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Agenda
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Different approaches
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Model :

Y(dt) = Af+ εdWt
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Model :

Y(dt) = Af+ εdWt

Y(g) = (Af, g) + εξ(g)

g ∈ H, ξ(g) ∼ N(0, ‖g‖2)
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SVD

A compact, There exist 2 othonrmal bases (φk) and
(ψk) such that

Aφk = bkψk, A
∗ψk = bkφk
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SVD

A compact, There exist 2 othonrmal bases (φk) and
(ψk) such that

Aφk = bkψk, A
∗ψk = bkφk

The model reduces (putting yk = Y(ψk) and
f =

∑
k θkφk):

yk = (A
∑

l

θlφl, ψk) + εξ(ψk) = bkθk + εξk, k ∈ N
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SVD
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SVD

yk = bkθk + εξk, k ∈ N
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SVD

yk = bkθk + εξk, k ∈ N

This leads to estimate of the following form :

f̂ =
∑

k

λk
yk

bk
φk
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SVD

yk = bkθk + εξk, k ∈ N

This leads to estimate of the following form :

f̂ =
∑

k

λk
yk

bk
φk

With standard λk for example :

λk =
1

1+ (k/w)α
w > 0, α > 0 (Tikhonov − Phillips)

λk = (1− (k/w)α)+ w > 0, α > 0 (Pinsker)
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Minimax or oracle
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Minimax or oracle

E‖f̂− f‖22 ≤ C inf
Est

sup
V
E‖Est− f‖22
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Minimax or oracle

E‖f̂− f‖22 ≤ C inf
Est

sup
V
E‖Est− f‖22

V = {f =
∑
θkφk,

∑
akθ

2
k ≤M}
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Minimax or oracle

E‖f̂− f‖22 ≤ C inf
Est

sup
V
E‖Est− f‖22

V = {f =
∑
θkφk,

∑
akθ

2
k ≤M}

bk ∼ k−ν, ak = k2s, minimax rate :

ε
2s

1+2(s+ν)

Inverse problems and deconvolution – p. 6/33



Minimax or oracle

E‖f̂− f‖22 ≤ C inf
Est

sup
V
E‖Est− f‖22

V = {f =
∑
θkφk,

∑
akθ

2
k ≤M}

bk ∼ k−ν, ak = k2s, minimax rate :

ε
2s

1+2(s+ν)

Oracle inequalities, Adaptation...,
Tsybakov, Golubev, Cavalier, Goldenschluger, Pereverseh,...
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Minimax or oracle

E‖f̂− f‖22 ≤ C inf
Est

sup
V
E‖Est− f‖22

V = {f =
∑
θkφk,

∑
akθ

2
k ≤M}

bk ∼ k−ν, ak = k2s, minimax rate :

ε
2s

1+2(s+ν)

Oracle inequalities, Adaptation...,
Tsybakov, Golubev, Cavalier, Goldenschluger, Pereverseh,...

Difficulty : L2 norm is necessary and the spaces of regularity are
glued to the basis φk
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General inverse problems X

Different appraoches
SVD X

Galerkin-thresholding
Vaguelettes-wavelets
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Galerkin+ thresholding
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Galerkin+ thresholding

f =
∑
βλψλ, ψλ wavelet basis, Y =

∑
yλψ

′
λ, ψ

′
λ wavelet

basiss
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Galerkin+ thresholding

f =
∑
βλψλ, ψλ wavelet basis, Y =

∑
yλψ

′
λ, ψ

′
λ wavelet

basiss

Galerkin : solve f̂Λ =
∑
Λ β̂λψλ such that

(Af̂Λ, g) = (Y, g), ∀g =
∑

Λ ′

γλψ
′
λ ⇐⇒

∑

Λ

β̂λ(Aψλ, ψ
′
λ ′) = yλ ′, ∀λ ′ ∈ Λ ′
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Galerkin+ thresholding

