_\7187/8@15]?8 * j”L%Lg < 61/804_2_3(%_%) ||87/88tp6||L%Wm—3,4

R el B S e
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1Qullpzrp < [|Qu™ * Jall 2y + |Qu” — Qu * Jall 212

<€1/8 —2— 3(___)T1/4H57/88tp5HL4W_34_|_J27
to estimate .Jo we use

If = f* Jallzooy < Cpa' 7V fll 22y

to get
JQ S CY (% %)HQVU ”LQLQ
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|Qu||r2rp < [|Qu” * jallp2re + [|Qu — Qu” * ol p2re

N~

Va2

D=

< <6:1/804—2—3@—%)T1/4H€7/88tpsHnggg_wL041—3(

1_1
2

< CT51/804_2_3@_%) + a3
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1Qu (| pzrp < [|Qu” * Jallpzrz + |Qu” — Qu * Jal| 212

< a2 TV B0 gy st a2 ETR) W

l\:Jlr—l
@Ir—‘

< Cp o1/8,—2- 3(1— )+Ca1 3(3—1)

choose

o — 21/18
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|Qu||r2rp < [|Qu” * jallp2re + [|Qu — Qu” * ol p2re

N~

Va2

D=

< 51/804_2_3@_%)T1/4\\57/8515198HLgW;f’)AJrOél_S(

1_1
2

f;Chwf/Sa_Q_S(i_%)—%(7&1_3('_p)

choose

o — 21/18

|Que|| 1210 < Crer  for any p € [4,6).
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|Qu||r2rp < [|Qu” * jallp2re + [|Qu — Qu” * ol p2re

N~

Va2

D=

< 61/804—2—3@—%)T1/4H€7/86,tpgHnggc_?mL041—3(

1_1
2

< CTgl/Soz_z_S(i_%) + a3

choose

o = 21/18

|Que|| 1210 < Crer  for any p € [4,6).

4
Qu° — 0 strongly in LZLP, for any p € [4,6).
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Convergence on Pu°

® [P compactness (Lions-Aubin theorem)

|Pu(t + h) = Pu” ()] 2(j0,1)x )
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Convergence on Pu°

® [P compactness (Lions-Aubin theorem)

|Pu”(t + h) — Pu”(1)| 2(jo,11x )
L4+

Pz"=Pu(t+ h) — Pu(t) = OsPu‘ (s, x)ds
t

t+h 1
— [ dsP(Au () - Ju diva)) (5.0
t
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Convergence on Pu°

® [P compactness (Lions-Aubin theorem)

|Pu(t + h) = Pu” ()] 2(j0,1)x )

t+h
Pz"=Pu(t+ h) — Pu(t) = OsPu‘ (s, x)ds
t

t+h 1
— [ dsP(Au () - Ju diva)) (5.0
t

® convolution techniques
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Convergence on Pu°

® [P compactness (Lions-Aubin theorem)

|Pu(t + h) = Pu” ()] 2(j0,1)x )

t+h
Pz"=Pu(t+ h) — Pu(t) = OsPu‘ (s, x)ds
t

t+h 1
— [ dsP(Au () - Ju diva)) (5.0
t

® convolution techniques

| Pu(t + h) — HLQ //dtdx (Pz%) - (Pz° — Pz % jq)

N /0 /Q dtdu(P2) - (P2 % o)
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||Pu€(t -+ h) — Pug(t)H%g([QT]XQ) S O(@Tl/z -+ hCV_g/ZTl/Q + h)
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||Pu€(t -+ h) — Pug(t)H%g([QT]XQ) S O(@Tl/z -+ hCV_g/QTl/Q + h)

choose
a = h2/°
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||Pu€(t -+ h) — Pug(t)H%g([QT]XQ) S O(@Tl/z -+ hCV_g/QTl/Q + h)

choose
a = h2/°

|Pu (t + h) — Pu ()| p2(jo.1)x) < Crh*/?
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||Pu€(t -+ h) — Pug(t)H%g([QT]XQ) S O(@Tl/z -+ hCV_g/QTl/Q + h)

choose
a = h2/°

|Pu (t + h) — Pu ()| p2(jo.1)x) < Crh*/?

