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Self Force

® Smaller mass does not follow a geodesic of the
background

® [ts mass curves the space-time itself - it
follows a geodesic of an etfective space-time

® 3 main approaches all require subtraction of
an appropriate singular component from the
retarded field to leave a finite regular field
which is solely responsible for self-force.
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Self Force

Retarded field satisfies
DAgp? = —47rQ/uA54 (z, 2(7")) dr’ where  D%p =6p(0—m?) — P45p

The retarded solution to the above equation gives rise to a field which
' - A
gives the self-force, 4 =p® 40 'R

Given the Detweiler-Whiting Green Function,
Gy s (@,2) = 5 {UAs (@,2")blo (2,2)] + VAp (2,2) 0o (2,2')]}
We may define the Detweiler-Whiting singular field,

T(ret) :
(’O?S) - / G(S)AB’ (@, 2(1")) u? dr’.
T(adv)




Singular Field

The scalar singular field and self-force are

Ulz,z') + /Cc+ V(x,z(T))dr

20, u

fa, _ gab(I)(R) b.

) (a) =

The EM singular field and self-force are

i CL/ Uaa/ / T =Ty T+ ,
4 (x/,x ) —I—/ Veulx,z(T))u® dr
20, U% -

x/=x _ -

The gravitational singular field and self-force are
[ua’ub/ Uaba’b’ (x’ 33,)

20'a/ ’LLa/

S T+ rop bedy, (R)
+/ V@l 2(r))u®w”dr  and  f* =k,

x/=x_

1 1 1
ulu _gabucud . 5,LLa,UJb,uc,u/c1l 4+ Zuagbc,uld_i_ Zga,dgbc.




Singular Field

For coordinate expansion, we introduce the notation
_ /
Ax® = z% — x”, ox? = x“

/

— 2% =z% — Az® — 2°
We expand the Synge world function

o(z,z') = %gab(x)&caldxb/ + Aabc(m)da:“’5xb’(5:ccl + Babcd(x)éxa,(wa,(chl(Swd, + ...

/
Weuse 20 = g, 0% tosolve for coefficients

Aabc(x) — ig(ab,c) (LU)
Babed(T) = 159(abyed) (%) — 38297(%) (9(ab,Ip| (%) 9ed),q () — 12G(ab|p| (%)9|g|c,a) (T) + 36Gp(a,b(T)lglc,a) (%))

We can differentiate this easily to obtain ¢

Once we know o(z,z") , we can calculate the Van Vleck Determinant
1

Ak (z,2) = (= [~9(@) " * |-ows(z,2)| [-9(=)]) 7))




Singular Field

We expand " around the point Z . Representing the worldline in
terms of proper time gives us

We want to determine the points on the world line that are connected
by a null geodesic. That is we want to solve
> 9.5 (U AT — Aasa)(ubA'r — Amb)
+ [29a5(uPAT — Az®)iPAT? + Lgap ((WBAT — Az?)(uPAT — Az®)Az®
+ %gag,a(a"t)(uaA’r — Aa:“)(uEAT — Axb)(uEA’r — ch)] + 0(64)

calculate bivector of parallel transport.

Writing A7 = 7€ + moe? 4+ 13¢” +- -+, this gives us

I gagu‘_‘Aa:b + \/(gagu&Aa:b)z + g ; Ax?Axb = gagu&Axb -




Singular Field - Schwarzschild
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Effective Source

Splitting the retarded field into approximate singular and regularized

A ~ ~ A
parts Plrety = P(s) T P(R)

Substituting into the wave equation gives D% BY ?R) =95 éﬂg)with an

effective source, A

S{oft) = DAgpP — 47TQ/uA54 (x,2(7")) dT’.

Schwarzschild




Effective Source
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Mode Sum

To obtain expressions which are readily expressed as mode sums, it is

useful to work in a rotated coordinate frame. We introduce Riemann

normal coordinates on the 2-sphere at X, in the form

wy = 28in (%) cos (3 we = 28in (%) sin 3

where sin f cos ¢ = cos o
sin @ sin ¢ = sin asin 3

cos f = sin o cos (3

The Schwarzschild metric is now given by the line element

2 [(T—=2m)\ r 2 o) |16 —w] (8 —wi —wj) 2
ds® = ( - )dt +(r—2m>dr —I-'r{{ 14— w? — wd) dw]

W1 W9 (8 — w% - w%)

4(4 — w2 —w3)

16—w%(8—w%—w%
4(4 — w? —w3)

+ 2dw1dws -+




Mode Sum

Barack and Ori (2000, 2002) first looked at the multipole
decomposition of the self-force, Ja

fa(rit,e,B) =) fim(r,)Y™(a,8) = [ (rt)= / fo (r,t,a, B) Y™ (o, B) dSQ.