f =
∑
βλψλ, ψλ wavelet basis, Y =

∑
yλψ

′
λ, ψ

′
λ wavelet

basiss

Galerkin : solve f̂Λ =
∑
Λ β̂λψλ such that

(Af̂Λ, g) = (Y, g), ∀g =
∑

Λ ′

γλψ
′
λ ⇐⇒

∑

Λ

β̂λ(Aψλ, ψ
′
λ ′) = yλ ′, ∀λ ′ ∈ Λ ′

Λ −→ β̂Λ := (β̂λ)λ∈Λ, Λ ′ −→ YΛ ′ := (yλ)λ∈Λ ′

YΛ ′ = AΛ,Λ ′β̂Λ
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Galerkin + thresholding
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Galerkin + thresholding

’Inversion’ −→ β̂Λ
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Galerkin + thresholding

’Inversion’ −→ β̂Λ

thresholding

f =
∑

Λ

t(β̂λ)ψλ
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Galerkin + thresholding

’Inversion’ −→ β̂Λ

thresholding

f =
∑

Λ

t(β̂λ)ψλ

Minimax-adaptation under Besov regularity condition+
conditions on the operateur A
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Galerkin + thresholding

’Inversion’ −→ β̂Λ

thresholding

f =
∑

Λ

t(β̂λ)ψλ

Minimax-adaptation under Besov regularity condition+
conditions on the operateur A

Cohen, Hoffmann, Reiss
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Galerkin + thresholding

’Inversion’ −→ β̂Λ

thresholding

f =
∑

Λ

t(β̂λ)ψλ

Minimax-adaptation under Besov regularity condition+
conditions on the operateur A

Cohen, Hoffmann, Reiss

Difficulty : inverse the system
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Plan

General Inverse problems X

Different appraoches
SVD X

Galerkin-thresholding X

Vaguelettes-wavelets (Abramovich, Silverman)

Wavelets-vaguelettes (Donoho)
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WaveVD

We start from a wavelet expansion.
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WaveVD

We start from a wavelet expansion.

f =
∑

(f,ψλ)ψλ
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WaveVD

We start from a wavelet expansion.

f =
∑

(f,ψλ)ψλ

For a new basis ei fi = (f, ei), ψ
i
λ = (ψλ, ei), Yi = (Y, ei)
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WaveVD

We start from a wavelet expansion.

f =
∑

(f,ψλ)ψλ

For a new basis ei fi = (f, ei), ψ
i
λ = (ψλ, ei), Yi = (Y, ei)

βλ = (f,ψλ) =
∑
fiψ

i
λ
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WaveVD

We start from a wavelet expansion.

f =
∑

(f,ψλ)ψλ

For a new basis ei fi = (f, ei), ψ
i
λ = (ψλ, ei), Yi = (Y, ei)

βλ = (f,ψλ) =
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fiψ

i
λ
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WaveVD

We start from a wavelet expansion.

f =
∑

(f,ψλ)ψλ

For a new basis ei fi = (f, ei), ψ
i
λ = (ψλ, ei), Yi = (Y, ei)

βλ = (f,ψλ) =
∑
fiψ

i
λ

A (SVD) =⇒ there exists a b.o.n (gi),
A∗gi = biei, bi 6= 0 and (ei) b.o.n.

Y(gi) = (Af, gi) + εξi = (f,A∗gi) + εξi = bifi + εξi

β̂λ =
∑

i

Y(gi)

bi
ψiλ
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Y(gi) = (Af, gi) + εξi = (f,A∗gi) + εξi = bifi + εξi
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Y(gi) = (Af, gi) + εξi = (f,A∗gi) + εξi = bifi + εξi

β̂λ =
∑

i

Y(gi)

bi
ψiλ
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Y(gi) = (Af, gi) + εξi = (f,A∗gi) + εξi = bifi + εξi

β̂λ =
∑

i

Y(gi)

bi
ψiλ

f =
∑
βλψλ

f̂ =
∑

t(β̂λ)ψλ
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Y(gi) = (Af, gi) + εξi = (f,A∗gi) + εξi = bifi + εξi

