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1 Abstract

A dynamic two phase flow model for proton exchange membrane (PEM) fuel cells
is presented. The two dimensional along-the-channel model includes the two
phase flow of water (gaseous and liquid) in the porous diffusion layers and in the
catalyst layers, as well as the transport of the species in the gas phase. Moreover,
proton and water transport in the membrane and the oxygen reduction reaction
in the cathodic catalyst layer is accounted for. The discretisation of the resulting
flow equations is done by a mixed finite element approach. Based on this the
transport equations for the species in each phase are discretised by a finite vol-
ume scheme. The coupled mixed finite element/finite volume approach gives the
spatially resolved water and gas saturation and the species concentrations. In or-
der to describe the charge transport in the fuel cell the Poisson equations for the
electrons and protons are solved by using Galerkin finite element schemes.

2 Introduction

Water management is crucial for the undisturbed operation of PEM fuel cells and
for the optimisation of the power output. Flooding of the fuel cell due to water pro-
duction blocks the gas transport towards the catalyst grains of the electrodes. On
the other hand, a dehumidification of the membrane leads to a poor protonic con-
ductivity. Consequently, an increase of resistive losses and a decrease of output
power result from a low hydration state of the membrane [1, 2].
In general, the water content depends on the position in the PEM fuel cell. Further-
more, water is transported in both, the liquid and the gaseous phase. The local
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humidity depends on a series of operating parameters as, for example, temper-
ature, gas stoichiometries, pressure, and the electrical current production of the
cell.
Mathematical models of PEM fuel cells have been presented by several authors.
Springer et al. presented a PEM fuel cell model describing the water content of
the Nafion 117 membrane as a function of the water vapour activity [2]. In this
way, the dependency of the protonic conductivity of the membrane on its humid-
ity was accounted for. A drag/diffusion model for the water transport through the
membrane was introduced. An along-the-channel model for water and heat man-
agement of PEM fuel cells was published by Nguyen and White [3]. The model
allows to predict the temperature and current distribution along the one dimen-
sional flow channels on the anode and cathode side. A stationary two-dimensional
along-the-channel model was presented by Gurau et al. [4]. Their one-phase
model accounts for mass transport of gaseous species in all layers of the PEM
fuel cell. The Navier-Stokes equations were solved in the gas channels. More-
over, the model includes the effect of heat transport in the gas channels and in the
porous media. Multicomponent gas transport in the porous electrode of a PEM
fuel cell with an interdigitated gas distributor structure was investigated by Yi and
Nguyen [5]. Isothermal and stationary conditions were assumed.
In the context of direct methanol fuel cells an elaborated two phase flow model has
recently been proposed by Divisek, Fuhrmann et al. [6]. Modelling of two-phase
flow in the porous air cathode of a PEM fuel cell was attempted by Wang et al. [7].
The transport coefficients in the stationary numerical two-phase model are param-
eterised as functions of the liquid water saturation ��� . The important influence of
the permeabilities for liquid and gas phases as functions of the liquid water satu-
ration were considered. Moreover, the capillary pressure-saturation relationship is
included in the model allowing to study the influence of the contact angle between
the liquid and the solid phase.
The modelling approach of our present work is based on a two phase flow formula-
tion for arbitrary porous media introduced in [8]. Locally distributed flooding effects
can be described by the model in detail because the model accounts separately
for the gaseous and the liquid water transport. Therefore, the influence of mate-
rial parameters influencing the water transport on the fuel cell performance can be
studied. The model accounts for the time dependent transport equations and for
the kinetics of the electrochemical reaction. Therefore, flooding and drying effects
can be investigated dynamically.

3 Development of the dynamic two-phase flow
model

The modelling domain is shown in Fig. 1 representing a cross-section along the
parallel channels of an along-the-channel test fuel cell. It is assumed that the chan-
nels on the anode and cathode side appear in the same cross-section. The cell
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Figure 1: Modelling domain of the along-the-channel fuel cell.

dimensions are 2000 ��� vertical and 450 ��� horizontal. An anisotropic scaling
of the transport equations is needed in order to describe channel lengths in the
centimeter range. Along the channel we assume a pressure decrease in flow di-
rection with a negative constant gradient. We can choose the inlet/outlet pressure
difference and switch the gas flow direction between co- and counterflow (parallel
and anti-parallel).
Furthermore, the following simplifying assumptions have been considered in the
model:

1. In a PEM fuel cell water is dragged from the anode to the cathode side by
interaction of protons with the water molecules in the membrane [2]. Wa-
ter transport through the membrane due to the electroosmotic drag was ne-
glected so far.

