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We investigate the error growth, that is, the growth in the distance £ between two typical solutions
of a weather model. Typically E grows until it reaches a saturation value Fs. We find two distinct
broad log-linear regimes, one for E below 2% of E, and the other for E above. In each, log(E/E;)
grows as if satisfying a linear differential equation. When plotting dlog(E)/dt vs log(FE), the graph
is convex. We argue this behavior is quite different from other dynamics problem with saturation

values that yield concave graphs.

The main characteristic of a temporal chaotic dynam-
ical system is having a positive leading Lyapunov ex-
ponent. This quantity measures the long time average
exponential growth rate of two solutions initially sepa-
rated by infinitesimal distance. One simple example of a
chaotic system is the logistic map: z,11 = 4z, (1 — z,)
with Lyapunov exponent equal to log(2). This quan-
tity suggests that the difference between two nearby so-
lutions doubles on each iterate until it reaches saturation.
From the point of view of weather forecasting, the logis-
tic map has an infinite limit of predictability: we can
always extend the forecast for one iterate by halving the
uncertainty of the initial conditions. Lorenz [1] suggested
that the Lyapunov exponents may be unbounded for the
partial differential equation representing a global atmo-
spheric model. He also argued that at the latest stages,
the error growth rate behaves differently from Lyapunov
exponents.

The atmosphere includes multiple scales of motions,
which suggests that different scales of motion grow with
different rates. In [2], Lorenz observed that small scales
tend to grow at a fast rate and the larger scales of mo-
tion grow with a slower rate. He concluded that as one
refines the accuracy of the initial states, smaller incre-
ments of forecast skill are obtained, and there appears
to be a finite limit of predictability. Numerous studies
have been devoted to predictability of different types of
motion that mimic the atmosphere. For example, Aurell
et al. [3] shows that in the case of turbulence the growth
rate is determined by the cumulative effects of multiple
characteristic times.

A hallmark of chaos is the exponential growth of er-
rors, where by error we mean the distance E(t) between
two trajectories that are close to each other at time ¢t = 0.
When trajectories are bounded, the exponential growth
of E(t) can not continue indefinitely; E(t) saturates near
a value E, that is representative of the size of the chaotic
attractor. We consider the dependence of the exponen-
tial growth rate of the error on the size of E(t)/E; for
a global weather forecast model, and we contrast our re-
sults with those for some simpler models. The expo-
nential growth rate is E'/E where E' is either the time
derivative of F or a finite-time approximation of the time
derivative. Throughout this Letter, we approximate the

exponential growth rate as follows:

E'" _dlogE(t) log E(t + At) —log E(t — At)
E dt 2At

Y

This approximation is used to mask the rapid fluctua-
tion of the derivative. In some cases, again to suppress
fluctuations, we may take E to be an average distance,
averaging over several pairs of solutions.

We call an interval J of values of E a log-linear
regime, if for some A < 0 and C < F; and all £ € J,
E'/E approximately satisfies the linear differential equa-
tion [13]:

E/

— = Alog(E/C). (2)
E

The exponent A describes how E approaches C. A typical
dynamical system has one log-linear regime with C = Ej;
then A is called the saturation exponent. In this Let-
ter, we investigate a realistic weather forecast model and
find that this model has two distinct broad log-linear
regimes (Figure 1).

Weather model: We are reporting a striking behav-
ior for a global weather model, the National Centers for
Environmental Prediction (NCEP) Global Forecast Sys-
tem (GFS). This formerly operational global atmospheric
model is a pseudo-spectral model, described in detail in
[4, 5]. The resolution considered here is chosen such that
it has a maximum zonal wavenumber of 62, and so is
refered to as T62, where “T” stands for triangular trun-
cation. There are 192 x 94 horizontal grid points at each
of 28 vertical levels. In addition to the surface pressure,
there are five variables defined at every grid point: 1) ver-
tical component of the vorticity of the horizontal wind, 2)
divergence of the horizontal wind, 3) a generalized tem-
perature that reflects humidity, 4) relative humidity, and
5) ozone. Overall the state has dimension N a3 x 106.