β̂λ =
∑

i

Y(gi)

bi
ψiλ

f =
∑
βλψλ

f̂ =
∑

t(β̂λ)ψλ

What kind of thresholding, conditions, resultats ?
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Thresholding
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Thresholding

f̂ =

J∑

j=−1

∑

k

t(β̂jk)ψjk
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Thresholding

f̂ =

J∑

j=−1

∑

k

t(β̂jk)ψjk

t(β̂jk) = β̂jkI{|β̂jk| ≥ κε
√

log 1εσj}
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Thresholding

f̂ =

J∑

j=−1

∑

k

t(β̂jk)ψjk

t(β̂jk) = β̂jkI{|β̂jk| ≥ κε
√

log 1εσj}

σj = 2jν
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Theorem

Under the following conditions :
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Theorem

Under the following conditions :
2ν+ 1 > 0
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Theorem

Under the following conditions :
2ν+ 1 > 0
∑
i[
ψi

jk

bi
]2≤ 22jν, ∀ j, blue assumption
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Theorem

Under the following conditions :
2ν+ 1 > 0
∑
i[
ψi

jk

bi
]2≤ 22jν, ∀ j, blue assumption

A∗gi = biei, ψiλ = (ψλ, ei), λ = (j, k)
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Theorem

Under the following conditions :
2ν+ 1 > 0
∑
i[
ψi

jk

bi
]2≤ 22jν, ∀ j, blue assumption

κ ≥ c0(p), α ∈ (0, 1)
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Theorem

Under the following conditions :
2ν+ 1 > 0
∑
i[
ψi

jk

bi
]2≤ 22jν, ∀ j, blue assumption

κ ≥ c0(p), α ∈ (0, 1)

2J ≤ [ε

√

log 1
ε
]

−1
2ν+1
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Theorem

Under the following conditions :
2ν+ 1 > 0
∑
i[
ψi

jk

bi
]2≤ 22jν, ∀ j, blue assumption

κ ≥ c0(p), α ∈ (0, 1)

2J ≤ [ε

√

log 1
ε
]

−1
2ν+1
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Maxiset

Under the previous conditions :
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Maxiset

Under the previous conditions :

E‖f̂ − f‖pp ≤ C [ε

√

log
1

ε
]pα, ∀ ε ⇐⇒
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Maxiset

Under the previous conditions :

E‖f̂ − f‖pp ≤ C [ε

√

log
1

ε
]pα, ∀ ε ⇐⇒

f ∈ B(2ν+1)α+ 1
p
− 1

2
,p,∞ et

supt>0 t−p(1−α)
∑

jk

2j[(ν+ 1
2
)p−1]I{|βjk| ≥ 2

jνt} < ∞.
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Minimax, adaptation

If f belongs to Bsπ,r with π ≥ 1, s ≥ 1/π
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Minimax, adaptation

If f belongs to Bsπ,r with π ≥ 1, s ≥ 1/π

E‖f̂− f‖pp ≤ C[ε−2 log(1/ε)]αp,
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Minimax, adaptation

If f belongs to Bsπ,r with π ≥ 1, s ≥ 1/π

E‖f̂− f‖pp ≤ C[ε−2 log(1/ε)]αp,

α =
s

1+ 2(ν+ s)
, if s ≥ (2ν+ 1)(

p

2π
−
1

2
)
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Minimax, adaptation

If f belongs to Bsπ,r with π ≥ 1, s ≥ 1/π

E‖f̂− f‖pp ≤ C[ε−2 log(1/ε)]αp,

α =
s

1+ 2(ν+ s)
, if s ≥ (2ν+ 1)(

p

2π
−
1

2
)

α =
s− 1/π+ 1/p

1+ 2(ν + s− 1/π)
, si

1

π
≤ s < (2ν + 1)(

p

2π
−
1

2
).
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Minimax, adaptation

If f belongs to Bsπ,r with π ≥ 1, s ≥ 1/π

E‖f̂− f‖pp ≤ C[ε−2 log(1/ε)]αp,

α =
s

1+ 2(ν+ s)
, if s ≥ (2ν+ 1)(

p

2π
−
1

2
)

α =
s− 1/π+ 1/p

1+ 2(ν + s− 1/π)
, si

1

π
≤ s < (2ν + 1)(

p

2π
−
1

2
).