2. A proton exchange membrane exhibits a strong dependence of the protonic
conductivity on the water content of the membrane. The proton conductivity
of the membrane is assumed to be constant in the present work.

3. Hydrophilic pores of a membrane made of Nafion appear as a result of their
contact with water. These pores collapse after water removal in the process
of drying [9]. Consequently, the permeability of a proton exchange mem-
brane depends on its water content. A constant membrane permeability � is
assumed here.

4. Heat transport is not taken into account in the current implementation of the
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model. Isothermal conditions are assumed to be valid (i.e. the cell is oper-
ated at constant temperature).

5. The exchange current density for the oxygen reduction reaction is assumed
to be independent of the temperature.

6. Diffusion of the gas components is modelled according to Fick‘s law. Multi-
component diffusion has not been considered here.

7. Double layer charging is not accounted for.

Note that the model is not in general limited to these restrictions, but will be relaxed
step by step in the framework of our current implementation.

3.1 Governing differential equations

The mass balance equations for both, the liquid and the gaseous phase in the
porous media can be written as follows [8]

���������
	 � 	�����������
	���	���� ��	
(1)

��	�� �
�
�! 	
�
	 �#"$	&% '(�*),+.-/%

(2)

where
�

is the porosity,
�
	

is the mass density and � 	 is the saturation of phase
'
.

Saturation means the volume fraction of the phase within the pore space. Further-
more, 0 	 is the Darcy-velocity and

"�	
is the pressure in the

'
-th phase. The index'1��)2+.-

denotes the liquid and the gaseous phases, respectively.
The source term

��	
is expressed by Eq. (12). The following supporting equations

are used

� �  �43 � 5�+
(3)" 3 �6" � � "$78� � � �9+ (4)��	�� �
	:�<;=+>"$	?�9+
(5)

where
"$7!� � � � is the capillary pressure-saturation function. It depends on the in-

terfacial tension between the liquid water and the solid phase of the porous zone.
Moreover,

"$78� � � � is determined by the pore geometry. A parameterisation of the"$78� � � � -relationship is given by the Van Genuchten model [8].
Water is the only species of the liquid phase and therefore no transport equation
has to be solved for water within the liquid phase, whereas hydrogen, oxygen,
water vapour and nitrogen are present in the gas phase of a hydrogen PEM fuel
cell. Therefore transport equations for each species in the gaseous phase have
to be solved. Species in the gaseous phase are referred to as

� �A@CB!+�DEBF+!@GB�D
.

The following supporting equation for the mass fractions HJI of the gas components
holds

HJKML  H$N<L  HJKMLON  HQP �R5�+
(6)

4



where � refers to nitrogen as the inertial rest gas. Transport of the gaseous com-
ponents are modelled separately

��� �O��� 3 �43 H I �� � �J�4� 3 � 3 H I �E� �����O��� 3 �43�� I3 � H I �A� � I3 + (7)

where � I3 is the diffusivity of the
�
-th species. The source terms

� I3 of the gaseous
components are determined by the electrochemical reactions occuring in the elec-
trodes (Eqs. (16)-(18)).
Finally, the flow of electrons and protons ( � ���Q+>"

) is governed by the potential
equations

� ���	��� �
�
(8)�	��� ����?�����&+
(9)

where
���

is the potential of the charge carrier and � � is the current density. The
protonic conductivity of the PEM depends on its water content, that is

���2�����J� � � �
[2]. The electrochemical reactions represent the source terms

���
of the potential

equations (Eqs. (14), (15), (19), (20)).