Im

The [ mode contribution at Z = (%o,70, @0, Bo) is given by

fclz (To,t0) = Ali-In;OS: fclz,m (ro + A7, to) y'm (@0, Bo) -

m

With particle on the pole, Y™ (ag = 0,8y) = 0 forallm # 0, so

20+ 1

fé’mzo (ro + Ar,tg) = 1im0 / fa (ro + Ar, to, a, B) P, (cos ) df.

20+ 1
l .

to) = lim

fa (r0,%0) . A i

Ar—0 47

We find the self-force has the form 5Bn—2)

fa (7’, t, a’ 6) — Z p2n+1 E'TL—S

n=1

Where Bc(zk) — balaz...ak (j)Axaleag TE7A Vi

and P = \/(QaBUEAbe + gapAz Az’




Mode Sum

Explicitly in our coordinates, » =/ (susu7As%)? + gsAz2Az® takes the form

E2fr8
p(r,to, ’ﬂ) (L2 4+ 12) (rg — 2M)?2

Po (aaﬁ)2 — p(TOa th avﬁ)z — (L2 A 7"(2)) A’IU% =i r(z)Awg

L'f‘o’l“'o
(ro — 2M) (L% + 12

2
) Ar) + 8 Aws

Ar? + (L* +15) (Afwl +

We use our definition of pg to rewrite our Aw ‘s in an alternate form
1%
(rg + L?)x

Awi =2 (1 — cosa) cos® B = cos? 3 =

2
. p , P
Aw2 =2 (1 — cosa)sin® B = (2 ‘|‘0L2)X sin® B = —LQO

L2

2 _
where x(8)=1-ksin™f, k= 575

As fim fo(rt,a,8) = pg "€ Pearn)(ro, 8) | it can now be shown that

l 20+ 1 -2 7. B( ) n—3
[z (ro,to, a, B) = i |€ Alq{rilo (cosa) dS2 + € Z ca(n) (10, 8) P; (cos ) dS2
n=2

EAiL (To,to)é_z—l—Bé(’r‘o,to)é_ —I—C(ll(’l"o,to)é —I—Da (’f’o,to)e —I—Eé(ro,to)ez—'—F(i(’l"o,to)ezs-l—




Mode Sum

For the higher order terms we can write

po (ro,to, @, B)" = ¢" (1 —cos@)™? = ¢ Y A}"*(0) P (cos )
[=0

where 22() (L2 = ,rg)

(—1)5 1 2k+3 [(2k + 1)N)?
(20—2k—1) (2l —2k+1)... (20 + 2k + 1) (2l + 2k + 3)

We note that P;(cos @) will simply integrate to 1

“(0) =Ppyy =(21+1)

We note that integrating over g is the same as averaging over the

angles ,8, SO % X?’gn - <X—n(5)> = o F} (n, %, l,k)

Tidy up resulting equations with

>=F%:2F1 (1 1;1;]6) ZgK(k)IIC

22 T

1 1 2

= ek e SR =B
2727 ) ) T ()




Results - Scalar

Regularised 1-modes for Radial Self-Force for Circular Schwarzschild




Results - EM

Regularised I-modes for Radial Self-Force for Elliptic Schwarzschild

Data supplied by Roland Haas



Results - Gravity

Regularised 1-modes for Radial Self-Force for Circular Schwarzschild
0.1

Data supplied by Niels Warburton



Results - Kerr

Regularised I-modes for Radial Self-Force for Circular Kerr
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' Plot provided by Niels Warburton




Future Work

® LEccentric orbits in EM and Gravity Kerr
® Second order Effective Source

® Spheroidal harmonic decomposition into

spherical harmonics for Kerr

® Radiation gauge

® Kerr gravity????