These results are minimax
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Plan

General inverse models X

Different approaches X

WaveVD X

Conditions, minimax, adaptation X

Deconvolution
Regular case
’box-car’ case

Johnstone, Kerkyacharian, P, Raimondo : Wavelet Deconvolution, JRSS
B (2004),66, pp 1-27.
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Deconvolution : Af =
∫
g(u− t)f(t)dt

1
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Deconvolution : Af =
∫
g(u− t)f(t)dt

Original Signal

1
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Deconvolution : Af =
∫
g(u− t)f(t)dt

Original Signal
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Deconvolution : Af =
∫
g(u− t)f(t)dt

Original Signal

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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0.4
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Signal after convolution and noise

1
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Signal after convolution and noise
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Simulations

2 types of blurring
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Simulations

2 types of blurring
Régulier : g Probability density Γ(1, 0.0065)

Box-car : g(t) = 1
2aI{|t| ≤ a}
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Simulations

2 types of blurring
Régulier : g Probability density Γ(1, 0.0065)

Box-car : g(t) = 1
2aI{|t| ≤ a}

3 types of noise
0.05, 0.25, 0.5
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WaveVD in this case

We assume f is periodic.
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WaveVD in this case

We assume f is periodic.

f =
∑

(f,ψλ)ψλ, ψλ periodized Meyer wavelet
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WaveVD in this case

We assume f is periodic.

f =
∑

(f,ψλ)ψλ, ψλ periodized Meyer wavelet

gi, A∗gi = biei

ei = gi base Fourier, bi = (g, ei)
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WaveVD in this case

We assume f is periodic.

f =
∑

(f,ψλ)ψλ, ψλ periodized Meyer wavelet

gi, A∗gi = biei

ei = gi base Fourier, bi = (g, ei)

βλ = (f,ψλ) =
∑
fiψ

i
λ finite sum
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WaveVD in this case

We assume f is periodic.

f =
∑

(f,ψλ)ψλ, ψλ periodized Meyer wavelet

gi, A∗gi = biei

ei = gi base Fourier, bi = (g, ei)

βλ = (f,ψλ) =
∑
fiψ

i
λ finite sum

ψiλ = (ψλ, ei), fi = (f, ei), Yi = (Y, ei)

Fourier coeff of ψλ, f, Y
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WaveVD in this case

We assume f is periodic.

f =
∑

(f,ψλ)ψλ, ψλ periodized Meyer wavelet

gi, A∗gi = biei

ei = gi base Fourier, bi = (g, ei)

βλ = (f,ψλ) =
∑
fiψ

i
λ finite sum

ψiλ = (ψλ, ei), fi = (f, ei), Yi = (Y, ei)

Fourier coeff of ψλ, f, Y

β̂λ =
∑
i
Yi

bi
ψiλ finite sum
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Tunning

f̂ =
∑J
j=−1

∑
k t(β̂jk)ψjk
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Tunning

f̂ =
∑J
j=−1

∑
k t(β̂jk)ψjk

t(β̂jk) = β̂jkI{|β̂jk| ≥ κε
√

log 1
ε
2jν}
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Tunning

f̂ =
∑J
j=−1

∑
k t(β̂jk)ψjk

t(β̂jk) = β̂jkI{|β̂jk| ≥ κε
√

log 1
ε
2jν}

∑
i[
ψi

jk

bi
]2 ≤ 2−j

∑
i[
1
bi

]2I{ψijk 6= 0}≤ 22jν, ∀ j (blue
assumption)