3.2 Source terms and coupling of the differential equations

The phase transition of water between the liquid and the gaseous phase is mod-
elled according to Nguyen [10]

� � � �
phase

+
(10)� 3 � ���

phase
+

(11)

�
phase � � � 7 � � 3�� 3 ��" 3�� � �6" sat� � H KML�N� ; sgn

��" 3�� � � " sat� �
 �
� � �1� " 3
� � � " sat� �

sgn
��" sat� � " 3
� � � (12)

The first term of Eq. (12) represents the condensation of water, where
� 7

is the
condensation rate constant and � 3 is the average molar mass of the gas phase.
The second term represents the evaporation of water with the evaporation rate
constant

���
. The saturation density of liquid water depends on the water saturation

� �

� � � � � � � � + (13)

where
� � is the density of liquid water. Water condenses if the partial pressure" 3�� � of water vapour is higher than the water saturation pressure

" sat� .
The kinetics of the electrochemical reactions in the electrodes can be approxi-
mated using the Tafel approach [11]�:7 � � �.5=���J�"! ' # � 7%$ DCB'& �$ DCB'&  )(+*-,	.0/�1 ��24365� ;�7 � ( �8�9�=�;:<�  =(>*7@?BA +

(14)

�DC � �.5 � ���"! ' # � CE$ @EB'& �$ @EB'&  =(>* ,F.0/ 1 365� ;G7 � ( �8�9�=�;:��  )(+*C ?�A +
(15)
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where
�

is the electrode porosity and
' # � 7 and

' # � C are the exchange current densitiy
of the oxygen reduction reaction

D BC � ���  � @���� 2 @GB�D in the cathode and the
hydrogen oxidation reaction

@CB�� 2 @��  2 ��� in the anode at reference conditions,
respectively. Furthermore,

:<�  )(+*C � 7 is the difference of electrical potential between
the electrode and membrane phases at equilibrium conditions.

� C
and

�&7
can be

interpreted as the generation rates of positive charge carriers per unit electrode
volume. It is assumed that the specific surface area a of the catalyst particles per
unit electrode volume is equal on both, the anode and cathode side. The source
terms of the gaseous components,

� I3 in Eq. (7), are related to the ionic current
density in the electrodes by Faraday‘s law

� KML3 � 	 ��
� LB�� � C
in the anodic catalyst layer�
in the cathodic catalyst layer

+
(16)

� NML3 � 	 �
in the anodic catalyst layer
�� L� � �:7
in the cathodic catalyst layer

+
(17)

� KMLON3 � 	 � 3 in the anodic catalyst layer� 
 � L �B�� �&7G � 3 in the cathodic catalyst layer
%

(18)

Eq. (18) contains the water production term
� 
 � L �B�� due to the oxygen reduction re-

action on the cathode side. We assume here that water is produced in the gaseous
phase.
The source terms of the potential equations (Eq. (9)) are

� ( � 	 ��� C
in the anodic catalyst layer���:7
in the cathodic catalyst layer

+
(19)

� � � 	 � C
in the anodic catalyst layer�:7
in the cathodic catalyst layer

%
(20)

3.3 Parameters and boundary conditions

Along the gas flow channels on the cathode and the anode side, the boundary con-
ditions are specified as a linear pressure drop along the channel. This assumption
is valid if the gas transport in the gas channels is not blocked by water droplets in
the liquid phase.
Initially no liquid water is assumed to be present. Moreover, the boundary condi-
tions at the gas inlets were also set to ��� � �

.
The initial and boundary conditions are adjusted for saturated atmosphere accord-
ing to Fig. 2 � � CO�

KML�N
� " � CO��

" 3 C � (21)

H
� CO�
KML�N

� � KML�N� 3
� � CO�
KML�N

%
(22)
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Figure 2: Saturated steam mass fraction

with
" sat� �<;�7>� � 5 � ��� ������� �	��� L� ��
���� �J5 ����� ! (23)3 � 2 % 5����� � 2 %���� �J5 � � B � ���� � 2 %���� �J5 � � � � � B� � 5�% ��� �J5 � ��� � ���

;�7 � ; � 2	�� % 5  �
�

!�"

Simulation results discussed in the following are obtained at a temperature of; � 2 � � � .

The Tafel slope of the oxygen reduction reaction was extracted from steady state
voltammograms. From this the cathodic transfer coefficient (symmetry factor) was
calculated: 3 � P �# �%$&� � , where ' C)(�7 is the number of electrons involved in one reaction
step, anodic and cathodic, respectively. * C)(�7 is the anodic or cathodic Tafel slope
with the natural base

�
in contrast to the decade Tafel slope + � 2 %  * .