We select a point x in the state space from a trajec-
tory after transients have died away. We also choose
at random an N-vector dp and renormalize it so that
l0p|| = Es. Then for k = 3,...,7, we choose perturbed
initial points

p*(0) = x(0) + 10~ *4p. (3)
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FIG. 1: Convex exponential error growth rate of the NCEP
GFS model as a function of relative error E/FEs. The graph
reveals two linear regimes. For E < 0.02E;, E'/E lies close
to line yy = Aylog(E/Ey) with Ay &~ —2.5 and intercept at
Ef = 2.1% of the saturation level E,. For E > .02Eg, E’/E
lies close to the line ys = A; log(E/E) with As &~ —0.17. The
doubling time of errors are 1/8, 1/4, 1, 2, and 3 days when
E is 0.23%, 0.7%, 1.6%, 13% and 26% of saturation level,
respectively. Small errors grow in amplitude, moving from
left to right, first along the left line and then along the right
until they saturate at FEs. Each point plotted here is for an
individual pair of initial conditions. The dashes represent the
“superfast” regime for £ < 2 x 1073 E; (see text).

We do not show the cases for k = 1,2 because we are in-
terested in the behavior of perturbations that are initially
small. Both the reference state x and perturbations p*
are integrated from ¢t = 0 for 14 days with a 20 minute
time step. Now, define E*(t) to be the root-mean-square
(rms) error of x and p*:

EX(t) = [lp"(t) — x(®)]. (4)

We focus our study on midlatitude tropospheric wind
prediction. That is, calculations are restricted to the
midlatitude bands in the Northern and Southern Hemi-
spheres (22.5° — 70° N/S) where the model is considered
most accurate. We report the rms errors calculated for
the atmospheric level where the pressure equals half of
the surface pressure. We show only the rms errors of the
vorticity, but the other variables behave in a similar way.

In Figure 1, the exponential growth rate E'/E is plot-
ted as a function of relative error size E/E in logarithmic
coordinates. The error growth rate E’/E decays along
two broad log-linear regimes (for time ¢ > 18 hours). In
what we call the “fast regime” (0.002E; < E < 0.02E;),
the errors double in less than a day. Here the error growth
rates move along a straight line (2) with A = —2.5 (= Ay
in Figure 1) as if to saturate at C = Ey ~ 0.021E,, that
is, 2.1% of the actual saturation size. After E reaches

about 0.02F, the growth rate enters the “slow regime.”
We refer to the point £ = 0.02F, as the KT bound-
ary [14]. After E passes the KT boundary, E’/E follows
the straight line (2) with A = —0.17 (= A,) and C = FE.
Here the growth rate E’/F slows to zero as F approaches
its saturation level F;. In creating Figure 1, we approx-
imate E'/E using (1) with At = 6 hours, with ¢ in steps
of 3 hours. The finite differences show some oscillation
about the lines. We plot E’/E starting from ¢ = 18 hours
because the NCEP model exhibits a third regime: su-
perfast growth of extremely small perturbations. Errors
of size less than 107*E, climb rapidly to 107*E,, usu-
ally in about 1 hour or less, even when beginning with
size 1077 E, (not shown here). Thus, the errors grow to
approximately 0.002E, after 18 hours independently of
E(0) provided E(0) < 10~*E,. Toth and Kalnay [6, 7]
investigated weather prediction using a reference state
plus multiple perturbations as initial conditions. They
report “enormous” growth of errors, more than a factor
of 5 per day, when perturbations have amplitude less than
0.001E,. They attribute such growth mostly to tropical
convection which they say saturates at less than 0.01E;.
They see slow growth for amplitude between 0.01F, and
0.1F, and attribute this behavior to baroclinic instabil-
ities. They do not discuss the transition between these
behaviors.