κ ≥ c0(p), α ∈ (0, 1)
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Tunning

f̂ =
∑J
j=−1

∑
k t(β̂jk)ψjk

t(β̂jk) = β̂jkI{|β̂jk| ≥ κε
√

log 1
ε
2jν}

∑
i[
ψi

jk

bi
]2 ≤ 2−j

∑
i[
1
bi

]2I{ψijk 6= 0}≤ 22jν, ∀ j (blue
assumption)

κ ≥ c0(p), α ∈ (0, 1)

2J ≤ [ε

√

log 1ε ]
−1

2ν+1
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Discussion on the blue assumption
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Discussion on the blue assumption

2−j
∑
i[
1
bi

]2I{ψijk 6= 0} = 2−j
∑
i∈Cj

[ 1
bi

]2, |Cj| ∼ 2
j
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Discussion on the blue assumption

2−j
∑
i[
1
bi

]2I{ψijk 6= 0} = 2−j
∑
i∈Cj

[ 1
bi

]2, |Cj| ∼ 2
j

Regular case : bl ∼ l−ν (∗) implies blue
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Discussion on the blue assumption

2−j
∑
i[
1
bi

]2I{ψijk 6= 0} = 2−j
∑
i∈Cj

[ 1
bi

]2, |Cj| ∼ 2
j

Regular case : bl ∼ l−ν (∗) implies blue
Cj ⊂

2π
3 [−2j+2,−2j] ∪ [2j, 2j+2], supCj

b−2
i ≤ C22jν
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Discussion on the blue assumption

2−j
∑
i[
1
bi

]2I{ψijk 6= 0} = 2−j
∑
i∈Cj

[ 1
bi

]2, |Cj| ∼ 2
j

Regular case : bl ∼ l−ν (∗) implies blue

Box-car : more difficile (*) is faulse
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Discussion on the blue assumption

2−j
∑
i[
1
bi

]2I{ψijk 6= 0} = 2−j
∑
i∈Cj

[ 1
bi

]2, |Cj| ∼ 2
j

Regular case : bl ∼ l−ν (∗) implies blue

Box-car : more difficile (*) is faulse
Cj ⊂

2π
3

[−2j+2,−2j] ∪ [2j, 2j+2], bl = sinπla
πla
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Discussion on the blue assumption

2−j
∑
i[
1
bi

]2I{ψijk 6= 0} = 2−j
∑
i∈Cj

[ 1
bi

]2, |Cj| ∼ 2
j

Regular case : bl ∼ l−ν (∗) implies blue

Box-car : more difficile (*) is faulse

Mais : a Badly Approximable implies
2−j

∑
i∈Cj

[ 1
bi(a)

]2≤ 22jν, ν = 3/2
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Log-spectre
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numerical results : Box-car
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Donoho- Raimondo : Cycle spinning
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Algorithmes

Kolaczyk : algorithme de calcul pour l’ondelette de
Meyer périodisée

Donoho- Raimondo : Cycle spinning

http://www.usyd.edu.au:8000/u/marcr/.
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Diophantine approximations

∀ a real number, there exists (ak):

a = [a0;a1, a2, . . .] = a0 +
1

a1 + 1
a2+ 1

a3+...

(1)

Inverse problems and deconvolution – p. 27/33



Diophantine approximations

∀ a real number, there exists (ak):

a = [a0;a1, a2, . . .] = a0 +
1

a1 + 1
a2+ 1

a3+...

(1)

a ∈ Q implies ak = 0, k ≥ k0
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Diophantine approximations

∀ a real number, there exists (ak):

a = [a0;a1, a2, . . .] = a0 +
1

a1 + 1
a2+ 1

a3+...

(1)

a ∈ Q implies ak = 0, k ≥ k0

The rationals obtained by stopping the expansion (1) at
step k:pk(a)/qk(a) = [a0, a1, . . . , ak] are called the
convergents of a.
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Diophantine approximations

∀ a real number, there exists (ak):

a = [a0;a1, a2, . . .] = a0 +
1

a1 + 1
a2+ 1

a3+...