4 Discretisation of the governing equations

The discretisation of the two phase flow equations (1) and (2) is based upon an
equivalent global pressure formulation (for details see [12, 13, 14]). The resulting
system of equations consists of an elliptic equation for a global pressure, coupled
with a weakly degenerate parabolic equation for the water saturation. The discreti-
sation of these equations is done by using Raviart-Thomas mixed finite elements

7



Table 1: Parameters determining the mass transport

Parameter Symbol Value
porosity of gas diffusion layer (GDL)

� � % �
electrode porosity

� � % �
membrane porosity

� � % � � 5
permeability of gas diffusion layer (GDL) � 2 ��5 � ��� � � B
electrode permeability �

5 ��5 � ��� B � B
membrane permeability �

5 ��5 � ��� � � B
diffusivity � I3 5�% � ��5 � � � � B � � ���
condensation rate constant

� 7 5=�J5 � � � ���
vapourisation rate constant

�
� 5=�J5 � � � � � !=� � � ���
Table 2: Parameters of the electrochemical reactions

Parameter Symbol Value
exchange current density (

DCB
-reduction)

' # � 7 5��
�
� B

exchange current density (
@EB

-oxidation)
' # � C 5 �J5 � � � �

� B
specific surface area

! 5 ��5 � � � B � ���
equilibrium potential difference (cathode)

:��  )(+*7 5��
equilibrium potential difference (anode)

:��  )(+*C � �
transfer coefficient (cathode) 3 � %�5�5

for the pressure equation and a semi-implicit cell centered finite volume scheme
for the saturation equation. In order to achieve efficiency of the method a fully
self adaptive grid refinement is used which is based on rigorous a posteriori error
estimates for both, the mixed finite element approximation and the finite volume
scheme. Details of these adaptive methods were presented in [15, 14].
Having solved for the global pressure and the global velocity field, the transport
velocities in the water and gas phases respectively are recomputed (see [12]).
The reactive transport equations for the species in the gas phase (7) are discre-
tised again by using a self adaptive finite volume scheme based on rigorous a
posteriori error estimates for so called weakly coupled systems. For details we
refer to [16, 17, 18, 19].
Finally, these transport equations are coupled to the potential equations for the pro-
ton and electron flow (9) through the reactive source terms. The potential equa-
tions are solved by a Galerkin finite element method using standard piecewise
linear basis functions. In order to cope with the strongly non linear source term,
a time relaxation of the stationary potential equations is used. This time stepping
approach also incorporates a non-linear fixed point iteration for the solution of the
resulting non-linear coupled system.
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A detailed description of the resulting overall algorithm is beyond the scope of this
contribution and will be presented in a forthcoming paper.

5 Numerical simulation results

Figure 3: grid and velocity field at � �  � Figure 4: protonic potential � ( $ � &
The adaptively refined discretisation mesh of the modelling domain (Fig. 1) is
shown on the left hand side of Fig. 3. At simulation time � �  � a refinement of
the triangulation can be seen in the corners of the domain. This is due to the high
velocity values at the gas inlet and outlet. The grid is also refined in the electrodes
where the electrochemical reactions occur. An adaptive grid refinement is realised
in order to handle the high potential gradients in these regions. Such a spatially
resolved protonic potential

� �
is shown in Fig. 4. The global velocity field in the

porous gas diffusion layers is shown on the right hand side of Fig. 3 corresponding
to the case of counterflow. Absolute values of the global velocity in the membrane
are three orders of magnitude lower compared to the gas diffusion layers. Accord-
ing to Eq. (2) this reduction is determined by the decrease of permeability listed in
Table 1.
The protonic potential along a cut-line through the membrane electrode assembly
is shown on the left hand side of Fig. 6. At the boundary between the catalyst layers
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� � � % 2�� � � � 5�%  �� � � �  � .
Figure 5: The local distribution of the mass fraction of water vapour is shown.