J
Pu® — Pu,  strongly in L*(0,T; L% (Q))
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Recover the pressure

1
Q <8tu€ + Vp" = plAu® — (v - V)u" — §(div ug)u5>
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Recover the pressure
L .
Q <8tu€ + Vp" = plAu® — (u° - V)u" — §(d1V ug)fzf)

4

Vo = QAu" — 0;Qu” — Q) ((u8 -V)u®) + %ug div Qu5> .
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Recover the pressure
L .
Q (@us + Vp" = plAu® — (u° - V)u" — §(d1V ug)u5>
Y

Vo = QAu" — 0;Qu” — Q) ((u8 -V)u®) + %ug div Qu5> .

el 0
(V7 0) — (VAR div((u- V)u), ) for any ¢ € D'([0,T] x Q)
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Recover the pressure
L .
Q (&gus + Vp" = plAu® — (u° - V)u" — §(d1V ug)u5>
Y

Vo = QAu" — 0;Qu” — Q) ((u8 -V)u®) + %ug div Qu5> .

el 0
(V7 0) — (VAR div((u- V)u), ) for any ¢ € D'([0,T] x Q)

4

D= AJ_Vl div (v - V)u) = AJ_Vltr((Du)Q)
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Energy inequality

1 T
/—|u(:1:,t)|2dx+/ / IVu(z, t)|*drdt
Q2 0 Jo

1 T
< lim inf (/ —\ug(a:,t)|2dx+/ E\p€|2 —|—/ / |Vu€(a:,t)2da:dt>
=0 \Jo 2 Q 2 0 Jo

1 1
:lil;n_}glf/§2§(\u6|2—5\p6|2) dx:/gzi\uo\zdw.
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Where else the same phenomena appear?
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Navier Stokes Poisson System in R’

Is a simplified model to describe the dynamics of a plasma

y

Osp” + div(p*u) =0

A\Y
Os(p u) +div(pu’ @ ut)) + Vi) =7Auw + (7 + 7))V divu' 4+ p ' VV
Y
\)\QAVA:pA—l, ZCGRB,SZO
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Navier Stokes Poisson System in R’

Is a simplified model to describe the dynamics of a plasma

2

Osp” + div(p*u) =0

A\Y
q O (p ut)+div(prut @ u))+ V(S ) =7Auw + (7 + 7))V divu' 4+ p ' VV
\)\QAVA:pA—l, :EGRS,SZO

p(x,1t) is the negative charge density
mMz,t) = p*(x, t)u’(z,t) is the current density

u(z,t) is the velocity vector density

VA (x,t) is the electrostatic potential

11 1s the shear viscosity and v is the bulk viscosity

A 1s the so called Debye length
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N\

Navier Stokes Poisson System in R’

y

Osp” + div(p*ut) =0

O (p ut) +div(p et @ ut)) +

VAV =pt —1

V(p*)

~

— AV +(F + 7))V dive +p VIV
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N\

Navier Stokes Poisson System in R’

y

Osp” + div(p*ut) = 0
V(p')

— AV +(F + 7))V dive +p VIV
.

O (p ut) +div(p et @ ut)) +

VAV =pt —1

A = Debye lenght
10
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N\

Navier Stokes Poisson System in R’

y

Osp” + div(p*ut) = 0
V(p')

=nAu N+ (7 + 7))V div e +p VIV
.

O (p ut) +div(p et @ ut)) +

VAV =pt —1

A = Debye lenght
10

Incompressible Navier Stokes equations

du+u-Vu—Au+Vp=0
divu =0
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Physical background

a charged particle inside a plasma attracts particles with opposite

charge and repels those with the same charge

Dispersive estimates for acoustic waves — p.36/46



Physical background

a charged particle inside a plasma attracts particles with opposite
charge and repels those with the same charge

4

creation of a net cloud of opposite charge around itself

the particle’s Coulomb field fall off
as e~ ", rather than as 1/72

Dispersive estimates for acoustic waves — p.36/46



Dispersive estimates for acoustic waves — p.37/46



qe_T/A egkT
Vir) = A=/
() Amregr 2npe?
=- the plasma beyond a distance ) is essentially shielded from the

effects of the charge

= we don't expect to find electric fields existing in a plasma over
regions greater in extend than A
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—r/A LT
ge [ o
V() — \ —

() Amegr 2npe?

the plasma beyond a distance ) is essentially shielded from the
effects of the charge

we don't expect to find electric fields existing in a plasma over
regions greater in extend than A

¢y = dielectric constant = 8,85 - 107 12C? /m*N
k= Boltzmann constant = 1,38 - 107 Nm/K
T = electron temperature = 10*K

no = electron density = 1019m =3

e = electron charge = —1,6-10~C
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—r/A LT
qge €0
Vir) — A= 4/
() dmegr 2npe?

the plasma beyond a distance ) is essentially shielded from the
effects of the charge

we don't expect to find electric fields existing in a plasma over
regions greater in extend than A

¢y = dielectric constant = 8,85 - 107 12C? /m*N
k = Boltzmann constant = 1,38 - 1072’ Nm /K
T = electron temperature = 10*K

no = electron density = 1019m =3

e = electron charge = —1,6-10~C
A~ 10"%m
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(0,0" + div(p*u) = 0