In contrast with the striking results of Figure 1, sim-
pler models often have a single log-linear regime. We
illustrate the typical behavior of simpler models with
the “Lorenz-40” model [1] of differential equations and
the Quasi-Geostrophic (QG) model of Marshall and
Molteni [8] with resolution T21.

Lorenz-40 model: The Lorenz-40 model [1, 9] repre-
sents an “atmospheric variable” with values x; at IN-
equally spaced points around a circle of constant latitude:

dz;
b=t = (w1 —wj2)wj —w + F (5)
where j = 1,...,N represent the spatial coordinates

(“longitude”). Periodic boundary conditions are imposed
by identifying x_1 = xn-1, To = zn, and zy4+1 = 27.
This model is designed to satisfy three basic properties:
it has linear dissipation (the —z; term) that decreases the

total energy defined as V' = % Zjvzl x?, an external forc-
ing term F' that can increase or decrease the total energy,
and a quadratic advection-like term that conserves the
total energy (i.e., it does not contribute to %V). Follow-
ing [1, 9], we choose the external forcing to be F' = 8 and
the number of spatial elements to be N = 40. The “5” in
(5) scales the unit time to correspond to one day in real
time. We also use a fourth-order Runge-Kutta scheme
for time integration of (5) with time step At = 1/4 days.
With these parameters, the solution to (5) has a behav-
ior reminiscent of the midlatitude atmosphere. It has 13
positive Lyapunov exponents, with the leading Lyapunov
exponent corresponding to a doubling time of 2.1 days,



and a Kaplan-Yorke dimension of 27.1 [1].

QG model: The QG approximation describes weather-
like slow atmospheric motion. Steady state flow in a
rotating sphere satisfies the geostrophic balance, i.e., the
horizontal pressure gradient balances the Coriolis force.
Slow Rossby waves satisfy a quasi-geostrophic balance as
represented by the conservation of quasi-geostrophic po-
tential vorticity (QGPV), see Holton [10].

We use the QG model developed by Marshall and
Molteni [8] in our study. This global three-level model
(200hPa, 500hPa, and 800hPa) can be described as fol-

lows:

0¢; .
where i denotes each layer, and ¢ = (q1,¢2,¢3) and

¥ = (Y1,12,13) denote the potential vorticities and
streamfunctions, respectively, on a spherical planet. The
left hand side of (6) is the vertically discretized version
of the QGPV equation, and J represents the advection
terms. In the right-hand side of (6), D is a linear oper-
ator for dissipation, and S is a time-independent source
of potential vorticity chosen to realistically simulate the
northern hemisphere winter climate. The resolution of
this spectral model is T21, which yields 64 x 32 grid
points at each of the three atmospheric levels. Hence
the streamfunction 1 has a state space of N = 6144 vari-
ables and the potential vorticity can be derived from it.

In the NCEP model, we examined the rms difference
between a pair of trajectories x and p*. For the Lorenz-
40 and QG models, we examine L such pairs of trajecto-
ries and average the resulting errors in order to mask the
rapid fluctuation of E. The rms of the i-th pair of x(¢)
and p*(t) at time ¢, denoted as E¥(t), is calculated from
(4) for i = 1,..., L. Then, we let E¥(t) be the geometric
mean

E*(t) = exp(log BY (1)), (7)

where the average (-) is computed over L pairs. Hence
the previous E¥(t) in Figure 1 is an average of L = 1
pair of trajectories. In contrast, we use L = 1000 for
the Lorenz-40 model and L = 100 for the QG model.
Both the reference state x and perturbations p*, with
k = 3,...,6, are integrated with 6 hour time steps from
time ¢ = 0 for 60 days for Lorenz-40 model and for 360
days for QG model.