and the gas diffusion layers the gradient of the protonic potential is zero, i.e., there
is no protonic current in the gas diffusion layers. In the membrane the gradient of
the protonic potential is constant due to the ohmic drop. The electronic potential� (

is shown on the right hand side of Fig. 6. It is defined in the gas diffusion layers
and the catalyst reaction layers. Here the constant values of the gradients appear
in the gas diffusion layers. The membrane is an electronic insulator, therefore the
electron potential gradient at the boundary to the membrane is zero.
The local distribution of the mass fraction of water vapour can be seen in Fig. 5.
Note that at saturated atmosphere the colours vary on the anode and cathode side
in consequence of using mass fractions instead of molar fractions. We assume that

Left: protonic potential
� �

Right: electronic potential
� (

Figure 6: Cross sections of the electric potentials at simulation time 0.27 s.
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� � � % 2�� � � � 5�%  �� � � �  � .
Figure 7: The local distribution of the liquid water saturation ��� is shown.

water production due to the electrochemical reaction on the cathode side occurs in
the gaseous phase. Therefore, maximum values of the water vapour mass fraction
can be found in the electrode of the cathode side. Water vapour is accumulated in
the membrane which is due to the small flow velocity in this region. A comparison
between three subsequent simulation times is shown revealing an increase of the
water vapour mass fraction on the cathode side. A small amount of vapour diffuses
to the anode side. The time evolution of the water vapour distribution is determined
by the velocity field. On both, the anode and cathode side, the gas flow carries
away the water vapour in flow direction.
The local distribution of the liquid water saturation ��� is shown in Fig. 7. A compar-
ison between three subsequent simulation times is shown revealing an increase
of the liquid water values on the cathode side according to the water vapour pro-
duction in Fig. 5. Liquid water accumulates in the center of the cathode reaction
layer. At the anode side no liquid water occurs. Liquid water is produced due to the
phase transition during the simulation period because the water vapour pressure" 3�� � in our simulation exceeds the water saturation pressure

" � CO�� at
; � 2 � � � .

After about 4 seconds the condensation rate of water vapour to liquid approaches
an an equilibrium value. In this equilibrium state further production of vapour will
lead to condensation of the corresponding amount of water. Water vapour at boil-
ing temperature has a density of only

� % ��� � I 3�  corresponding to less than 1 per
mill volumetric content when condensed to liquid. At lower temperatures the con-
tribution is even lower, hence the water production is basically governed by the
electrochemical reaction. According to the reaction rate flooding of a cell is a pro-
cess on a time scale of minutes.
Fig. 8 shows the water saturation in a sequence of cross sections perpendicular
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Figure 8: The liquid water saturation ��� is shown along a cut line through the gas
diffusion layer and membrane-electrode-assembly.

to the membrane. The saturation increases with time. The maximum increase is
near the cathodic catalyst layer and the highest gradient forms in the middle of the
membrane. The increase of saturation attenuates with time. According to Fig. 7
there is no liquid water present at the anode side.

6 Conclusion and outlook

The present work demonstrates that a dynamic two-phase flow model of a proton
exchange membrane fuel cell can be set up using state-of-the-art numerical meth-
ods. Our present model accounts for the following physical and electrochemical
phenomena which govern the PEM fuel cell performance: the mass-transport of
water in both, the liquid and the gaseous phase, the electrochemical reaction of
oxygen and hydrogen and the flow of protons and electrons. Dynamic effects in a
PEM fuel cell on a time scale of several seconds can be studied. We introduced
a number of simplifying assumptions which are discussed in detail in Section 3.
Note that the model is not in general limited to these restrictions, but will be relaxed
step by step in the framework of our current implementation. Having implemented
more details of the membrane water transport properties various problems can
be approached which are beyond the scope of commercially available stationary
one-phase models:

� The influence of hydrophilic and hydrophobic porous regions on the time de-
pendent water distribution can be studied. This is essential for efficient water
management of a PEM fuel cell.
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� The local distribution of membrane humidification can be investigated for dif-
ferent operating conditions.

� The cell response on a change in the operating conditions can be studied
dynamically. For example, the change in the reactant distribution on a step
of the cell voltage can be simulated.

� With improved time step control of the numerical solution procedure a sim-
ulation period of minutes can be reached. Then locally distributed flooding
effects can be investigated. Moreover, drying effects of the membrane and
catalyst layers and mass transport problems of the reaction gases to the cat-
alyst layers can be studied.
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