O (prut) +div(prut @ ul))+

VAV =pt =1

Scaling

V(p')

~

= A+ (1 + D) Vdivu' +p ' VvV
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(0,0" + div(p*u) = 0

O (prut) +div(prut @ ul))+

VAV =pt =1

: : t
Time scaling: s = —

t 1
p-(x,t) = p>‘ (w, —) , Ut = —u

Scali

V(p')

~

ng

= A+ (1 + D) Vdivu' +p ' VvV
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Scalin
(0,0" + div(p*u) = 0 S

V(p')
Y

'\

Oy (p ) +div(prut @ ut)) + =pAu (1 +v)Vdivu* +p ' VV*

VAV =pt =1

: : t
Time scaling: s = —

t 1 t t
pg(ajjt) — p)\ ('CC? _> / U = —U)\ ('CC) _> ) Ve = VA (377 _) :
€ 3 € 3

Oip° + div(pu®) =0

Or(p u”) +div(p u” @ u )+
VAVE = pf — 1,
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Scalin
(0,0" + div(p*u) = 0 S

V(p')
Y

'\

Oy (p ) +div(prut @ ut)) + =pAu (1 +v)Vdivu* +p ' VV*

VAV =pt =1

: : t
Time scaling: s = —

t 1 t t
pg(ajjt) — p)\ ('CC? _> / U = —U)\ ('CC) _> ) Ve = VA (377 _) :
€ 3 € 3

Oip° + div(pu®) =0

E
O(p uw) +div(p"u” @u”)+ = pAu°+(v + p)Vdiv u€+§—2vvg

NAVE = p7 — 1,

el =\ where G > 0
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Op° + div(pu®) =0

e & : e & 3 V(pg)’y € . € /06 €
Or(p u”) + div(p u” ® u )+ o pAu 4 (v + p)Vdivu —I—g—QVV
FAVE = pf — 1.

renormalized pressure: density fluctuation:
ENY __ 1 . E __ 1 e __ 1
e _ ) (" = 1) e P
e2y(y — 1) 2
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(Oip° + div(p°u®) =0

€, : e € € V(IO(C:)/y 3 . 3 pg £
QO (p u”) + div(p u® ® u”)+ o= = pAu°+(v + p)Vdivu —|—8—2VV
IAVE = 1
renormalized pressure: density fluctuation:
E\Y __ 1 . e __ 1 e __ 1
e _ ) (" = 1) e P
e2y(y — 1) 2

initial conditions:

\mf)’Q 2 2
/ T =0 + + T2 VS 12 ) de < Cy,  where
R3 2p6

Mg
Vo
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A priori estimate

P () =1 =" —1) | 4
/IR3(p€ >t e +e7 2| VVE? ) da

t
0JR3
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A priori estimate

P () =1 =" —1) | 4
/IR3(p€ >t e +e7 2| VVE? ) da

t
0JR3

4
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A priori estimate

P () =1 =" —1) | 4
/IR3(p5 >t e +e7 2| VVE? ) da

t
0JR3

4

Vu® is bounded in L%,x, =2 'VV* s bounded in L2
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A priori estimate

P () =1 =" —1) | 4
/R?)(pe >t e +e7 2| VVE? ) da

t
0JR3

|

Vu® is bounded in L?,x, =2 'VV* s bounded in L2

u® is bounded in L%’x N LALS ocu° is bounded in LZH !
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Estimate on Qu°

Since
p-=co" +1

we have
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Estimate on Qu°

Since
p-=co" +1

we have

Qu- = Q(pu) —eQ(o"u)
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Estimate on Qu°

Since
p-=co"+1
we have
Qu- = Q(p u”) —eQ(o"u’)
N——
L?H;!
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Estimate on Qu°

Since
p-=co” +1
we have
Qu” = Q(pu’) —eQ(o )
~—— ~——
—0 7 L?H; "
but......
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Estimate on Qu°

Since
p-=co” +1
we have
Qu” = Q(pu’) —eQ(o )
~—— ~——
—0 7 L?H; "
but......

Q(p°u®) = VA~ div(p*u®)
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Estimate on Qu°

Since
p-=co” +1
we have
Qu” =Q(p u) —eQo"u’)
~—— ~——
—0 7 L?H;!
but......