In Figure 2 ((a) for Lorenz-40 and (b) for QG model),
the exponential growth rates are plotted as functions of
the relative rms difference between each p* and x. In cre-
ating these plots, the growth rate is approximated using
(1) with At = 1/2 days for the Lorenz-40 and At = 10
days for the QG model. Our experiments with the single
time scale Lorenz-40 and the QG models show small av-
eraged errors growing exponentially. Close to saturation
(i.e., as E — Ej), the exponential growth rate slows down
as with differential equation (2) with C' = E; and enters

the log-linear regime. Specifically, the log-linear regime
of Lorenz-40 model is approximately 0.4F; < E < FE
with saturation exponent A\ &~ —0.22. We obtain a similar
range of log-linear behavior with A =~ —0.035 for the QG
model. This result suggests that for these two models,
the error growth is a single homogeneous phenomenon.
Next, we offer a scalar linear differential equation that
justifies the typical error growth as observed in Lorenz-
40 or QG model.

A simple error growth model: In this Letter, we mod-
ify the logistic differential equation [15] and model the
growth of the error E(t) by a scalar differential equation:

b B _

_ Y LB
o — B

- EMY). (8)
Near the steady state £ = 0, we have E'/E ~ a. For
0< FE <1, wehave F — 1 ast — oo, and for £ =~ 1,
E'/E = Mog(E). With this variant of the logistic equa-
tion, two parameters a and A can be selected indepen-
dently. Figure 3 shows the exponential growth rate of
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FIG. 2: Concave error growth rates, estimated by finite-
differences in (1), as functions of relative error E/E,. (a)
The error growth rate of the Lorenz-40 model fluctuates about
0.35 for E < 107®E, and decays in accordance to (2) where
A = —0.22 (see the line tangent to the growth rate) and
C = E;. (b) In the QG model, the growth rate fluctuates
about 0.044 when FE < 1073FE, and decays asymptotically to
(2) where C = E;, with A = —0.035 as E > 0.4E;. As time
increases, errors move from left to right, asymptoting at Fs.
Each point plotted here is averaged over L = 1000 pair of
trajectories for the Lorenz-40 model and L = 100 for the QG
model.
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FIG. 3: Concave exponential growth rate, E'/E for (8) as
a function of E in logarithmic scale. We set a = 0.35,
A= —022, E0) =107% and At = 1. When E < 1073,
we get E'/E ~ a = 0.35. As the error grows, the instanta-
neous doubling time Ty, increases. We show Ty = 2,3 and 4
corresponding to exponential growth rate of 0.34, 0.23 and
0.17, respectively. The line y = Alog(F) with A = —0.22 is
tangent to the E'/E curve at the asymptotic value E = 1.

the error, E'/E compared to E. We choose a and A
to fit the rate of Lorenz-40 model in Figure 2(a). For
E > 0.7 [16], E'/FE is close to the line (2) with C' = 1.
Similarly, the error growth rate of the QG model can be
illustrated by (8) by choosing a = .044 and A = —0.035.

Summary: Convex error growth in the NCEP global
atmospheric model behaves completely differently from
concave simpler models. In the realistic weather model,
we do not see any exponential growth where E’/FE is
constant. Instead, F’/F is strictly decreasing. We see
an initial super rapid growth, followed by two log-linear
regimes. This initial superfast regime takes place be-
cause even a single bit difference in the initial conditions
can trigger cumulus convection in the model, not unlike
the way a small irregularity in the terrain can trigger a
summer storm at a given point in Oklahoma. The fact
that in this superfast period of growth, “butterfly”-sized
model perturbations become finite, supports the insight
of Lorenz [2] and is consistent with the results of Zhang
et al. [11] and Toth and Kalnay [6].

The overall convex graph in Figure 1 reflects the small-
est scale saturating very quickly at very small levels, in-
termediate scales saturating less quickly at intermediate
levels, and large scales saturating slowly at large lev-
els. Although these results were obtained for the NCEP
global model, we believe that the results are relevant to
all realistic models of the atmosphere that include con-
vective phenomena.
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