(1)

a ∈ Q implies ak = 0, k ≥ k0

The rationals obtained by stopping the expansion (1) at
step k:pk(a)/qk(a) = [a0, a1, . . . , ak] are called the
convergents of a.

Property of best approximation : for n ≥ 1,

inf
1≤k≤qn

||ka|| = |qna− pn| = ||qna||,

‖x‖ is the distance between x and the closest integer
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Diophantine approximations

1
2qn+1

< ||qna|| < 1
qn+1
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Diophantine approximations

1
2qn+1

< ||qna|| < 1
qn+1

bl = sin(πla)/(πla)

2

π

‖la‖

la
≤ bl ≤

‖la‖

la
.
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Diophantine approximations

1
2qn+1

< ||qna|| < 1
qn+1

bl = sin(πla)/(πla)

2

π

‖la‖

la
≤ bl ≤

‖la‖

la
.

An irrationel a is called Badly Approximable (BA) si
supn

qn

qn−1
< ∞.
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Diophantine approximations

1
2qn+1

< ||qna|| < 1
qn+1

bl = sin(πla)/(πla)

2

π

‖la‖

la
≤ bl ≤

‖la‖

la
.

An irrationel a is called Badly Approximable (BA) si
supn

qn

qn−1
< ∞.

Alors : c0q2 ≤
∑N+q
q ‖la‖−2 ≤ c1q

2, q ≥ q0

2−j
∑

l∈Cj

[
1

bl
]2 ≤ C2−j22j

∑

l∈Cj

‖la‖−2 ≤ C23j
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Diophantine approximations

1
2qn+1

< ||qna|| < 1
qn+1

bl = sin(πla)/(πla)

2

π

‖la‖

la
≤ bl ≤

‖la‖

la
.

An irrationel a is called Badly Approximable (BA) si
supn

qn

qn−1
< ∞.

Alors : c0q2 ≤
∑N+q
q ‖la‖−2 ≤ c1q

2, q ≥ q0

2−j
∑

l∈Cj

[
1

bl
]2 ≤ C2−j22j

∑

l∈Cj

‖la‖−2 ≤ C23j

BUT : The set of BA’s is of Lebesgue measure 0.
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∀ δ > 0,there exists a class Aδ of full Lebesgue measure
such that ∀ a ∈ Aδ,

qn

qn−1
< (logqn−1)

(1+δ).
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∀ δ > 0,there exists a class Aδ of full Lebesgue measure
such that ∀ a ∈ Aδ,

qn

qn−1
< (logqn−1)

(1+δ).

∀ a ∈ Aδ, 2
−j

∑

l∈Cj

|bl(a)|−2 ≤ c1 2
3j j11(1+δ).
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∀ δ > 0,there exists a class Aδ of full Lebesgue measure
such that ∀ a ∈ Aδ,

qn

qn−1
< (logqn−1)

(1+δ).

∀ a ∈ Aδ, 2
−j

∑

l∈Cj

|bl(a)|−2 ≤ c1 2
3j j11(1+δ).

σ2j = 23jjz
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∀ δ > 0,there exists a class Aδ of full Lebesgue measure
such that ∀ a ∈ Aδ,

qn

qn−1
< (logqn−1)

(1+δ).

∀ a ∈ Aδ, 2
−j

∑

l∈Cj

|bl(a)|−2 ≤ c1 2
3j j11(1+δ).