Q(pu°) = VAmmg = —div(p“u°)

Dispersive estimates for acoustic waves — p.41/46



Estimate on Qu°

Since
p-=co"+1
we have
Qu = Q(pu’) —eQo"u)
~—— ~——
—0 7 L?H, !

but......
Q(p*u’) = VA Hdiv(pfu®) coo® = —div(p“u®)

Q(p°u°) = eVA190°
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Density fluctuation wave equation

1
Oro° + - div(p“u®) =0
1
Oe(p u”) + EVJg = pAu” + (v + p)Vdivue® —div(p u® @ u°)
3 0-6 3 1 £
— (v—=1)Vn*+ —VV© + g—QVV ,

5
ITIAVE = 6°
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Density fluctuation wave equation

1
0r0° + - div(p u®) =0
1
O(p°u”) + -Vo© = pAu + (v + ) Vdivu" —div(p u® @ u°)
5

E
1
— (Y= 1)V7 + ZVVE 4+ VUV,
E E

HIAVE = o7,

Differentiate in t the “density fluctuation equation”, taking the
divergence of the second equation

200 — Ao® = —e* div(pAu® + (v + p)V div u)
+ 2 divdiv(p®u® ® uf) + % (v — 1) div V7°
— ediv(o°VV®) —divVV*
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changing the time scale: t = e

o(x,7) =0 (x,e7), plx,7) = p°(x,e7)

w(x,7) =u(x,eT), Viz,7) =V (x,e1)
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changing the time scale: t = e

~

o(x,7) =0 (x,e7), plx,7) = p°(x,e7)

~

u(x,7) = u"(x,e7), Ve, 7) =V (x,eT)
0rr6 — NG = —c? div(pAd + (v + p)V div @)

+ e? div(div(pa @ @) + (y — 1) V7)
— ediv(6VV) — divVV.
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changing the time scale: t = e

~

o(x,7) =0 (x,e7), plx,7) = p(x,eT)

~

w(x,7) =u(x,eT), Viz,7) =V (x,e1)

Orr6 — A= — > div (uAT + (v + p)V div @)

\ . 4

L%E;l
+ e div(div(pa @ a) + (y - DV _7 )
N — ~~
L°LY Ly Ls
-ediv (oVV) —div VV .

8N

Ly L} Ll
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o=01 + 09 + 03 + 04 where 51, 02, 03 and d4 solve the systems:
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0=01 + 02 + 03 + 04 wWhere 71, 02, 03 and 4 solve the systems:

<’m(31 — —Adivi = £2F) <’D&2 — 2 F

\51(:13,0) — 5() 87-51(513,0) — 07-5(), \52(:13,0) — 87-52(113,0) = 0.
<(D(33 = cF3 <(D(34 = Fy

\53(.%, 0) = 0;03(x,0) = 0. \54(%, 0) = 0;04(x,0) = 0.
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0=01 + 02 + 03 + 04 wWhere 71, 02, 03 and 4 solve the systems:

<’m(31 — —Adivi = £2F) <’Dz52 — 2 F

\51(3},0) — 5() 87-51(58,0) — 07-5(), \52(33,0) — 87-52(113,0) = 0.
<(D(33 = cF3 <(D(34 = Fy

\53(.%, 0) = 0;03(x,0) = 0. \54(%, 0) = 0;04(x,0) = 0.

Finally we have the following estimate on o°

3 Q
20" pagpmso-2a + €52 910 | agy 0

€

»-l>|>—l
w|m

B
< % l|ofl ot + €7 [mg g
+ 2T div(div(oTu @ u) — (v = D)V || e ys0-2

+ 15| div Au® + V div u || 2

+ T div VVE|| oo g1 + 2T 2d1v( 0V | vt
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Estimates on Qu°- Part 2
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Estimates on Qu°- Part 2

Q(p°u’) = VA L div(p*u) eOot = —div(p u)

Q(p u’) = eVA10,0°
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Estimates on Qu°- Part 2

Q(p°u’) = VA L div(p*u) eOot = —div(p u)

Q(pu) =i~

348
82"‘2 ||atO€HL§W;SO_3’4
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Estimates on Qu°- Part 2

Q(p°u’) = VA L div(p*u) eOot = —div(p u)

Q(pu) =i~

5 3 N
g1t?2

2 Hatge HL?W;SO_SA
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Estimates on Qu°- Part 2

Q(p°u’) = VA L div(p*u) eOot = —div(p u)

Qp u) =ci~

5 3 N
g1t?2

2 HatagHLj}Wx_SO_SA
1 f . 1
—— —=>0 f g<-
42 T hs3

this analysis holds for physical regimes of order

M =¢c=)\2/P 10716
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Extensions
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Extensions

® Model for plasma physics that takes into account the
temperature effects and balance equation
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Extensions

® Model for plasma physics that takes into account the
temperature effects and balance equation

® Bipolar models for semiconductors
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