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Goal 
•  Extend quality‐op=miza=on methods of 
community detec=on to networks with the 
following features: 
– Mul6scale: Consider mul=ple resolu=on 
parameters at once (without sweeping) 

– Time‐Dependent: Nodes and edges can change in 
=me 

– Mul6plex: Mul=ple types of edges 



Outline 
•  Background: Community structure 
and community detec=on 

• Mul=slice networks 

•  Examples 
•  Conclusions 



Community Structure by hand?:  
Baseball Steroids Networks 



Images from A. Clauset, C. Moore, & M. E. J. Newman (Nature, 2008) 

Iden=fying Communi=es Algorithmically 



“This wouldn’t be a community detec=on talk 
without the Zachary Karate Club.” 

This par==on op=mizes modularity, which measures the 
number of intra‐community =es (rela=ve to randomness) 



“Network Science” Coauthorship 



Facebook Friendship Networks 

A. L. Traud, E. D. Kelsic, P. J. Mucha, & M. A. Porter, arXiv:0809.0960 



Congressional Commi_ees 
(MAP, PJM, M. E. J. Newman, C. M. Warmbrand, & A. J. Friend) 



Preliminaries 
•  “Hard/rigid” versus “soc/fuzzy/overlapping” 
clustering 

•  A community should describe a “cohesive group” 
of nodes 
–  Tons of algorithms available  

•  Unifying no=on:  more intra‐community edges 
than one would expect at random 
–  But what does “at random” mean? 

•  Review ar=cles 
–  “Communi=es in Networks,” M. A. Porter, J.‐P. Onnela 
& P. J. Mucha, No6ces of the American Mathema6cal 
Society 56, 1082‐97 & 1164‐6 (2009). 

–  “Community Detec=on in Graphs,” S. Fortunato, 
Physics Reports 486, 75‐174 (2010). 



Quality / Modularity 

•  Popular approach: Use a “modularity” quality func=on 

•  GOAL:  Assign nodes to communi=es to maximize 
modularity.  



Community Detec=on: Null Models 

•  Erdös‐Rényi (Bernoulli)  •  Newman‐Girvan* 

•  Leicht‐Newman* (directed)  •  Barber* (bipar=te) 

* with resolu6on parameters γ 



Community Detec=on:   
Computa=onal Heuris=cs 

•  Cannot guarantee op=mal quality without full 
enumera=on of possible par==ons 
– NP‐complete problem 
– Many algorithms available (simulated annealing, etc.) 
– Need to pick null model appropriate to problem 
–  Extreme degeneracies in good local op=ma of Q 

•  (B. H. Good, Y.‐A. de Montjoye, & A. Clauset, to appear in 
PRE; see Aaron’s talk on Wednesday) 



Mul1slice Networks 

•  Typical formula=on for studying networks: Sta=c networks, 
with a single kind of =e, par==oned at a single spa=al 
resolu=on 
–  Also poten=ally sweep over mul=ple resolu=ons (or occasionally 

mul=ple =mes) but in an ad hoc fashion 
•  Mul=slice framework: dynamic, mul=plex, and with 

communi=es at mul=ple scales 
•  Simple idea: Glue common individuals across “slices” 



What is the appropriate null model? 

•  Each slice is a network (sta=c, single type) with a 
specified spa=al resolu=on of interest 

•  Different slices can mean: different value of 
resolu=on parameter, different =me snapshot, 
different type of connec=on 

•  Have both intra‐slice edges & inter‐slice edges 
•  How to choose a null model? 



Quality of Par==on via “Stability” 

•  Idea: use a dynamical process on a network to learn about 
network structure 
–  We build on work of R. Lambio_e, J.‐C. Delvenne, & M. 

Barahona [arXiv:0812.1770] 
•  Quality of a network par==on expressed in terms of its 

“stability” (autocovariance func=on of an ergodic Markov 
process on the network): 

–  P(C,t) =  probability, for a given community C, for a random 
walker to be in that community both ini=ally and at =me t  

•  Stability measures the quality of a par==on in terms of the 
persistence of the dynamics by giving a posi=ve 
contribu=on to communi=es from which a random walker 
is unlikely to escape with a given =me t  



Laplacian Dynamics (i.e., random walks) 

•  Lambio_e, Delvenne, & Barahona [arXiv:
0812.1770] derived modularity from normalized 
Laplacian dynamics 

Expansion of matrix exponen=al to first‐order in t recovers 
Newman‐Girvan modularity with resolu=on γ = 1/t. 

Ques6on: How do we apply this idea to mul6slice networks? 



Generalized Laplacian Dynamics 

a)  Calculate (to first order in t) the probability of 
observing a =e between nodes i and j, 
condi6onal on the type of connec6on 
necessary to move j  i 

b)  Generalize dynamics to include mo=on along 
different types of edges 

c)  Different spreading weights on different 
types of edges 



Mul=slice Networks 



Special Case: Bipar=te Networks 

•  Recover Barber null model with resolu=on 
parameter: 



Special Case: Directed Networks 

•  Recover Leicht‐Newman null model with a resolu=on 
parameter: 



Special Case: Signed Networks 

•  Recover null models of Traag et al. & Gomez et al.: 



Examples 
•  (Revenge of the) Zachary Karate Club 
– Mul=ple resolu=on parameter values at once 
(“mul=scale”) 

•  Tastes, Ties, & Time 
– Mul=plex (mul=ple edge types) 

•  200 years of roll call votes in U.S. Senate 
– Time‐dependent 



Zachary Karate Club 



Tastes, Ties, & Time 

•  Data from Lewis et 
al. 2008 
•  “not‐Harvard data set” 

•  First wave of private 
northeastern school 

•  Edge types: 
•  Facebook friends 

•  Picture friends 

•  Roommates 

•  Housing Groups 



Roll Call Vo=ng Networks 

•  A. S. Waugh, L. Pei, J. H. Fowler, P. J. Mucha, & M. A. Porter, 
arXiv:0907.3509 (without mul=slice formula=on) 

•  Modularity as a measure of polariza=on 
•  Modularity as a predictor of majority turnover (the “par=al 

polariza=on hypothesis”) 
•  One network slice for each two‐year Congress 



110 Senates (220 years) 



110 Senates 

Gray areas: 3 communi=es exist at the same =me (9 communi=es in total; ω = 0.5) 



Arranged by state… 











Conclusions 
•  “Mul=slice” framework generalizes the inves=ga=on of 
commmunity structure to more complicated, more 
realis=c, and much more interes=ng situa=ons: 
dynamic/longitudinal data, mul.plex =es, and 
communi=es across mul.ple scales. 

•  Visualiza=on tools for graphs that incorporate 
community structure: h_p://netwiki.amath.unc.edu/
VisComms/VisComms 

•  Current efforts: Apply mul=slice community detec=on 
to epidemics, poli=cians, and brains 
–  Other ideas: new null models, choice of inter‐slice coupling, 

generaliza=ons of clustering coefficients and other quan==es to 
mul=slice networks, …  



Binary Trees 