σ2j = 23jjz

Same result up to a logarithmic factor.
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Vaguelette-wavelet

Af =
∑

(Af,ψλ)ψλ, ψλ Wavelet basis
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Vaguelette-wavelet

Af =
∑

(Af,ψλ)ψλ, ψλ Wavelet basis

f =
∑

(Af,ψλ)A
−1ψλ
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Vaguelette-wavelet

Af =
∑

(Af,ψλ)ψλ, ψλ Wavelet basis

f =
∑

(Af,ψλ)A
−1ψλ

A−1ψλ, new ’basis’
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Vaguelette-wavelet

Af =
∑

(Af,ψλ)ψλ, ψλ Wavelet basis

f =
∑

(Af,ψλ)A
−1ψλ

A−1ψλ, new ’basis’

yλ =: Y(ψλ) = (Af,ψλ) + εξλ
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Vaguelette-wavelet

Af =
∑

(Af,ψλ)ψλ, ψλ Wavelet basis

f =
∑

(Af,ψλ)A
−1ψλ

A−1ψλ, new ’basis’

yλ =: Y(ψλ) = (Af,ψλ) + εξλ

f̂ =
∑
t(yλ)A

−1ψλ
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Vaguelette-wavelet

Af =
∑

(Af,ψλ)ψλ, ψλ Wavelet basis

f =
∑

(Af,ψλ)A
−1ψλ

A−1ψλ, new ’basis’

yλ =: Y(ψλ) = (Af,ψλ) + εξλ

f̂ =
∑
t(yλ)A

−1ψλ

Abramovitch, Silverman
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Donoho 95
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Wavelet-vaguelette

Donoho 95

Assumption : There exist 2 Riesz bases with dyadic
structures {uλ} and {ψλ}, such that ψλ = γλA

∗uλ
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Wavelet-vaguelette

Donoho 95

Assumption : There exist 2 Riesz bases with dyadic
structures {uλ} and {ψλ}, such that ψλ = γλA

∗uλ

f =
∑

(f,ψλ)ψλ =
∑

(f, γλA
∗uλ)ψλ

=
∑
γλ(Af, uλ)ψλ =

∑
γλ[(Y, uλ) − εξ(uλ)]ψλ
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Wavelet-vaguelette

Donoho 95

Assumption : There exist 2 Riesz bases with dyadic
structures {uλ} and {ψλ}, such that ψλ = γλA

∗uλ

f =
∑

(f,ψλ)ψλ =
∑

(f, γλA
∗uλ)ψλ

=
∑
γλ(Af, uλ)ψλ =

∑
γλ[(Y, uλ) − εξ(uλ)]ψλ

leading to the following estimate :

f̂ =
∑

γλt((Y, uλ))ψλ
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Wavelet-vaguelette

Donoho 95

Assumption : There exist 2 Riesz bases with dyadic
structures {uλ} and {ψλ}, such that ψλ = γλA

∗uλ

f =
∑

(f,ψλ)ψλ =
∑

(f, γλA
∗uλ)ψλ

=
∑
γλ(Af, uλ)ψλ =

∑
γλ[(Y, uλ) − εξ(uλ)]ψλ

leading to the following estimate :

f̂ =
∑

γλt((Y, uλ))ψλ

Minimax et adaptation, en norme Lp.
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Maxisets

f =
∑
i∈N

θiψi

f̂n =
∑

i≤Λn

θ̂i
n
1
(|θ̂i

n
|≥σiκc(n))

ψi.

Enf |θ̂i
n

− θi|
2p ≤ Cσ2pi c(n)2p,

Pn

(

|θ̂i
n

− θi| ≥ κσic(n)/2
)

≤ Cc(n)2p ∧ c(n)4,

Λn ↑∞, c(n) ↓0
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Conditions on the basis

E = {ψi; i ∈ N} Unconditionnal and p-democratic
i) |θi| ≤ |θ ′i | for all i, implies

‖
∑

i

θiψi‖p ≤ K‖
∑

i

θ ′iψi‖p.

ii)

1

C1
inf
i∈Λ

|
θi

σi
|(µσ{Λ})1/p ≤ ‖

∑

i∈Λ

θiψi‖p

≤ C1 sup
i∈Λ

|
θi

σi
|(µσ{Λ})1/p

µσ{i} = ‖σiψi‖
p
p
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